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РЕЕЕАСЕ 


Mathematical Analysis now occupies a prominent place in the 
curriculum of the Degree Examinations in Mathematics in many 
Indian universities. But unfortunately there is no elementary book 
on the subject suitable for under-graduate students. The books that 
are available, are either of a higher standard and meant for post- 
graduate and research students or else are incomplete in the sense 
that they do not cover the entire syllabus. The present venture is 
an attempt to place in the hands of the under-graduate students a 
really elementary book on the subject which they can read with, 
pleasure and profit. In preparing the book, the author had to consulf 
the standard works on the subject and he takes this opportunity to 
express his gratefulness to their authors. 

An interesting feature of the book is that it contains a large 
collection of examples selected from Calcutta University Papers and 
other sources. Some of these are worked out in details ; hints are 
given for the solution of a good many of them. It is expected that 
students will be able to follow the book and work out the examples 
without. any external help. 

It gives me great pleasure to express my cordial thanks to 
Shri Bibhuti Bhusan Ghose of Kalpana Prokashani for his unfailing 
interest in the publication of the book. Printing of a mathematical 
book containing a large number of symbols of various types is 
always a difficult job, Thanks to the members of the Ramkrishna 
Press for the way in which they have done their work. 

It is not unlikely that there are errors in the book and the author 
-will remain grateful to them who will please point them out. 


Calcutta 


15th August, 1967. G. D. B 


SECOND EDITION 


We offer our heartfelt thanks to the Professors for their kind 
appreciation of the First edition of the book, which has encouraged 
us in bringing out the Second edition. 

We had а mind to make improvements in the present edition but 
the sad and sudden death of Professor G. D. Bhar has impaired all 
our elforts. Only a few of the:valuable suggestions kindly made by 
some professors have been incorporated in the book in this edition. 
In fact, it is almost a reprint of the previous edition with some 
additions in the Chapter on "Тһе Number System" only. In this 
connection we take the opportunity of expressing our gratitude to 
Prof. К. Chakraborty of Chandernagore College who has kindly 
given us suggestions for its improvements, which along with the- 
same received from others, we expect to incorporate in the next. 
edition of the book. 

Publisher 
Calcutta, 
September, 1969 


э”. шы" 


‘Chapter 


I 
II 
III 


CONTENTS 


The Modulus Notation 

The Number System 

Aggregates or Sets 

Sequence 

Functions of a Real Variable 
Continuity 

Derivatives & Differentials 
Expansions 

Mazima & Minima : Indeterminate 
Forms 

Riemann Theory of Integration 
Mean Value & Other Theorems 
Improper Integrals 

Eulerian Integrals 

Power Series 

Fourier Series 

Functions of two or more variables 
Partial Differentiation 
Miscellaneous Theorems: Extrema of 


Functions of several variables. 
Differentiation under the sign of 
Integration 

Double Integration & Multiple 


Integration 

Evaluation of Double Integrals 
Infinite Series & Infinite Products 
Approximate Evaluation of Definite 


Integrals 


111 


126 
186 
150 
170 
203 
217 
230 
251 
260 


291 
317 


330 
344 


385 


oF EDUCATION 


ITZA À 


3 
ЖӘ) 
ә, 


E Dept, of Extension 
[22 
TN MA EST 


Ve 24.3.1) ў. 
ЧОУ 


ОНАРТЕВ 1 
THE MODULUS NOTATION 


11. The modulus of a real* number. 


Definition—The modulus or the absolute value of a real 
number а, is denoted by the symbol | a |, and is equal to a, 0, 
or —a according as a is positive, zero, or negative. Thus 

a it a>0, 
lal = + 0 if а= 0, 
=a it @<0; 

The modulus of a real number is never negative. Also we have 
for every @ 

a€|a|. also –а< |а |. Ut (1) 

12. Some theorems involving moduli. - 

Theorem I. |a+b| < |a| +10 |. ра (9) 

(i) 126 a+b be positive. We have by (1) 

lal + 15] 2a-45, 
and a+b= | a+b |, by definition. 
525 lal +1212 [+0 1. 
(ii) Let a+b be negative. We have by (1), 
[а +| | >(—a)+(—-2), 
and (—a)+(—)= —(a+b)= | a+d| , by definition. 
w {al+ lel el ato]. 
(iii) Let a+b be zero. We have 
[а +1212 a+b, by (1), 
and a+b= |a+b| for each=0. 
Jal+lo120 
2latb|. 
Hence in every case < 
lab] <1а 1+1 1. 
Theorem IL. |a-5| «€ lal + 101. 38 (3) 
(i) Let a—b be positive. 
|a |+|% | > (a)+(—-2), by (1) 


* For the definition of а real number see Chap. 2. 
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and a—b= | a-b | 
Я lalt lol > [а= |. 
(ii) Let a—b be negative. 
lal +] >] > (-a)+() 
and (—a)+(b)=—(a—b)=| a—5 |. 
S lal +15] 2 la-ol. 
(iii) Let а—Ь be zero, 
la| + 15] > (a)+(-2) 
and a+(—2t)=a—b=0=| a—b|. 
lal +1212 а= |. " 
Hence in every case 
la-b|&lal|-[5] 
Combining theorems I and IT, we may write 


lax 5| < lal + |ь|. 


Theorem Ш. |a x 2| 2 4а| — [5] . 
We have a—a--b— b. 
'*«. By (3), 
lal = |(a+b)-b| <| a+b] + |ь| 
By transposition, |a+b| >|в|— 10| (4) 
Again, a=a—b+bd; 
"^ [al 2l(a-055|&la-b| +15 |, [by (2)] 
By transposition, | а= [> [21-121]. Se (5) 
Combining (4) апа (5), we get 
| atbl>lal— [b]. (6) 

"Theorem IV. l a-b |= |[5-a|. 
(i) Let a-b > 0, then b—a < 0, 

*". | ь—а| =- (b—a)=(a—-b)= la-b|. 
(ii) Leta-b < 0, then b—a > 0. 

4 | a-b] =-(a-b)=b-a= | b-a lls 


(i) It a—b=0, then b-a=0, 
9 la-b| =0= | b-a |. 
Theorem V. To show that 
li) b-c<a< b+c, 
lii) ~e < a-b <c. 
Ifa-b > 0, |a-b |< cisa-b <o, 


la-b| < cis equivalent to 


ora < 040; + (7) 
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Ita—b < 0, |a—b| < cis —(a—5) < c, ora—b > —c; 
i i.e, а > b—c. - (8) 
Combi ning (7) and (8), we have 
b—c <a < b-c. 
By transposition, —c <a—b «c. 
Cor.l. |a-5| < cis equivalent to b—c < a € b+c, 
or, -—o€8—b «sc. 
Cor.2. |æ | < ais equivalent to ~a < v < а. 
Thus the open interval (—а, a)is |s| < a. 
Сог. 3. |s| < ats equivalent to —a < z < а. 
Thus the closed interval (—a, a) is || < a 
Examples 
1. If |a-5| <Aand |b-c| < B, prove that 
Ja-c | € A+B. 


2, Find the value of кы теп (B) ern ess C3) а (s 


3. Express in modulus notation the relation satisfied by points 
æ at a distance less than or equal to 3 units from the point 3 on the 
right and left of it. 
4. What intervals are represented by : 
(a) | æ—2 |< 2; (5) | 2-2] < 3; (0) |a-al<b? 
5. Express in modulus notation the open interval (2, 8) and the 
closed intervals (a, b), (—a, —5). 
6. Prove that 
(i) 1 а +astas| < | ax |+ 1а | + [аз | ; 
(ii) | a4 taste tan | «| a| zt las | apap | an | . 
7. Prove that 
@ Га 21 = lel. lèl; 
(ii) (ae tel .itb #0. 
[Ans. 2.6) a; (#) 0. 3. |z—3]| <3. 4. (а) open interval 
(0, 4); (b) closed interval (—1. 5) ; (c) closed interval (a— 5, a+b). 


ва etes ant? | e gt] 
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ОНАРТЕВ 2 


ТНЕ NUMBER SYSTEM 
271. Introductory. 


The whole structure of Mathematical Analysis is based upon the 
system of real numbers. We begin with a study of this system. 


The earliest concept of numbers originated from counting and the 


first se& of numbers known was the set of positive integers or 


‘natural numbers’. Others had to be introduced as the necessity 
for them arose by a series of generalisations. 

With positive integers the operation of subtraction is not always 
possible, and the negative integers had to be introduced. ‘hen again 


the operation of division is not always possible with the integers, 
positive and negative, unless we introduce the fraction 


as they are called, the rational numbers. In other words, we cannot 
solve equations of the type 2+0=0, where a is a Positive integer 
unless we introduce the negative integers. But even with all the 
integers, positive and negative, we cannot solve the equation 
ax+-b=0, in which a and b are integers prime to each other, unless 
we have the fractional numbers or the rational numbers. 

2'2. Rational Numbers, 


i] pue 
"n 


al num bers, or, 


: Where m and » are integers, 7 is called a rational 


number. We may assume that (7) mand n are prime to each other, 
and (22) n is positive. Tt т=0, we get the rational number zero. It 
may be noted here that all integers may be looked upon as rational 
numbers for which т= 1, 


The totality of numbers, 


integers and 
positive and negative fractions, constitutes the aggregate of rational 
numbers. 


positive and negative 


2:3. Fundamental Properties of the System of rational 
numbers. f 


A. Relations of order among rational numbers. 
If a, b, c are members of the System of rational numbers, then 
1. Hither a > b, a=b, ora < b, 


Law of trichotomy, 
2, Ifa>bandb>c, then a > €. "Law of transitivity, 
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B. Operations with rational numbers. 
If a, b, c are members of the system of rational numbers, then 
1. 04-0 and ab belong to 

the system. Closure law. 


9. atb=b+a, Commutative law of addition. 

3. at(bt+c)=(atb)+e. Associative law of addition. 

4. ab=ba. Commutative law of multiplica- 
tion. 

5. a(be)=(ad)c. Associative law of multiplication. 

6. alb+c)=ab+ac. Distributive law. i 

7. at0=0+a=a; 

а1=1.20=а. 


O is called the identity with respect to addition ; 1is called the 


identity with respect to multiplication. 

8. For any а there is а number v in the system such that 
2 +а=0. а is called the inverse of a with respect to addition or the 
negative of a and is denoted by —a. | 

9. For a # 0, there is a number 2 in the system such that ах = 1. 
w is called the inverse of a with respect to muliplication or the 


reciprocal of a and is denoted by a ^ or = 


These enable us to operate with the rational numbers according 
to the usual rules of algebra, A system whose members satisfy the 
above is called a field. 

С. Inequalities. 

1. If a b thenate > b+c. 
9. It а> bandc- 0, then ac > be. 
Beg. агг; band с < 0, then ас < bc. 


р. Axiom of Archimedes. 
It a and b are positive rational numbers such that 0 <a < b, we 


can always find a positive integer ® 50 that na > b and consequently 
Б < а. 
т 

E. Between апу two unequal 


equal, we can insert as many other rationa! 
If а and b (a < b) be rational numbers, however nearly equal, the 


rational numbers, however nearly 
1 numbers as we please. 


set of rational numbers 


eee, puisse a+ MBa » 
"o : 
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is obviously in order of magnitude and the integer n may be chosen 

as large as we please. We express this by saying that the system of 

xational numbers is a compact system or that the system is dense. 
From the above it follows that given any rational number, 

we can find rational numbers as close to it as we please, both on its 

right and on its left. 


2/4. Geometrical representation of rational numbers. 


Жа, Р" о РИ x 
Е FT AMIS 
Take a straight line Х'Х of indefinite length as axis of reference 
amd a fixed point О on it as origin. A suitable length OA on it being 
chosen as unity, if we divide OA into » equal parts, and take a length 
OP ( or OP’ ) equal to m ( m may be < n, Fig 1, or > n ) such parts 
( Р being to the right of О, if m be positive and P' being to the left 
of O, it m be negative ), the point P ( or P') represents the rational 


number The point P representing a rational number is sometimes 
n 
eafled a rational point. 


As the aggregate of rational numbers is everywhere dense, if P be 
a rational point, we can find another rational point Q as close to it 
as we please. It would appear, therefore, that the line X'X is made 
up of rational points only. But this is not so. In other words, 
all the rational numbers are represented by 
though in any segment of the axis however в 
many rational points as we please, 
point on the axis must represent 5 
We shall see presently that the axis i 
than the aggregate of rational numbe 

2/5. Irrational Numbers, 


А further necessity for extending the idea 
we consider 


whereas 
points on the axis and 
mall we can find as 
still the converse that every 
ome rational point is not true. 


3 inealeulably richer in points 
rg. 


of numbers arises when 
equations of the type 2?—9=0 ; for with all the 
rational numbers at our disposal, we cannot Solve 


this equation, as 
there is no rational number whose square is 2, 
Tf possible, let m and n be two Positive integers, prime to each 
other, such that 


2 
(") =2, ie, M = 92, 


— 
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Now since m? is clearly even, so must ™ be. Let m=2m', where 

т’ із an integer. We then have, 
Am'?—9n?, or, n^—9m^ 

and therefore n must be even. Thus m and т have a common factor 
9 which contradicts the hypothesis that m and are prime to each 
other. Therefore, there is no 
rational number whose squareis 2. 

This may be geometrically 
interpreted as follows. OA being 
unity, if AB is drawn perpendi- 
eular to OA and equal to OA 
and OB be joined, it follows 
from elementary geometry that 
ОВ? =9. И we now measure off Fig. 2 
a length OP from the axis OX, equal to OB, the point Р re- 
resents a number whose square is 2, and we have seen that this is 
not a rational number. Thus, there are points on the axis which 
are not rational points. 

To solve equations of the type g? —2=0, or viewed geometrically, 
to take into account points like P lying on the axis, we have to 
extend our idea of numbers and introduce what are called irrational 


о А PX 


numbers. 
Let 4/9 denote the number whose square is 2 and let P be the 


point on the axis which represents it ; we shall call A/9 an irrational 
number and the point P an irrational point. 

2:6. Given an irrational number, we can find rational 
numbers as close to it as we please. 

Tet Ја be the given irrational number and let m be a positive 
rational number such that т? < 2. 
3+2 


4-4+3m\?__ 2-70" : со 
-(—_] = > 0,6. (= 
2 a (аљ) ^ 0 ^*^ 18а ud 


Consider now the positive rational number We have 


. 445m 2(2—m?) 4- 3m 
Sy > Ww. 
Again 39 m 349 0, so that 342 me 


Thus 4-F3m i. less than 4/2 and closer to it than т. 
3+2 
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Next let n be а positive rational number such that n? > 9 and 


: 4+3n 
consider the positive rational number We have 


34-92 
2 
stan)! n 570006, 4+3n 2; 
em 2S (ggg yi^, rds [| 
4+8n _ 9(n?—9) > 4+3n, 
also [TUS - ssr ог, n Sing 
Thus 4+3n . 


3-E9n is greater than X2 and closer to it than л. 


We may state this proposition as follows : 
Given the irrational number 4/2, there is no greatest rational 
number less than 4/9 nor any least rational number greater than „/9. 
` 2'7. Sections of Rationel Numbers, 


Suppose by some means or other we divide the set of rational 
numbers into two classes, L and R, in such a way that 

(2) each class exists, so that all the rational numbers do not 
belong to the same class making the other class empty ; 


(ti) each number has a class, 2.¢., no number escapes classi- 
fication ; 

(ФИ) every member of L is less than every member of R. 

A division of the set of rational numbers in this manner into two 
classes L and E is called a section of the rational numbers and is 
denoted by (2, R); L is called the lower class and R the upper class 
of the section, 

It is easy to show that if (D, Б) is a section, any rational number 
less than a member of L is also a member of L and any rational 
number greater than a member of R is also a member of R. ' 


2'8. Illustrations of three types of sections. 


Suppose the rational numbers are represented by points on а line 
of indefinite length and let the line be cut at any point Р, 


———————É 
о Р х 

Fig. 8 
The system of rational numbe 


ts is thereby divided into wo 
lasses, those lying to the left of Pf 


orming the lower class Г, and 
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those lying to the right of P forming the upper class R. If P is 
rational, it belongs to Г or to E. Both classes exist ; every rational 
number belongs to one or the other of the two classes and any 
number in L is less than any number in R. So this division of the 
rational numbers constitutes a section as defined above. Three cases 
arise : 

Firstcase: Suppose P is a rational point representing the 
number 5 for example, and suppose Г contains all rational numbers 
< 5; then contains all rational numbers > 4. Thus Z has a 
greatest number 5, but R has no least number. 

Second case: Again suppose that P represents the rational 
number 5 and that Z contains all rational numbers <5 and E 
contains 5 and all rational numbers > 5. In this case L has no 
greatest number, but E has a least number, namely 5. ; 

Third case: Suppose that P is nota rational point and let it 
represent the number whose square is 2. In this case D contains 
all negative rational numbers, zero, and all positive rational numbers 
whose squares are less than 2 and R contains all positive rational 
numbers whose squares are greater than 2. As the number whose 
square is2is nota rational number (already proved), no rational 
number escapes classification. Also L has no greatest number and 
R no least number (Art. 9'6). 

Note. There cannct be a fourth case in which Г has a greatest number and 


R a least number. For, if a be the greatest number of L and & the least 
number of. R, the infinite numter of rational numbers lying between а and 6 


-would es 8 po classi fication. 


The first two cases are said to define the rationa] number 5, and 5, which 


is the greatest number of Lin the first саве and the least number of R in 
tho second case, is sometimes called the ‘frontier’ number. In the third case, 
where L has no greatest number and R has no least number, we assume the 
existence ofa number whose square is 2. We call this an irrational number 
and represent it by the symbol 22 It separates the L-class from the R-class 


and wo can find rational numbers as close to it ав we please, both in the 


L-class and in the R-class. 
The aggregate of numbers, rational and irrational, is called tho system of 


real numbers. 
2:9, Dedekind's definition of real numbers. 


Dedekind has employed the method of sections to define real 


numbers. 
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If by some means or other we divide all rational numbers into 
two classes L and R such that 
(i) each class contains at least one rational number, 
(ii) every rational number belongs to one or other of the 
two classes, 
and (iii) each number of D is less than every number of R, then 
we get a section of the rational numbers which defines a number, 
rational or irrational, the particular way of division defining a 
particular number by its section. 
Three cases arise : 


(1) The L-class has a greatest number, but the R-class has no 
least number. 


(2) The L-class has no greatest number but the R-class has a 
least number. 


(3) The L-class has no greatest number and the R-class has по. 
least number. 

It is not possibleto have a case in which the Z-class has а greatest 
number and at the same time the R-class has a least num ber. 

Such divisions of the system of rational numbers into mutually 
exclusive classes defining numbers are called Dedekind Sections. 
Sections eorresponding to the first two cases define rational numbers 
whereas the section corresponding to the third case defines an 
irrational number. 

This extension of our conception of numbers as sections of the 
system of rational numbers gives us a more satisfactory basis of 
defining numbers in a uniform manner, We Substitute sections of 
rational numbers for the numbers defined by them and are led to a^ 
generalisation of our number system, The aggregate of sections of 


rational numbers is greater than the aggregate of rational numbers, 
as there are sections not corresponding to any rational number. 
The totality of numbers defined as sections of rational numbers is 
the aggregate of real numbers. 


210. Modified definition of a section. 


From the above ib is clear that to each rational number there 
correspond two sections, one in which it is the greatest number of 


the lower class and the other in which it is the least number of the 
upper class. In order to have a unique section for each number, 
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rational, or irrational, we modify the definition of a section by 
stipulating that the lower class must not have a greatest number. We 
would then have the following two kinds of sections. 

(1) A section in which L has no greatest number, but E has a 
least number. This section corresponds to a rational number. 

(2) A section in which Z has no greatest number and R has no 
least number. It defines an irrational number. 

Our modified definition of a section is therefore : 

Any division of the system of rational numbers into two classes 
is a section, if (7) each class exists, (22) every rational number has а 
class, (ii) every member of L is less than every member of Zi, and 
(iv) L has no greatest number. 

The frontier number, if it exists, is thus always in the R-class. 

The number defined by the section will be denoted by the symbol 
(L, R). 

It is easily proved that any aumber less than a number of Lis 
a member of L and any number greater than а number of E is 
a member of R. 


211. Real Rational Number ; Real Irrational Number. 


Since a section of rational numbers is a real number, which may 
be rational or irrational, a section which corresponds to a rational 
number m is called a real rational number ; if (L, R) be the section 
which defines it, m is the least number of R. То every rational 
number expressed as the ratio of two integers there corresponds a 
seotion which defines it, so that there is a one-to-one correspondence 
between rational numbers and real rational numbers. There is 
a conceptual distinction between a rational number expressed as a 
ratio and the seetion whieh defines it, thatis, between a rational 
number and a real rational number. The real rational number 


corresponding to the rational number m, will be denoted by p 

An irrational number, however, would always mean а real 
irrational number as it has not been otherwise defined. 

2:12. Definitions of some real numbers. 


1. The real number 0. 
It is defined by the section (L, Б) in which all the negative 
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rational numbers are put in L ; 0 and all positive rational numbers 


in R. 
2. A positive real number. 


The section «—(L, Д) in which L contains some positive rational 
numbers defines a positive real number «. 


3. A negative real number. 


The section «—(L, R) in which E contains some negative rational 
numbers defines а negative ree] number <. 


4, The negative of a real number «. 


It <=(L, П), the negative of 4, written — 4, is defined by the 
section (L’, Д’) where Г contains the negatives of all numbers in E 
and П’ contains the negatives of all numbers ір L, with the restric- 
tion that if a frontier number exists for the section (Z, E), its 
negative is to be put in В’. 

5. The reciprocal of a non-zero real number <. 


If <=(Z, R), the section (L', Б’) where L’ contains the reciprocals 
of the numbers in R, and Б’ contains the reciprocals of the numbers 
in Г, the reciprocal of the frontier number in (2, R), if it exists, 
being put in Д’, defines the reciprocal of <. 


213. Relations of order. 


Algebraic operations with real 
numbers defined as sections. 


Numbers defined as sections cannot be accepted as numbers 
until we establish relations of order among them and show that they 


obey the laws of algebraic operations such as addition, subtraction, 
multiplication, division, etc. 


1. Relations of order. 
If &—(Di, Ву) and B=(Le, Ra), 
(i) <=8, if Dı and Le are identical. 


(00) 4 >P, if Le isa part of Lı, but D, contains numbers which 
do поб occur in La. 


(iii) < < P, it Diis a part of Lo, La having numbers not occur- 
ring in Дх. 


Cor. From these definitions it is easy to prove that if < < В 
and B < ?, then « < 7. 
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We make use of the following theorem whenever required in the 
sections that follows :— 

Theorem: Any given set of rational numbers can constitute the 
L-class of a section, if and only if, (i) all the rational numbers do not 
belong to the set ; (ii) it has no greatest number ; and (iii) а rational 
number less than any number of the set is also in the set. 


2. Addition. 


Given two real numbers <=(Z,, R,) and B=(ZLe, Re) we have 
to find a section У=(1, R) to be called the sum of X and B, Ze, 
y=a+B, 

To do this we form a class Z.by putting in it rational numbers 
obtained by adding every number of Lı to every number of De. 
Clearly Z exists and does not contain all the rational numbers. 
In order that L can be the lower class of a section, we have to show 
that (i) L has no greatest number and (22) а number less than any 


number of L is also a member of Г. 


To prove (z), let us suppose that the number @ where =a, Fas, 
a, being a number of L, and as of Le, is the greatest number of Г. 
As Г, has no greatest number, we can find a number а: +x of Di, 
greater than $1, where v is a positive rational number. Therefore, 
aituta ora--v is a number of L; and this being greater than 
а, а cannot be the greatest number of D. Thus L has no greatest 
number. 

To prove (21), let а be a КАДЫН Tess than any number a of Г, 
where а= 0: аз, à, being а number of Lı and аз of De. Let 
a=a—az, v being a positive rational number. .'. a'—a-z 
= 0: аз -2=(01 = г) +аз, and a4 — being less than а: is a number 
of Lı and аз of Le; 80 (0: –2)+а or а= а is a member of L. 

Tt is thus proved that L can be the lower class of a section, the 
upper class R being formed of all the rational numbers that do not 
occur in D. We thus have ?—«--B, or (L, R)=(Li, Bi)+(Lz, Ёз). 


3. Subtraction. 

«—В is defined by «--( —£) and is thus a corollary to addition. 

4. Multiplication. 1 

To define the product «D, we first consider 4=(Z,, Hi) and 
B=(La; Re) to be positive. 
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We form a class L consisting of all negative rationals, zero, and 
all those pozitive rationals which are obtained by multiplying 
every positive number of Г; with every positive number of Lis. 


Clearly Г exists and does not contain all the rational numbers. 


Т, has no greatest number. If possible, let a=aide, obtained as 
the product of a of Lı and а» of Le, be the greatest number of L. 
Since Lı has no greatest number, we can find a number bı of Dy 
such that b,> a1. Let 2 =v, a positive rational number > 1 ; then 

1 
b,—a,v. Now the product bi. аа —(a12). аз = а10а2= ах >a, and it 
belongs to L. So а is not the greatest number of L. In other 
words, L has no greatest number. 


Next let a’ be a positive rational number smaller than a positive 
number a of L and а=а@ау@а where G1, Ge are positive numbers of D, 


Le respectively. Let Б =g, so that 0 < а < 1; we now have а= ат 


—a,0542—(242).45. The number a,2 ( < a4 ) belongsto Lı and аз to 
Le. Thus a’ ( <a), being the product of а positive number a, of 
Ij, and a positive number dz of Le, belongs to L. 


Thus Г can be the lower class of a section ( D, R ) and we have 
X.B— (D, Ry) (La, В,)=(2, В). 
We extend this definition to negative numbers by means of the 
relations : 
&(-8--(5:(74--(&8); (74.(-8)9«8. 


5. Division. 


The division of < by В, where В #0, is defined by the product “5. 
2:14. Properties of Real Numbers. 


(i) All the fundamental laws of algebra which hold for rational 
numbers can be proved to hold for the real numbers. 

(ii) The real numbers are ordered. 

(225) They are dense. 

We prove here two properties that will be required hereafter. 

(4) Ifa and b be any two rational numbers belonging to L and 


m 
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R respectively of the real number «=(Г, R), then а, the real 
rational number, as also р, are such that 
а<<<, 

Proof: Let a= (Li Rı) and} =(Le, Ra); then а is the 
least number of E, and bis that of Es. Hence L, contains all 
rational numbers < а. Now а belongs to Г, therefore all rational 
numbers < a also belong to Г. Again а is of L but not of Di, 
therefore Lı is contained in L. Нерсе by the relation order of real 
numbers @ < <. 

Similarly we can show that L is contained in De, во thal 4 < Dp 
the equality sign coming when b of R is the least member of Rh. 


(ii) Between any two different real numbers there is an infinite 
number of real rational numbers. 

Proof: Let the different real numbers be «X = (Li, Ra) 
and В = (Le, Ra) and let 4 < B. Then L, is a part of Ls. 
Therefore, there is an infinity of rational numbers of Le поб 
belonging to Dı and hence belonging to Ri. Ifa be any one of 
those, then < < а, the real rational number corresponding to a, 
Again a belongs to De, therefore 2 < Ё. Thus« < a < В. 
Hence the theorem. 

2:15, Sections of Real Numbers. Dedekind's Theorem. 

We have seen that by dividing the system of rational numbers 
in sections, we get rational as well as irrational numbers. We are 
thus led to an extension of the number system by taking cognisance 
of the irrational numbers. It may be supposed that by dividing the 
system of real numbers in sections, we may get a further extension 
of our concept of numbers. But this is not so. 

In this connection we state the following theorem, known аз 
Dedekind's theorem on sections of real numbers; and for the proof 
we make use of $ 2'9 for the definition of real numbers. 


Dedekind's Theorem. 

"If rea] numbers be divided into two classes L and R i 
way that 

(i) every number belongs to one or other of the two classes; 

(ii) each class contains at least one number, 


n such а 
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(iii) any member of L is less than any member of R, 
then there is a number 4, which has the property that all numbers 
less than it belong to L and all numbers greater than it to E. The 
number X itself may belong to either class.” 

РгосЁ: Теб Lı and E, be the two classes consisting of the 
rational numbers corresponding to the real rational numbers of Г 
and R respectively. 

Then (Lı, 2.) being now а section of rational numbers, the 
following cases may arise :— 

First Case: Гу contains the greatest rational number a, say. 
Then the real rational number @ of L will be the greatest real 
number of L. 

If not, let < of L > a. 

Now between the two real numbers of Г, viz., à and < there exist 
infinite number of real rational numbers. Let р be one of them. 

Then G@<5<% 

Again р being << of L must belong to Г and hence b the 
corresponding rational number must belong to Z,. But in Г, 
æ < D, therefore in Ly, a < b. 

Thus а is not the greatest member of Lı. This contradicts our 
assumption. "Therefore @ of L is the greatest member of D. 

Second Case: R, has the least number с, say. Then 6 can be 
shown as above to be the least member of R. 

Third Case: Г, may not have the greatest member and E, not 
the least member. 

In this case section (Lı, Ra) corresponds to an irrational 
number X, say, which may belong either to L or to R. 

Let < belong to L, then < is the greatest member of Г. If not, 
let B of E be > «. 

X and f being two different real numbers, an infinity of real 
rational numbers lie between them ; let d be one of them, 

б.е. x «qq < В. 

d being < Ё ої L must belong to L. So d, the corresponding 
rational number, belongs to D4. 

Hence we have found a rational number d of Li, of the section 
«=(Т, В.) such that X < d, which is absurd. Therefore « is the 
greatest member of D. 
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Similarly if x belongs to R, then it can be proved as above that 
X is the least number of Д. 

Thus, in all &he possible cases we get a real number corresponding 
to the section (D, R) of real numbers. Hence the theorem of 
Dedekind is established. 

Thus, as sections of real numbers we geb real numbers only and 
not any other type of numbers. No further extension of the idea 
of numbers is possible by this method. 

2:16, Cantor-Dedekind axiom. The continuum. 


The system of real numbers having no gaps is said to form 
а continuum—the arithmetic continuum. 


When we come to the representation of points on а line, we 
have seen that the rational numbers can be so represented on а line, 
which we may call the number-axis. Also for some irrational 
numbers like 4/2, we have seen ( Art. 95 ) that there isa point on 
the number-axis corresponding to it. But we cannot say this for 
every irrational number. We assume that there is one and only one 
point on the number-axis corresponding to every real number. 
This is known as Cantor-Dedekind axiom. By means of this axiom 
а correspondence is established between the aggregate of real 
numbers—( the arithmetic continuum ) with the aggregate of points 
on a line—called the linear continuum. 
ers or the continuum has a kind 
te of rational numbers lacked— 
ing that the continuum is 


The aggregate of real numb 
of completeness which the aggrega 
а completeness which is expressed by вау 
closed. 


Examples. 


1. It m and m are rational numbers, show that m+n, m—™ 


m Xn and m/n are rational numbers where in the last case n 7f 0. 
2. It 1, m, m are positive rational numbers and т > m, then 


l(m? —n*), 2lmn, Um? +n") are positive rational numbers. Hence 
show how to determine апу number of right-angled triangles the 


lengths of all of whose sides are rational. ( Hardy ). 4 
З. The positive rational numbers may be arranged in the form 


of a series as follows : 


аза та 2 
i 2, $ i я, 9 iso Bs Tetee 


E.M.A.—2 
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Show that p/q is the 
C 3(p+¢-1)(p+q-2)+¢q] th 
term of the series, ( Hardy ) 
4, Prove that no rational number can have its cube equal to 2. 
[ Solution. Since 1?—1 and 2°=8, if there be a rational 


8 
number? in its lowest terms such that £) =2, than 1 SE <A; 
q 


8 8 
so that g~ 1. Now TE gives p? —9q?, ore = 9g*. q being 


8 
prime to p, it is prime top? and aa q # 1, um is a fraction whereas 


94° is an integer. Thus we find that a fraction is equal to an 
integer, which is absurd. Thus, there is no rational fraction whose 
cube is 2. ] 

5. A rational number p/a in its lowest terms cannot be the 
square of another rational number unless D and q are both perfect 
Squares. 


[ For solution see Hardy—Pure Mathematics, 10th edition, 
6 ; or Ex. 21 below. ] 


6. Show that an irrational number is never equal to a rational 
number. 


page 


7. Show that between two different real numbers < and «' 
there is an infinite number of rational numbers. 
tely the cases ; (7) « and x’ are both rational ; 
is rational, the other is irrational ; 


Consider separa- 
(ii) one of < and «' 
(iii) both « and «' are irrational. 
8. Prove that between two different real numbers « and «' 
there is an infinite number of irrational numbers. 

[ Solution. Suppose X < «', We can always find two rational 
numbers f and Ё' between « and «' such that « — B <В <, We 
proceed to show that &here is an irrational number 7 between f and 
В'. Given any irrational number Y, we can always find two rational 
numbers, mand л (m <n) such that m «Y < mand n—m is as 
small as we please and therefore less than В'— В, Then the irrational 
number f—m--Y lies between В and f' and therefore between 
* and <, For from m < Y< m, we set 0 < y»—m < n—m < ВВ: 
ce B+» -m < В and Y—g being > 0, B+y—m > B. Thus B B—m 


+7 «P. Having found one irrational number, we can find as many 
ав we please, ] 
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9. Define the number whose square is 3 by the method of 
Sections. 


| 10. Show that 0281 

| p+ 
| 11. Show that if every rational number whose square is less 
than 2is putin the lower class and every rational number whose 
square is greater than 2 is put in the upper class, this division is not 


is a closer approximation to 4/3 than р. 
а 


a section. 

12. State without proof Dedekind’e theorem and indicate the 
difference between a section of rational numbers anda section of 
real nunibers. 


4+3k 
38+2k 


is a nearer one. 


(0. Н. 1965) 


13. Explain how Dedekind defined а real number by a section of 
rational numbers and state when the number so defined is rational 
or irrational. (C. Н, 1965) 


Show that 4/5 is not a rational number. 


Show that if / іѕ an approximation to 4/9, 


2 
[It A =5, or p*=5q", this may be written as (5g—2p)° 


| =5(p - 24)”. 
| 2 

o (8922 =5. Now since 1*—1, 2*=4, 3°=9, we have 
| EET : 


9«P <3, or, 9g <p < 34, sothat0 < p—2q < q. Hence there is 
q 
another fraction ža- which is equal to б and whose denominator 
р 214 
is less than q. This contradicts the assumption that T is in its lowest 


terms. Thus, there is no rational number 7 in its lowest terms 


whose square is 5. ] 


14. Define а real number as formulated by Dedekind and give 
an illustrative example. (0. Н. 1964) 
15. Prove the existence of irrational real numbers by showing 
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that if m be a positive integer, which is not the square of another 
integer, then there is no rational number whose square is equal to m 


(C. H. 1962) 
[ Solution, It is given that mis not the square of an integer. 


We suppose then that m is the square of a rational number in its 


lowest terms, ie., p?—mq?=0. Given a rational number, we can 
always find two consecutive integers between which it lies ; let then 


<Р < 241, or 2а <p<(4+1) whence p—2q < q. We have the 
q 
identity 
(та—р)*—т (р – 24)? = (2? — m)(p? – та")=0. 
From this it follows that m is the square of the rational number 


mq— ìn 


a of which the denominator is less than q and this contradicts 
р— ^4 


the hypothesis that m is the square of the fraction Е which is in its 


lowest terms. Itis thus seen that there exists no rational number 
of which the square is m. 

We are thus led to postulate the existence of a real number—not 
a rational number—the square of which is m. ] 


16. Show that no positive integer m other than a square 


number has a square root within the aggregate of rational numbers. 
How is „m defined in such а сазе? (C. Н. 1964) 


17. Explain the difference in the concepts of the ordinary 
rational number 2 and the real rational number 2, explaining why 
the latter is called rational. (C. H. 1963) 

18. Ifa, b, ш, y are rational numbers such that 

(ay — bx)? +4(a—a)(b—y)=0, 
prove that either =a, y=b, or 1—ab and 1— 2у are the squares 
of rationals: ~ ~~~ (C. Н. 1962) 
(Hint: Pub ш-а=Х. y~b=¥; then (aY-bX)*-4AXY—0. 


И.Х, Y are not zero, solve for = and show that 1—ab is a perfect 


square, , Again the given equation із unaltered by the interchange 
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ofz and a, y andb; it follows that l—zy is the square of a 

rational. ] 

Ч 19. If x, B, ¥ are real numbers such that < < f and B <7, 
| prove that < < 7. 

When are two real numbers said to be equal ? 

Define (a) the real number 0 and (2) the sum of two real numbers 

| and show that if < be any real number, <+0=4, 


| (C. Н. 1962) 

| [ То prove that <+0=4. Let «-(L, Ri), O=(Le, Re) and 
‘| <+0=(Z, R) We have to show that L and Lı are identical. A 
| number of L is formed by adding some number а; of L, to a number 
of Ls, which being negative, the sum is less than ау and therefore 
belongs to Lı. Thus every member of L is a member of Ly. 

Let b, be a number of Lı. Аз Г; has no greatest number, there 
is a number bı +% of L, greater than bı, k being a positive rational. 
If bi: +k of Lı be added to —k of La, we find that b, is a member 
of L. Thus every member of L, is a member of L. So L and 
| Dy are identical. ] 
| 20. State when a real number X (as defined by a Dedekind 
( section) is greater than the real number Ё and deduce that the real 
' number 4/3 is greater than the real number 4/2. (C. Н. 1961) 
21. Show that there is no rational number whose mth power 


| is equal to 4, where © is a positive fraction in its lowest terms 


i unless а and b are perfect mth powers. 


m 
[ Suppose that € => where 7 is.a positive fraction in its 


lowest terms. Then Ёш" = ау". Since у із prime to 2, y" must be a 
factor of b. Let = Ey", where k is an integer. Then a—Akz". Hence 
k-1, as a is prime to b. Therefore a—z", b=y™, ie, a and 
b are perfect mth powers. ] 
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CHAPTER 3 
AGGREGATES OR SETS 
31. Aggregate or Set, 


An aggregate ora set is defined as “a collection into a whole, of 
definite, well distinguished objects of our perception or of our 
thought".— Cantor. 


In Analysis we usually consider aggregates of numbers possessing 
а common characteristic. 

A system of real numbers or the points on a straight line 
corresponding to them, defined in any manner whatever, is called an 
aggregate or set of points in one dimension. 

The objects or numbers which form a set are called its elements. 
Sets are sometimes represented by putting the elements within 
brackets. Thus a set formed of the numbers 1, 17, 8, 8 is denoted 
by 11, 17, 3, 8}. 

If the number of elements of a set is. finite, it is a finite set ; if 
however, the number of elements is unlimited, it is an infinite get, 
For example, the set of integers from 1 to 100 is a finite seb of 100 
elements ; the totality of odd numbers is an infinite set, as it contains 
infinitely many elements, 

For a set, the order of succession of its elements shall not matter, 
if nothing is said to the contrary. Thus the set { 1, 2, 3 } consisting 
of the elements 1, 2, 3,is the same set ag {3,1,2 bor ie ey I 
Further the elements of a set must be all distinct ; thus the number 


EE 2, 1, 8, 8 gives rise to one set only, namely the set 
{ 1, 2,3}, 


32. Real variable. 


With regard to a set of real numbers, we can think of each 
element of the set individually or we can think of the set as a whole. 
If we think of the elements individually, 


we get different specified 
numbers or constants, 


A constant is thus a specified number which has the same value 
in any set of mathematical operations, 


On the other hand, when we think of the set ав a whole and д 
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denotes any unspecified number of the set, and may represent each 
of the members of the set in turn, we callz a real variable. The 
individual numbers which z represents in succession are called its 
values. The set of values which a variable can assume constitutes 
what is called the domain of the variable. 

If æ assumes in succession every numerical value of a set of real 
numbers from a given number a to another given number b (a < b), 
then c is called a continuous real variable and 2 is said to vary in the 
domain or interval (a, b) It is also represented bya < = < b. If 
v сап assume both the end values a and b, the domain or interval 
(а, b) is said to be closed. If c cannot assume the value a, the 
interval is open at one end and this is indicated asa <x <b. Ifc 
cannot assume both the end values a and b, the interval is open at 
both ends, or is simply an open interval and is indicated as a <% <b, 


3'3. Bounds of a Set. 


Given а set S of real numbers, if there is a number mı greater 
than any number of the set, the set is said to be bownded above and 
mı is called an upper bound of the set. If ms: > ту, then mg is also 
another upper bound of the set. 

With regard to this set of numbers, all the real numbers can be 
arranged in two classes, L and E, a number being put in the E-class, 
if itis an upper bound of the set, that is, if itis greater than any 
number of the set; it is put in the D-class if it is not an upper 
bound of the set, that is, if it is less than or equal to a number of 
the set. As the set is bounded above, both classes exist and are 
mutually exclusive. Further a member of R, being greater than 
a member of the set, is greater than a member of L which is either 
less than or equal to a member of the set. Hence by Dedekind's 
theorem (Art. 915), there is a number т such that all numbers less 
than it belong to Г and all numbers greater than it belong to R. It 
is therefore the least of the upper bounds and is called the upper 
bound or the ‘least upper bound’ (l. ш. b.) of the set. 

Again if there is a number l, less than any number of the set 8, 
the set ів said to be bounded below and 1 is called а lower bound of 
the set. If 1. < lı, then la is another lower bound. 

A division of the real numbers in two classes, the lower class 
containing all numbers less than any number of the set, the upper 
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class containing all numbers greater than or equal to numbers of the 
set, would be a section, defining a number J, greater than all the 
numbers of the lower class, that is, greater than all the lower bounds. 
It is therefore the greatest among the lower bounds and is called the 
lower bound or the ‘greatest lower bound’ ( g. J. b ) of the set. 


A set which has an upper bound and a lower bound is a bounded 
set. 


If the bounds are members of the set, the bounds are said to be 
attained, 


3'4. Properties of the bounds, 


(a) Тһе upper bound m of a set has the following properties : 
(i) No number of the set is greater than m ; 


(4) there is a number of the set greater than m — e, 
however small the positive number є may be. 


To prove (;), it may be observed that if z a number of the set be 
greater than m, it would belong to the R-class and this is impossible. 
To prove (i), it may be noted that if there be no number of the set 
Greater than m—e, then m (> m—€) would be greater than any 


number of the set and would thus belong to the R-class ; som would 
not define the section. 


(b) The lower bound 1 of a set has the following properties : 
(i) No number of the set is less than J ; 
(ii) there is a number of the set less than 1+6, however 
small the positive number € may be. 
These are proved in exactly the same way as (a) 


Note. The upper and lower bounds 
occurs when the set is finite, 


belong to it. 


above. 

may belong to the set. This certainly 
But for an infinite set, the bou 
For example, consider the infinite set formed 
rational numbers whose Squares are not greater than 2. 
above, its upper bound being the irrational number y2, 
to the set. On the other hand, the set of Positive real nu 
are not greater than 2, is bounded above an 
further y 2 belongs to tho set. 


nds need not 
of the positive 
The set is bounded 
Which does not belong 
mbers, whose squares 
d has ,/2 for its upper bound 


3'5. Sets of points. Definitions, 


Let v, y, 2 be real variables. Every particular System of values 
cf the variables is a point of which z, У, 2 are the coordinates. А 
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set of points has as many dimensions as a point of the set has 
coordinates. It is of one, two or three dimensions, that is, it is 
linear, superficial or spatial, according as a point of it has one, two 
or three coordinates. 

A set of points is of one dimension or a linear set if a point of it 
has only cne coordinate. 

The distance between two points m and m' with coordinates 
(a, b, c) and (a', b', с!) respectively is defined to be the quantity 

N(a=a'P +(6—0) Fe- с), 

The distance of a point m from a set S is the lower bound of the 
distance of the point m from a point of the set. 

The distance between two sets, S, and Se, is the lower bound of 
the distance of a point of S, from a point of Se. 

The €-neighbourhood of a point m is the seb of points at a 
distance < є, In the case of a linear set, it is the interval (m— €, 
m+e). 

m is an isolated point of S, if there are no other points of S in 
the €-neighbourhood of m, € being a positive number, however small. 

m is а limit point of S, if every €-neighbourhood of m contains 
infinitely many points of S. m may or may not belong to the set. 

Every point of a set is either an isolated point or а limit point 
of the get. 

The set S’ of the limit points of a set S is called the derived set 
of S. The derived set may be the set itself. 


36. Limit points of a set. K 

E is a limit point of a set S if every €-neighbourhood of § contains 
at least one point of S other than £. 

By making € smaller and smaller, it is easy to see that if there be 
one point of S in a neighbourhood of é, there must be infinitely many 
points of S in it. 

A limit point of a set is therefore a point about which an infinite 
number of points of the set cluster. 

A limit point is also called a limiting point, a cluster point, а point 
of accumulation or a point of condensation. 


Note. (i) A finite set cannot have a limit point. E 
(ii) An infinite set may or may not have a limit point. The infinite set 
of positive integers has no limit point. 
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(iii) Limit points of a set may or may not belong to the set. 

(v) Ascot may have more than one limit point. The rational numbers 
between 0 and 1 form a set with infinitely many limit points, since every 
point of the interval (0, 1), rational or irrational, is a limit point. Some of the 
limit points of the set belong to it and some, namely tho irrational points of 
the interval and the end-points, do not. 


In tho sot 1, Le vhs the lower bound 0 is a limit point but docs 


not belong to the set; the upper bound 1 belongs to the set but is not a 
limit point. 

The set of real numbers from 0 to 1 inclusive is a set which is identical with 
its derived set. 


(v) If the set is bounded, it must have at least one limit point. 


37. Bolzano-Weierstrass, theorem, 


An infinite set, bounded above and below, has at least one limit 
point. 

Let the infinite set S be bounded and have m and J for its upper 
and lower bounds, so that every member of S belongs to the interval 
(1, m). 

Relative to the set S, we can arrange all the real numbers 
two classes, L and R, in the following manner. 
put in L, if it exceeds no member or onl 
of S ; it will be put in R, 
of S. 

Clearly each number has a class. 


Б asit is greater than an infinite num 
class exists. 


in 
A number g will be 
y а finite number of members 
if it exceeds an infinite number of members 


Also 1 belongs to L and m to 
ber of members of S. So each 
A number of Г, is less than an 
members of S whereas а number of R is gre 
number of members of 
number of R. 


infinite number of 


ater than an infinite 
S; thus any number of L is less than any 


The two classes therefore determine a 
defining a number 2 Separating the tw 
positive number, however small, д 
only а finite number of membe 
must exceed an infinite number of 
must be an infinite number of 


section of the real numbers, 
© classes. Now є being a 
=€ which belongs to L can exceed 
їв of S while 2-+e belonging to R 
members of S, Accordingly there 


members of S in the interval (A — e, 
2+6). Hence 2 must be a limit point of S. 
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Alternative Proof. 

Let PQ represent the interval (1, т). If wedivide PQ into two 
equal parts, one at least of them must contain infinitely many points 
of S. We select the one which does, or, if both do, we select any 
one of them and call it P1Q;. 

If we similarly divide P,Q; into two equal halves, one at least of 
them will contain infinitely many points of S. We select a half 
which does so and call it PoGe. : 

Proceeding in this way, we get а set of intervals 

PQ, P1iQi, PQs, өө" Pnn: s.. 
each of which is half of its predecessor and each of which contains 
infinitely many points of S. 

The points P, Pi, Ps ..., Рь,... progress steadily from left to 
right and P, can never go beyond Q. Again 0. Qu Qoi veer Qu 
progress steadily from right to left and Qn cannot go beyond Р. 


Now Paga = P0. so that P4Q,—0 as n>. Therefore Ps 


and Qn ultimately approach the same point T. Then Т is a limit 
point of S. For suppose t to be the coordinate of T and consider 
any interval (#—6 f-F€). If m is sufficiently large, PnQn will lie 
entirely within this interval ; this will certainly be the case as soon 
as $ PQ < є. Hence (5 —6, $+.) contains infinitely many points of 
S ; in other words, 5 is a limit point of S. 
38. Fundamental operations with sets. 

Sets. Two sets S and R are said to be equal (in symbols 
ment of R and conversely. S# E 
The symbol 2 € S means 
if œe S then v € E and if 


Equal 
S=R), if each element of S is an ele 
means that S and E are not equal sets. 
that æ is an element cf S. For equal sets, 


x € В, then a € S. 
Subsets. R is a proper subset of S, it every element of E is an 


element of S and RAS, that is, S has one or more elements not con- 
tained in R. In symbols this is denoted by Ras or SPR. 
Each of two equal sets is sometimes called an improper subset of 


the other. 
Null Sets. It is sometimes convenient to speak of a seb with no 


elements as a null set, a void set or an empty set. Such a set is 
denoted by 0 or 9. 
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Union or Join of Sets. 


The union or join of two sets 2, and Rs is a set S consisting 
entirely of the elements of Б, and Ra. the common elements, if any, 
being taken only once. Symbolically, S=R,UR.. It Rı has m 
elements and R has n elements, the number of elements of S<m+n 
according as R, and Re. have common elements or are mutually 
exclusive. 

This definition of the union of sets can 


be extended to more than 
two sets. The union of a number of null s 


ets is a null set. 


Intersection or Meet of Sets, 


The intersection or the meet of two sets R, and Ra is the set 
Sformed of the common elements of Л, and Ra. 
S=R,0R,. 

If E, and R, have no common elements, the intersection of Ri 
and E, is a null set, Sets with no common elements are called 
mutually exclusive or disjoint or disjunct. If one or both of Ry and 
Jis are null sets, their intersection is a null set. 

The definition of the intersection of 
than two sets. 


In symbols, 


sets can be extended to more 


Note. The union of two sets R, and R, is sometimes called their sum and 
Tepresented in symbols by R,+R,. Tho intersection of two sets R, and R4 
is sometimes called their product and represented by R,.R, or H,R;. (Valle’o 
Poussain-Inte'grales de Lebesgue. — Rogosinski— Volume and Integral) In 
what follows, we shall adopt these simpler notations 


In their union and intersection, 
algebra : 

l. Commutative law: S, +S2=Se+S, ; 8,85 8,8,. 

2. Associative law : (S1+8s)+S8s=8,+(S.+8,) 

=8,+58,+5,. 
(8,8.)8,=8,(5,5,)= 5,8,5, 

8. Distributive law: If S-8, 
SR=S,R+8.R. 

For if v € SE, then z € S and also g € R, Now if тє S, then c 
belongs to Sı or Sa orto both. HeneeifzeS,, then me 6.8; 
again if v € Sa, then v є SR. Тһизїїлє Sp, it belongs to S1E o 
to SaR or to both ; that is, it belongs to Si:R+S.R. 


sets obey the following laws of 


+5, and R any other set, then 


r 


AGGREGATES OR SETS 29 


Conversely, if жє S,R,thenz € S, and also c € П. бох € SR, 
whether it belongs to SR or not. Again if w є SaR, then 2 € Se 
and also æ € R, i.e, v € SR. Thus SR=S,R+S2R. 

39. Complement of a Set. 

Let RoS. The complement CR of R in S is the set of elements. 
of S which are not in R. It is also denoted by S— E. Since each of 
E and CR may be looked upon as the complement of the other, we. 
have C(CR)— В. 

It S+S —S and 8185 =0, then 8, = 08; and 5 =051. 

We have the following theorems : 

Theorem I. Let Rı and Rg be two subsets of S. Then 

С(В.В.)= СЕ, CR;. 

Let х є C(RıRa). Then v does not belong to В.В. ; во does 
not belong to at least one of Rı and Rə. It R, does not contain V, 
then z € OR,. If Ra does not contain 2, 2 € ORs. Thus 2 belongs to. 
either CR, or to C Rs or to both. Therefore v € ов. ОВ». He 

C(RıRa)d0Rı+0Rs. E et (1) 

Again let z € ОВ, +CRz ; then v belongs to CR, or to CE or to 
both. Therefore a does not belong to either R, or to Ra or to any 
of E, and Ry. Hence v cannot belong to Б.В.. Sox € O(R:Ra). 
Therefore ОЛ, РОВ, ci (Bs Rs). Ht e 0 

From (1) and (2) it follows that C(R,Rs) and CE, CE are 


identical. Thus 

C(R,.Rj)- СЕ. НСК 

с(в, 28.) = (СЕ.)0(СВ.). 

be two subsets of S. Then 


псе 


or, 


Theorem II, Let E; and Es 
C(R, +В.) - СВ. СЁ». 
It @ is in S but not in R,+Ra, then it is neither in E, nor in 
Ra i во it is in both CR, and ORs and therefore in CR1.0 Rs. Hence 
every element of C(Rı+Ea) is an element of CR1.CRs e 
O(R,4- R;)|Q OR4.C Rs. Ns d v 
Again if y be an element of 
neither in R4, nor in Ra and therefo: 
O(Rı+Ra). Hence every element o 
O(R, +R») and so ОВ,.ОР. ci (Ra - Вз). 


S which is in QR; .C Es then it is 
re notin Ба-а ; 80 it is in 


t ОБ,.ОЁ» is an element of 
nes (9). 
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From (1) and (2) it follows that C(R,+R.) and CR,.CRz are 
identical. Thus 
C(R,+R.)=CR;.CRe, 
or, C(R,UR2)=(CR;)A(CRz). 


Note. Each of the above theorems can be deduced from the other by 
taking complements. 


310. Open and closed sets in an interval. Definitions. 
Let S be a set of points in an interval A, CS its complement. 


A point m is an interior point of S in A, if it is at a non-zero 
distance from OS, that is, if for some €, an €-neighbourhood of it is 
entirely contained in S. 

The point m is an exterior point ot S in A, if it is an interior 
point of CS, that is, there is no neighbourhood of m containing 
points of S. 

m is a frontier point of S in A, if it is neither an interior point 
nor an exterior point of S ; in other words, if it is at а zero distance 
from both S and CS. 


Every point of a set is either an isolated point or a limit point of 
the set. Every interior point is of course a limit point of the set, 

A seb S in A is open if every point of the set is an interior point, 
that is, if each point m of the set has, for some є, an €-neighbour- 
hood entirely in the given set. 

A set S in A is closed it every limit point of the set belongs to 
it, or if the derived set S' of S is a subset of it. 

Remarks : 


1. A closed interval is a closed set, whereas an open interyal is 
an open set. 


2. The set of rational numbers is not closed. 
Every finite set is a closed set. 


єз 


A. The concepts of closed and open sets are not mutually 
exclusive ; there may be a set which is both open and closed 
and a set which is neither open nor closed. The set of real 
numbers is an open as well as a closed set. The set of 
rational numbers is neither open nor closed. A null set 
may be looked upon as a closed set and also an open set. 

A set which is identical with its derived set is called a perfect sets 


contained in both O, and Os а 


Sets are each a closed set 
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311. Properties of Open and Closed Sets. 


(a) Ita веб R be open in S, its complement CE is closed in 
S and conversely. 

Let RS. We first prove that the complement CR of Rin Sis 
closed if, and only if, R is open in 5. 

First suppose OR is closed in S; then CE contains all its limit 
points and so no point of E is such that every neighbourhood of it 
contains a point of CR. Hence every point of R has a neighbourhood 
which contains no point of CR and which is, therefore, entirely in 
В. Consequently E is open in S. 

Next suppose that R is open in S. Therefore every point of R 
has a neighbourhood which contains no point of CR and so no limit 
points of CR. Hence all the limit points of ОЁ are contained in CE. 
So CR is closed in S. 

Thus CR is closed in S if, and only if, R is open in S. 

The converse proposition that 2 is closed in S if, and only if, CE 
is open in S can be proved similarly or by taking complements. 

(b) The union and intersection of a finite number of open 
sets are each an open set. 

It will be sufficient to consider two open sets O, and Og. 

(i) Let S=O,+0s2. Ite 8, then it belongs to О, or to Os 
or to both. Suppose v € Ox. О: being open, there is a neighbourhood 
of a entirely contained in О, and therefore in S. Thus every point 
of S has a neighbourhood entirely contained in S. So Sis open. 

(ii) Next let Р= 00а. Ifwe Р, then it belongs to both О, 
and Оз. As жє Оу, there is a neighbourhood N, of = wholly 
contained in О, as О: is open. Again as x € Os and Оз is open, there 
is a neighbourhood № of v wholly contained in Og. The intersection 
N of the neighbourhoods N, and Na is a neighbourhood of 2 wholly 
nd therefore іп 0,0. Thus every 


point of P has a neighbourhood wholly contained in P. Thus 


Р= 0,0» is open. 


(c) The union and intersection of a finite number of closed 


dor two closed sets Ui and Us. 


It wi iont to consi 
will be sufficien QU, and 003 are open, by (a) above. 


Since U, and Ua are closed, 
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Again by (b) above, CU;. СО, and СО, +00, are open sets. So the 
complements of these are closed sets. - 
Now O(CU,. С0,)=0(С0,)+0(00,)= 07,+0,. 
[Theorem І, Art. 3:9] 
And 0(00,+00,)=0(070,).0(00,)=0;,70,. 
[Theorem II, Art. `9] 
Thus U,-- Us and 0, 0, are closed sets, 
Or, we may proceed thus : 


li) Let ScCU;-c Us. Let x bea limit point of S. Then every 
neighbourhood of 2 contains an infinity of points cf S and so an 
infinity of points of at least one of Ui and U,, вау Ui. For 
otherwise there would be a neighbourhood of = which would not 
contain more than a finite number of points of S, which would mean 
that @ is not a limit point of S, contrary to our hypothesis, Hence 
there is at least one set U; such that every neighbourhood of x 
contains an infinity of points of Ui, so that wis a limit point of U,. 
As U, is closed, x belongs to U, and therefore to S. Thus S is 
closed. 

(i) Let P=U,U,. И = be a limit point of P, every 
neighbourhood of z must contain an infinity of 
an infinity of points of О, and Us. Therefore z is a limit point of 
each of U, and U, and as these are closed sets, 2 must belong to 


both U, and U, and therefore to U Ua. Thus Р= 0; 
closed set. 


points of Р and во 


О, is a 


(d) The derived set of any set is a closed set. 

Let S be a given set and S' its derived set. Let Ê bea limit 
point of S'; then there are points 7 of S’ at a distance less than de 
from E. Again m, being a point of S^, is a limit point of S ; so there 
are points ¥ of S at a distance less than $e from 7. Thus there are 
points ¥ of S at a distance less than є from £ 


380 5 is a limit point 
of S and therefore belongs to S'. Thus every limit point of 8" 


belongs to S'. In other words, the derived set S' is closed. 

312. Enumerable and Non-enumerable Sets. 

An infinite set is said to be enwmerable 
one correspondence can be set up betwee 
positive integers 1, 2, 3,---, n... 
enumerable, if its elements 


or countable if а one-to- 
n its elements and the 
iin other words, an infinite set is 
can be arranged in the form of a 
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sequence”: шу, Wo, зз... Un ---» SO that every element of the set 
occupies a definite place in the sequence. 

An infinite set which is not enumerable is non-enwmerable or 
uncountable. 

A point of condensation of aset Sis a point in an arbitrary 
neighbourhood of which there is a non-enumerable infinity of points 
of the set. (Lindelof). 


313. Upper and Lower limits of a Set. 


When а set S has more than one limit point, the greatest limit 
point № is called the upper limit of S and the least limit point 4 is 
called the lower limit of S. It € bea positive number, however 
small, 

(i) an infinite number of members of S are greater than # —€ ; 

(ii) a finite number, at the most, of members of S are greater 
than 2+ ; 

(iii) an infinite number of members of S are smaller than 
+<є; 

(iv) a finite number, at the most, of members of S are smaller 
than 2 — €. 

3'14. Oscillation of a bounded Set. 

The difference m—1 between the upper bound m and the lower 
bound J of a bounded set is called the oscillation of the set. 

3'15. Measure of a Set. A 

Let S be а веб of points in the interval ô. Let the points of S 
be enclosed in an enumerable set of sub-intervals according to some 
fixed rule. The sub-intervals should not overlap, buf some may 
abut and some even may reduce to points. These sub-intervals 
form a convergent series as their sum cannot exceed the length of б. 
The lower bound of such sums is called the measure of the set. The 
measure of a set is never negative. 

If the set be enumerable, its measure is zero. 

316. Some theorems on enumerable and non-enumerable 
sets. 

We proceed to prove certain theorems about enumerable and 
non-enumerable sets. 


—— 


ж A ‘sequence’ is an ordered set. See next chapter. 


E.M.A.—3 
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(a) The sum of two enumerable sets is enumerable. 


Let S: {шї, wa, ts] and Т: Wi, Vas ®з,...} be two enumerable 
sets, which we suppose to be mutually exclusive. Then 8+7 which 
contains the elements of both sets may be written as S--T : fwi: We, 
105,..] Where Wen-1=%n and 155-75. Thus S+T can be written 
in the form of a sequence and hence S+Z is enumerable. 

The theorem can be extended to any finite number of sets, 


(b A proper infinite subset of an enumerable set is 
enumerable. 

Let S : шз, ta, Usi... ] be а given enumerable set and suppose № 
is an infinite subset of S. Then among the elements of S, there is 
a first element шь: which belongs to E; let vi=wx1. ‘Chis is 
followed by a next element Uks of S, which is also an element of 2; 
let v2=Uxe. This process is continued and never terminates. We 
have however arranged the elements of Ras a sequence: V1: Ve; 
Das.. 80 that R is enumerable. 


(c) The set of all rational numbers is enumerable. 


We first consider the positive rational numbers. In the first 
line we write all whole numbers, ż.e. all numbers with denomina- 
tor 1; inthe next line, we write all fractions with denominator 2 ; 
in the third line, fractions with denominator 3; and so on. We thus 
get the following scheme of numbers ; 


12-2 344 sn’ If we write down the numbers in the 
"^ TA order of succession indicated by the line 
PaA EE то drawn (leaving out numbers which have 
РУ $ 3 SRM. {f already appeared), then we get every 
M . m y positive rational number once and only 
li EX азяро е once. The totality of these rational 
БСА I numbers is thus written as the sequence 
Fig. 4 1, 9, 1, $3, 4,3, & 2... 


If this sequence be denoted by (v4, we, ws,...$, then obviously the 


sequence {0,—%1, w1,—5,...] is the set of all rational numbers 
which is therefore enumerable. 


(d) The set of real numbers in the interval 0 < x < lis 
non-enumerable. 


We assume in the first place that the set of real numbers 
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0 < x <1 is enumerable. A contradiction will show that our assump- 
tion is wrong. 

Since by supposition the set 0 < z < 1 is enumerable, by theorem 
(b) above, the subset 0 < z < lisenumerable. It consists of the 
positive proper fractions and the number 1. Now 1="999---can be 
expressed uniquely as a non-terminating decimal. Again the termina- 
ting decimals among the positive proper fractions can be expressed 
uniquely as non-terminating decimals by reducing the last digit on 
the right by unity and adjoining an endless chain of 9's. (eg. 
'05—:04999--, °72="71999---). Thus all numbers in the set 
0 <a < 1 ean be expressed as non-terminating decimals. And as by 
supposition they form an enumerable set, they can be arranged as 
а sequence as in the scheme below : 


ur = 0 Gi @2 аз G14 ... 

Ue = 0 G21 202 G23 @ол SF 

из = 0 азу 039 433 азі c2 a 
Fig. 5 


From the principal diagonal indicated by the line, we form the 
non-terminating decimal 0'411655055...,, and from this we cons- 
truct a new non-terminating decimal by replacing each digit аль by 
a different digit bn different from 0, giving the decimal fraction 
u=0'bibzbs...bn.... u does not terminate as none of the b's is 0; 
also 0 <u < 1.10 <a < 1 be enumerable, w will have to coincide 
in all its digits with one of the decimal fractions in the scheme above. 
This however is not possible according to our construction of w, for 
u certainly differs from each Un in the nth digit. Thus all the 
numbers in 0 < д < 1 cannot be arranged as a sequence. So the set 
0 <a < 1 is not enumerable. Hence the real numbers in 0 < z < 1 
form a non-enumberable set. 

Examples : 

1. If v be any member of a bounded aggregate Sı whose upper 
and lower bounds are P, and b1, find the upper and lower bounds of 
the aggregate Sa whose members are — w. (С. H. 1965) 

[ As v > bı, we have -2 < —Ь,, r (1) 
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where —2 is any member of S5. 

If € be any positive number however small, there exists a number 
æ of Sı such that s < 6,+€; this shows that there exists a number 
—a of S, such that —9 > —b,— «€. et (2) 

Hence from (1) and (2), — Б, is the upper bound of Se. 

Tt may be shown similarly that — B4 is the lower bound of $».] 

2. х and y are any two members of a bounded aggregate S ; find 
the upper bound of the aggregate Sı of members v—y. (О, Н. 1965) 

[ Let B, b be the upper and lower bounds of the aggregate S. 

We have < Bandy > b, ien =y € —b..'.c—y < B-b--«(1) 


Again «> В,-5 and у < b+5, te, —yT- b-5. 


SO o $—y 2 B-b-e, LN (2) 
From (1) and (2) we see that B—b is the upper bound 


of 
members z — y of the aggregate S,. | 


3. ш and y are any two members of bounded aggregates S and 
S' ; find the upper bound of the aggergate S4 of numbers 2—7. 

[ Let Ву, bı be the upper and lower bounds of S and Ba, be those 
of S'. 
We have 2 & В, and y> de, i64 –у< -0...',2-у< B4 —05...(1) 
Again x > B3 —5 and Y<bet 5, ie, -y> -b-$ 
: SO o $—9 > В,—Ъ„—є. Ма (д) 

Hence from (1) and (2), Bı—bs is the upper bound of the 

aggregate Sı of numbers cz — y. 

It may be shown similarly that b, — В» is the lower bound of Si] 


4. х is any member of a bounded set whcse upper and lower 
bounds are Bı and bı, and у any member ofa bounded set with 
upper and lower bounds В, and bz. Show that the bounds of the 
set of numbers a+y are B,-- B4 and бт 


5. B, and b, are the bounds of an aggregate S, of positive 
numbers v, and Bs, be are those of another aggregate Sa of positive 
numbers y. Show that В.В. and 5,b, are the bounds of the 
aggregate S of numbers cy. 


6. Prove that every aggregate bounded above has an upper 
bound. (C. H. 1965) 


— 
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7. Define the limiting point of an aggregate. If Sis an infinite 
aggregate, { 
(i) can S have no limiting point ? 
(ii) can every member of S be a limiting point ? 
Illustrate your answers by examples. (C. H. 1965) 
[(i) The set of integers though infinite has no limiting point. 
(ii) Every point of the set of real numbers 0 <a < lis a 
limiting point. ] 
8. State and prove Bolzano-Weierstrass’ theorem on limiting 
points of an aggregate on the real axis. (С. Н. 1965) 
9. Give an example of a set 
(i) which is identical with its limiting points ; 
(ii) whose limiting points do not belong to the set. 
[ (ii) The set 1+4, -1-3,14+4, -1-4,.14+4, -1-h0" has 
two limiting points, 1 and —1, not belonging to the set. 1 
10. Find the limiting points of 


(i) the aggregate of numbers LHL where m and n take all 


integral values ; (0. H. 1966) 
(ii) the aggregate of numbers ++» where m, т, р take 


all integral values. 
is 1 
[0 01,000. 2, Ete | 
т т т т 

11. Define (2) the lower bound and (ii) the lower limit of an 
aggregate and show by illustrative examples that these may be either 
equal or unequal. (C. Н. 1964) 
12. Define the exact upper bound of а bounded infinite aggregate, 
and show by examples that this may or may not be equal to the 


upper limit. (C. H. 1961) 
13. Exhibit the aggregate of all rational numbers between 0 and 
1 as a sequence. (С. Н. 1964, 1965) 


[ First consider the rational numbers in the open interval 
0<a<1. Letq be апу integer > 1. In 5 give to p the values 


1, 2, 3,..qg—-1. From the q-—1 fractions thus obtained, we suppress 
those that are reducible, Ф.е., those for which p and q are not prime 
to each other; they are obviously finito in number. If we do this 
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in succession for q— 9, 3, 4,..., we get every time a finite number of 


rational numbers. We thus get the series 


i i 2.4.8510 9.8 £4. 1.5.7... 
9: 3) m d 5:55 5, б 5, Ў 


giving all rational numbers between 0 and 1, without omission ог 
repetition ; these have been exhibited above as a sequence. 
For rational numbers in 0 <x < 1, we adjoin 0 and 1 to the 
above series and get the sequence 
0, 1, я, $5 $ 4 @...] 
14. Thesum of an enumerably infinite number of enumerable 
Sets is enumerable. : 


[ As the number of sets is enumerable, they can be arranged as a 
sequence, viz., 51, Se, Ss)... Each of the sets being enumerable, each 
can be written as a sequence. We may thus write 


Si: =й и Кб «i Wee 
$7: Uii Use Uis Ue,  ... 
5з: 431 ШМ о Uss Use _ |. 
ЕЛ M41 Uso Ugg Ugg .. 


Fig. 6 


We now write the elements anew in the order of succession 


indicated by the arrows, each arrow covering elements for which the 


sum ОЁ the suffixes is the same and each arrow covering a finite 
number of elements. We thus get 
10333 Wars 015, 0654, Wags Utar. 

a sequence containing all the elements that occur i 
sets, thereby proving the theorem. 

We may suppose that the sets ha 
however, there be common elements, 
that have already appeared. ] 


n any of the given 


ve no common elements ; if 
we may leave out elements 


CHAPTER 4 
SQEUENCE 


41, Sequence. 


If the members of an infinite aggregate of numbers can be 
arranged in the order of the natural numbers 1, 2, 8,..., the 
aggregate во arranged is called a sequence of numbers. 

A sequence is thus an ordered aggregate, the member corres- 
ponding to n is called the nth term of the sequence and is often 
represented by аһ OF Uns the sequence itself being then represented 
by {ant or {шь}. A sequence is said to be given when we know some 
law or laws by which any particular term of the sequence can be 


determined. 
Examples : 
(i) аһ =а for all n gives the sequence : а, 2, &..- 5 
7 » TNT il 
(it) an= = gives the sequence : 1, as д ураш 
(iii) an =(— 1)” gives the sequence : оо 
: ^ (en ик REUS 
(iv) an= = gives — 1, талар 


` Ba 3 
(v) an=(—1)"(1+4) gives aia te ae де, us 


42. Limit of a Sequence : Convergent Sequence. 


0+3, 
т 


Consider the sequence fan} where an= If we choose 


any small positive number, ‘01 say, the difference | an-2 | 


In +8 _ 9 EE will be less than "01, if n > 300 ; 4e, |a 21 
n n 


< ‘01 for values of n from 301 onwards. Again for a still sm 

number, ‘0001 вау, ian—2| < ‘0001, it n > 30000. However small 
the positive number we choose, we can always find a value of n such 
that |a@n—2 | will be less than this chosen value for all values of 
n greater than this determinate value. As the arbitrary positive 
number may be chosen as smallas we please, it is clear that the 
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difference | а„—9]| can be made as small we please for sufficiently 
large values of л. When that is so, the number to which an can be 
made to approach, is called the limit of the sequence {аһ} as n tends 
to infinity. 

As a rough definition of the limit of a sequence, we may say 
that а sequence tends to a limit A as n tends to infinity, if we can 
make the terms of the sequence approach A by making n sufficiently 
large. 


It would be clear from the above example that the limit of a 
sequence may be defined ав follows : 

A sequence {an} is said to tend to the limit А as n tends to 
infinity, if corresponding to any arbitrarily chosen positive number є, 


however small, we can find a positive integer > such that |a,—A | 
<E when л > v, 


The notation employed to denote this is 
Lt an=A, or lim à4— A4, 
noc пос 


от simply Lt a,= А, lim an= А. 


When а sequence tends to a finite limit A, it is said to be 
convergent or to converge to the limit A, 


A convergent sequence which tends to the limit 0 is called a 
null sequence. 
43. Theorem : 


A convergent sequence cannot tend to two 
distinct limits. 


If possible, le& A and В be two distinct limits to which {ant 
converges. Then corresponding to the arbitrary positive number 
36, we can find integers vı and va such that 

l'as A cie for n > ру; te (1) 
|a,—B| <ie forn > Vo. 


ғ (9) 
If v be the greater of v, and va, both (1) and (2) hold forn > v. 
Now |4-B| с | (A-an)+(an—B)| 
< | an-A] + | а= | 
«$ed ie 
«e, 
for n2; 


this is absurd as the difference between the two distinct 
fixed numbers cannot be made less than an arbitrary small number. 
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4'4. Divergent and Oscillatory Sequences. 

(1) If corresponding to any arbitrary positive number M, 
however large, a positive integer ? can be found such that an > М 
for n > v", we say that the sequence is positively divergent and that 
it diverges to-+co and we write Е 

Lt аһ= +ео. 
поо 

(9) If corresponding to a negative number-— M, however large 
М may be, we can find a positive integer 7? such that аъ< — M when 
n > 9, the sequence is negatively divergent and diverges to — сс and 
we write 


Lt an=- eC. 
поо 


(3) When the sequence does not converge and does not diverge 
to +20 or to — со, it is said to oscillate. 

An oscillatory sequence is said to oscillate finitely, if there is a 
positive number K such that |an | < Е for all values ofn; and it 
is said to oscillate infinitely when there is no such number. 


Examples : 
The sequence for which аһ=(— 1)” oscillates finitely, and the 


sequence for which G@n=(—1)" oscillates infinitely. 

Note. The last example shows that the terms of a sequence may ultimately 
be very large in absolute value, yet the sequence may not diverge to-+co 
or to— со. 

45. Bounds of a Sequence. 
s obtained from an aggregate by ordering it, the 
sequence may be said to correspond to the aggregate from which it 
is obtained. If an aggregate is bounded and have M and m for its 
bounds, the corresponding sequence is bounded and have the same 
Further the bounds of the sequence have the same 


of the aggregate. 


As a sequence i 


bounds. 


properties as the bounds 
The limiting points of the aggregate are limiting points of the 


corresponding sequence. The converse is not necessarily true; а 
Sequence may have limiting points which are not limiting points 
of the aggregate from which it is derived. 

The Bolzano- Weierstrass’ theorem is also true for a bounded 


sequence and сап be proved similarly. 
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The upper and lower limits of a sequence are defined similarly and 
have the same properties, The symbols for the upper and lower 
limits are : 

lim an, lim ал. 


46. Theorem: Every convergent sequence is bounded. 


If the sequence {an} is convergent and converges to the limit a, 
we have 


| а„—@| <€forn>», 
or, &—€ <an < até, for n > >, 

Thus % 11, 0-9. all lie between a—€ and a+e, Let g and G 
be the least and the greatest of the » numbers Qi, Gay... ау. Then 
if m=min. (a—¢, g) and М= max. (a+, G), we have 

т < a, € M, 


for all values of n; in other words {an} is bounded. 


47. Monotonic Sequence. 


If the terms of a sequence satisfy either of the following two sets 
of relations : 
à; Sag Sag < .. <а < ~ 
а 2022 аз >  DaQ2ee 
the sequence is said to be monotonic. 


In the first case the terms 
never decrease and the sequence is monotonic increasing or monotone 
ascending ; in the second case the terms never increase and the 


sequence is monotonic decreasing or monotone descending. 


Note. Ifa, <a,<...< an <.., fan} is monotone increasing in tho strict 
sense; and if a, >a,>...> Gn ee 


strict sense. 


48. Theorem: A monctone increasing sequence either con- 


verges to a finite limit or diverges to --oo according as it is 
bounded above or not. 


‚ {an} is monotone decreasing in tho 


Suppose in the first place that the monotone increasing sequence 
{an} is bounded above and Кїз an upper bound. The sequence is 
bounded by a; on the left and by K on the right. It must therefore 
have a least upper bound k, equal to or less than К, and however 
small the positive number є may be, there will be aterm of the 
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sequence а, greater than Ь—є. If we consider the aggregate formed 
by the distinct terms of the sequence, all its terms after а] are to 


the right of &—€ and not to the right of k. It any of them coincide 
with E, from that stage on, the terms must be equal. We have 
therefore 
|k-an | < € whenn > >»; 
so the sequence is convergent and has & for its limit. 
Tt {аһ} is not bounded above, however large the positive number 
М may be, dn > M for n >v. So {an} diverges to +9. 


Note. A monotone increasing sequence cannot oscillate. 


49. Theorem: A monotone decreasing sequence either con- 
verges to a finite limit or diverges to — °° according a3 it is bounded 
below or not. 

The proof is exactly similar to the above. 


Note. A monotone decreasing sequence cannot oscillate. 
410. General Principle of Convergence (Cauchy). 


The test in Art. 42 verifies whether a given number A is the 
limit of the sequence {an}. In the absence of a knowledge of the 
limit of the sequence, it fails to determine whether the sequence is 
convergent or not. The test to determine the convergence ofa 
sequence without a knowledge of its limit is furnished by the following 
test known as Cauchy's General Principle of Convergence. 

The necessary and sufficient condition for the conyergence of 
Corresponding to an arbitrarily chosen positive 


a sequence {an} is : 
must be possible to find a positive 


number є, however small, it 
integer m, so that for every positive integer p, 
| Gntp— in | «e 
when п >m and p > 0. 
(i) The condition is necessary. This means that if there is а 
limit 1 for the sequence, the above condition must be satisfied. 
Since an > l, corresponding to any positive number ©, we can 
find m so that 
| аһ т! | = 3 Е 
From this it follows at once that 
| a5:5—! | <se 


when n > m and p > 0. 


when n > m. 
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= | dnip—l+l—an | 
< | йһ+»—[ ar [an=] 
«$ eie 
<E 
for n > m and p any positive integer. 
(ii) This condition is suficient. This means that when the 
condition is satisfied, {an} must converge to a limit 1. 
We shall first show that under the given condition, the sequence 
is bounded. 


Let us give any particular value to, say 7. There exists a 
positive integer 7 such that 


lan45—a5| < 7 when n > v and p > 0. 
Taking n=”, we see that 


la, -a,| € when p > 0. 
4.6., a= Sap <a + when p > 0. 


This means that all the members of the sequence {an} except 
perhaps the finite set of members a1, Go @з,...,› Gy _ ү lie between two 


fixed numbers 4,—782nd &,--"]. If k be the least and K the 
greatest of the finite set of numbers 


Qis Aas Agy very @у-1 0, — Th a, ls 
we 8ee that 


k € a, € К, 
for every value of n and so {an} is bounded. 
The sequence (a,] has therefore at least one limiting point 1. 
Tf possible, let there be also another limiting point 1. 
Corresponding to any positive number €, however small, there 
exists a positive integer m such that 
| @nso—Gn | < ie when n > mandp>0. ... (1) 
Also since } and l are limiting points, 


there exist positive integers, 
sand t both > m such that 


[а < $ | ac- | < He, dg E) 
Also from (1), las—ae| < de, (3) 
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From (2) and (3), 


|2’-7| =! U—a:tar—astas—1|. 
<| al | +| asza] + lasi], 
< fet+tetihe, 
< є, 


S. U=l. Thus fan}, having а unique limiting point, is 
convergent. 
411. Theorems on Limits. 


Theorem I: If {аһ} and fbn} are convergent sequences con- 
verging respectively to the limits a and b, then 


(i) Lt (an +bn)=a+0, 
(ii) Lt (an—bn)=a-d, 
(iii) Lt (@n.bn)=a.b, 
(iv) Lt (an/bn)=a/b unless b=0. 
(i) We have 
lanzal < łe for n > i. hs (1) 
and [dn —b| < 3e for n > vs. eL (2) 
If > be the greater of the two integers 71 and Ya, both (1) and. 


(2) hold for n > >. 
Since (a5--55)— (a--5) — (as — a)-- (ba — 6), we have 


| (as 54) -(a--5) | = | (as —a)9- (bs —9)] 
«| аһ —a| + | b, —6 | 
«eric 
«XE 


for n>. 
Lt (an+bn)=a+0. 


(ii) The proof is exactly similar to the above. 
(iii) Let an=a+% and b, —b--B, where €, B tend to 0 as n > ©. 
Then — asb,—ab- (a--X)(b-- B) — ab aB-3-X(b--). 
Choose a positive number J greater than |b-FB |. We have 
| anbn— ab | < [al 181 t [«] 2 
By the definition of a limit we can choose m so that 


€ 25 ы, 1 
z 2nd 161 = |0, b| <5 


€. 
lal 


1 
«= - <= 
[< [= lanzal @ 


46 ELEMENTS OF MATHEMATICAL ANALYSIS 


provided n > m. Hence 
| anda -ab| < є 
for n > т; i.l. Lt (an.bn)=a.b. 
(iv) To prove this we first prove the following : 
If the sequence {fbn} tends to the limit b, then the sequence 


{1} tends to the limit 1 unless 2= 0. 
bn b 


Let 6,=b+ 6 where Ё — 0 as n — œ, 


TET B : 
Now БЫЗ. ТЕБ) If 6 is not zero, we can choose a 


positive number J less than |b+8| and then 
їй il | |B | 

ey eL 

b, bi lb] 4 

Now we can choose m so that 


I8| = |b,-b| < |b] te torn > m 
Hence |4-t 


<€¢forn 2 m. 


пе: 
(2-1. 


Now applying (iii) to the sequences { а, } and i. we geb 


n 
anja ES de 
Lt (8) р Unless b=0. 
412. Theorem II: 


(1) If ш, is positive, and for all values of n 


a fixed integer, Ung, > kün where k is a constant greater than 
unity, then n>% ag n>, 


>m where m is 


Rejecting the first m terms for which the condition does not hold 
and denoting the terms tm41, Umio,... Ву ааа. 15-18. olean that 
for all values of т, ani; > kan. 

аһ > kan- > апаа > > Бат 


Ber Шеш, Sn as n--co. Tt follows that у кде аз 
N > eo, 


(2) It un is positive and for all valus of n >m where m is a fixed 
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integer, and 44i < ku, wherek isa positive constant less than 
unity, then un > 0 as n—> со. 


Proceeding as above, we have for all values of n, ал+ < ka. 
SS On X kaa-i < аһа < = а 


As < 1, k"- — 0 as n — со and hence Qn < E" а 
as n —> co, 


1 > 0 
It follows that un — 0 as n—- co, 


(3) If w,2 0 and ta (e) =z, then шоо ifi >1 and 


n 


Un > 0itfl «1. 


It 127 1, we ean choose Ё so that Z > k > 1. Now since EX 


n 
— l, we have 


u 
n] | <€forn > т, 
Un 


$e. Un(l—€) < tings < wall-e), 


As Z> 1, € can be chosen sufficiently small to make ?—є= > 1; 
S8 Ungi > kün for n > m; hence by (1), Un — eo as n > оо, 


Again if 2 < 1, € can be chosen sufficiently small to make 
1+е=Ё <1; 


we Unga X kun for n> m and so by (2), un — 0 as n — eo. 


413. An important limit : 


First observe that in the above limit, 2 — со through positive 
integral values. 


Let а= (i+ a where т is a positive integer. Then 
ш 


mers T піт 1) 1 »(n—1).293 1 
an=(1+2) =1-+ 2+ o d esae al Dx 


=1414+3(1- +. аи) )(2-2)-4 A 122-1) 
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Hach of the factors (1-1 


= (1-3). positive and the number 
n т, 


of terms із n+1. Hence as n increases, 


(s increases monotonically. 
Further as each of the above factors is 1 


ess than 1, it follows that 


Le ob. 
Gea SHC puedes (2) 


<1+1+{+5+ +1 


gn-i* 
e 
<1+9(1 =) 
<3. 


>. {an} being bounded above is c 


onvergent and converges to a 
limit 2, such that 2<2 < 3. 


Consider now the sequence {bn} where 


bcp esp. 


n! 


As above ba < 3 and so {On} is convergent and tends to a limit 
lying between 2 and 3 ; this limit is denoted by е. 


From, (2) a, < bn; *. Lt an € Lt by, 


or, A<e, 


Ld (3) 
Let m be any integer greater than т. Then, as in (1), 
ана zi 73-3) (1-221) 
21 т. n! mi m. m 
Жы TEM Cz 3 (ni) 
m1 m т, т 
OH (1-2) 4-2 (1-5) 2) 0-а Г 
2! т n! mi m m 
ав Several positive factors have been left; out. 
Keeping n fixed, let m -> со i then the right side > b, and the 
left side to 2, 


À 2 by for all integral values of n, 
Hence e=Litd, < 2. 


© 


(4) 
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From (3) and (4), we get 2=e, that is, 


Note. It сап be proved that e is the incommensurable number 2:71828182-.- 


4'14. Cauchy's limit theorems : 
ал Hast tany 


First theorem. If Lt an=}, then Lt ; 
i 


We write an—l=b, so that Lt b, —0. We have 
аз as d bas, di that thn 3 
т т d 


so we have to prove that 


Grab atic 0 when b, > 0. 
"n 


Let є be any positive number, however small. Then there exists 


a positive integer m such that [2,1 < 5 when n > m. We now write 


n n 


bı tba t'i tbn RE bs tbm y bmt tomes t Hon 


n 
Since {bn} is convergent, it is bounded and therefore there exists 

a positive number Ё such that | bn | < 2 for all n. 

. Е < 12; | +2. | tet | bm | 

x3 n n 


РЕ СРЕ ЗЕЯ 


7 


k €. 2k 
Keeping m fixed, we see that 7 <gifn > - If m' be an integer 


k Ee. 9 
greater than aar, we see that P if n 2 m. If Р be the 


greater of m and m’, we have for every n > №, 
bbs s | < e 
n 


which proves the theorem. 
E.M. A.—4 
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Second theorem. If un > 0 for all values of n and Unt1>1(>0) 
Un 


2 
where J is а fixed number, then Un ->], 
Because 1 > 0, we can choose a positive number є < Г and as 
small as we please. 


МО u 
Since 22+ >1, we can find m so that | ы < є [ог в 2 т, 
Un 


Hen е сре 


Um 


l-e < Eni? < Ite, 


Uma 
vee see 


Un 


l-e < —- «lite; 


Un-1 


and by multiplication, 


(Кош = < üF”, 


m 


But 1—є > 0, it follows that 
(l-e) < Un (J-eJ™ < Un, 1", 
Um 


Um 


and i (Le) > Un (It+e)" > Un qm 
Um 


Um 
SS (Ime? m» qm < (146), 
Um 
E 
n 
and 5) (01-е) < un z(a (14- €). 


bm + 
Now л" is а fixed number, therefore 


mM, E a 
(a) > 1 and ] ence un”—>l. 


Note. The theorem can be proved to be true when 1» co or— 
"The converse of the theorem is not true. É 
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415. Lemma. Bernoulli's Inequality. 

For every n > 2andp > —1 (p = 0), (1--p)* > 1+np. 

When s—2,(1--p)'—14-9p--p? > 1+9. 

Thus the inequality is true for 2—9. Suppose it holds for 
n=k >, 

Then (1+p)* > 1+kp. 

(1-+p)". (1-р) > (1+kp)(1+p), 
or, (1+p)*** > 1+(k-+1)p+ip%, 
> 1+(k+1)p. 

So the inequality assumed true for n=% is true for n=k+1. As 

it holds for n=Q, it holds for n > 9. 


Examples : 


1. (a) То show that the Sequence (x"] is convergent if, and only 
if, —l1<@ <1. 
[G) Leta>1. We writew=1+h, во that h > 0. 
2^ —(1--h) 1+nh. 


Let 6 be a positive number however large. We have 1+nh>6 


if n2 we see that z" > ô for n > m where m is an integer just 
h 


greater than 1 «^. Lt 2%= оо, 
(ii) Let e=1;s80 2" =1 for all values of р, 
элә Le w=1, 


T wt 
(iii) Let0 <a < 1. We write а= у ° 80 that h> 0. We 


have 
1 


рдЕ 11 а 
0 < а= һу» < TER 


Let € be a positive number however small. Then 1 l «eif 


+nh 
n>(L-1)/h and if m bea positive integer> (-1)/n, SOT dad 
€ 
0< a^ e, or |a | < є for n > m, so that Li z*—0. 
(iv) Let c—0; clearly L&2"—0. 


(v) Let —1-« 2$ <0; we write z— —«, во that 0 < 4 < 1 and 
we have |a" | =x”. It follows from (iii) that Lt 2^— 0. 
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(vi) It c=—1, obviously {а7%} oscillates finitely. 

(vii) When z < —1, we write c= —< so that < > 1. Asn > co, 
«^ takes values, both positive and negative, greater than any assigned 
number. Hence íz"] oscillates infinitely. ] 


i 
(b) To show tbat[ converges to 1 when v isa fixed positive 


number and n a positive integer. 


[ (4). For = 1, the result is obvious. 
X T 


(ii) Let x > 1, thenz 71. Putz =1+%(%> 0); 


then e=(1+h)"> 1-4-nh 2 mh; ^. h = and so0 <h < 2. 
т 


ri 


As поо, са and .'. h--0. Thus Lt 2 =1 as noe. 


liii) Let c<1; we write а= so that у > 1. 


` TNT 
"= € —-—1as neo. ] 
35 


у 
1 E 
(c) Lt n®=1 when nce (n a positive integer). 


(d) Lt (nz")—0 as n>co and | 2 |-« 1, m being a positive 
integer. 


n 

(e) Lt == ав n->oa where x > 1. 
"n 

(f) Lt = =0, на 11: 


m 
(g) Lt 270 as п->оо, 


(һ) Lt m(m=1) ...(m=n+1) in 
1 


п> о % =0if | z | <1. 


[ See Hardy, Pure Mathematics, 10th edition, pp. 141, 142. ] 
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2. It {un} converges to a and Lt (upn—Vn)=0, then {un} also 
converges to а. 


[ Since Lt ъ= а, |un—a | < for n > V4. 
Also Lit (u,—95)—0, | Un~ Yn | <% for n > Фу. 


Now |on—@ |= lon- untun—a |< |®%»—% I+ |un-al 


єє " 
= rp for n > v where v is the greater of 71 and Ve. 


S. {un} converges to a. ] 
3. {аһ}. {bn}, {ent are three sequences such that 
(i) an < b, < сь for every value of m, ... (1) 
(ii) Lt аъ =1% сь=1; 
then Lt b,=1. 
[Let € be any positive number. There exists a positive integer 
m such that for every value of n > m 
1-6 <a, «& le bet a^ (д) 
1-є < сь «lcs ой Е (3) 
From (1), (2), (8), it follows that 
}—є < b, < IHE, for n 2 m. 
Hence Lt b,—1. ] 
4, Apply Cauchy's First Limit theorem to prove that 


Li eo 
Gy tt Tae ee 
neo тъ =0; 
ДЕО en. db 
CE m tarat ta 
nees т Ur 
ч 1 


(liii) "^=[1.5. Зп yon ав поо ; 


(iv) Lt 1-4-92--3*-E tnn 
n 


(v) If yas Yor e Yn арат be all positive and if yn — % then 


1_ 
us (0272: Уп)” > 1. 
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(vi) Find the limit as n — со of the sequence 
(Gy шур. 
1 \2 3 % 
5. Apply Cauchy’s Second Limit theorem to establish : 
G) Lt — =e. 


1 


(n 1» 
Gi) тж [29 l e 


n 1)? 


(C. H. 1961) 
6. If oy ши. then {un} and {vna} are both in- 
creasing or both decreasing. 


7. Prove that when n — co, 


@ т [ 1 


1 
Sori) JS UU 
н НАТА ИЕ 
(ii) et Tapati 


i 1 1 алат aa 
оаа со a СЕ 


(iv) Lt аа 


Stal a 


8. It z,.,— J(k-Fz,) and k and 7; are positive, then the 
sequence {ть} is increasing or decreasing as a, is less or greater 
than X, the positive root of the equation ш®=т-Ь}, and in either 
саве, 2, — X as п — co, 

2 

[ We have 2444? —2,, 7s) - (5-2, m, — 
++ 54190, according as 23213-1. 
tone, increasing if т, 


22-1 5 


So the sequence is mono- 


< 2. and decreasing if 21 > mg, 


The equation 2% —2— = 0) has two roo 


І ts, one positive root < and 
one negative root — fi 


"s 2^ -a- k- (o — «Je ), 
Оса ш A pr peer gor 


or z,? <h+e,, de. 
21 Ма.) a and the sequence ig increasing ; if however 
pa >< then @1°—2,-k>0 which gives 2, > æa and the 
sequence ig decreasing. 


sem) 


EE м т = 


— 
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From (1), «—8—1, and «8— k. 

It ш, < <, {xn} is increasing ; Фа < Essa = Aa); 
or, 232 23 - < 0, ог, tn? —(4—B) ж„—“В < 0, i.e. (an — «Yen 8) 
< 0, or, a < < for all values of n. Thus {xn} is monotone increasing 
and bounded above ; it must therefore tend to a limit 7. 

Since таъа = N(k+an), or ®һ+1®—®һ—Ё=0, takiag limits 
15 —1—k-0, or, J is the positive root of z? —2— 5-0. 

The саве z, > < may be dealt with similarly.] 

9. Show that the sequence N93, A24- J2, Na+ JO Jae 
tends to a definite limit (stating clearly the theorem necessary to 


justify your argument) and find the limit. (C. Н. 1960) 
[ Here Un = N+ un- and ün < 2 for all n. Required limit —2. ] 
10. Prove that the sequence „5, Ма „а, N2N9 JO 


converges o 9. [tn < 9 for all n. 1 
11. Prove that the sequence V7, NTF Ji NTF NT AT 


converges to the positive root о 22 -2-7= 0. 
[ un < 4 for all n. ] 
12. It {xn}, {yn} are two positive sequences such that %n+ı 
=Kaentyn) and 2 1141 show that both the sequences are 
Ynt1 n Yn 
monotonic, the former descending and the latter ascending. Show 
further that they tend to a common limit 1, where 2°=a@1Y/1. 


[ Since 4. M. >Н. M., we have En Uno, 
2 1р1 

En Yn 
Ynşı for all m. Now в 3 (sys) © (24), 


4.6. Enti Z 
Hence {vn} is monotone descending. 


4.6, Ung. © Un. 


1 ; H 
E "pu © shee 4.6.5 Yn < Unti; 80 {yn} is 
Yntr Tn Yn Yn Un 


Again 


monotone ascending. 
Since tn P Yn P Vas {æn} is bounded below and therefore tends to 


alimit 1. Also yn € 2» € 9» {yn} is thus bounded above and tends 
to a limit 7. 
Now 2,417 Man yn) , taking limits, we find J=m. 
Lastly Uni (an +n) and Yn+ı = Enn. 
En Un 


SS даља Una 7 Unln — 791i s taking limits /? =214/3. | 
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1.3.5. (2n —1) 3.5.7. (2n +1 
T уз as Ба ort a 
prove that Un > 0, Vn > со, and $ < wv, < 1. (C. H. 1963) 
[4543 — Un < 0 and 0544 —95 > 0 ; {un} is monotone decreasing 
and {vn} is monotone increasing. 


tun = 13:57 (2n— 1).2.£6.- (9n) 


iun «c EM 


oues (Un) Bete (Onl) 7 mF’ 

SO Un — 0 as n — co. 

3.5.7 (2n +1) 4.6.8.--(2n4- 9) 

9.4.6.5 (9n) ^ 3.5.7.-(9n-F1) 

Um? > n-Fl; thus vn > co as n > co, 

246. (9m) 
8.5.7. (2n4-1) 


ORE 1.8.5.":(92—1) 4.6.8.--(2n-F 2)... Wl <1 ] 


Un 


UnUn 


Фъ < 1; 


24.6-- (2m) 8.5.1--(9n-F1)" Inti ^ 9 


1 ntl 
14. Show that the sequence {yn} where v7 (1) is 
n 


monotone descending. (C. H. 1958) 
L {un} is monotone descending if Yn-1 > 14, i.e., if 
1 n 
n nti Шар 
ids: ess (fie! ; or, | —— >1+1. 
ъ—1 n 3 1 
1+ n 
т 
N 1+ it Я ( n? n 1 n n 
Ong Пс = ша нс т ы 
1+} 22) У) азе] 
= n 
(Art. 4°15) 


143—141. Hence ] 
"n "n 


= 1 
15. It a=1+4+3+44+ “+ =—1овт, and „=1+4+4+- 


1 A 
е log т, then {xn} is monotone decreasing and {fyn} is mono- 


tone increasing and both converge to the same limit У where 0 < 7 
<1. (”=0'5772---and is known as Euler's constant) 


[We have е > 1-Fz, .". 2 > log (1+2),or, 11о:(1+1). 
т т. 
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Again log (1+2) =- DE I (1 i1 


n+l n+l 
1 L ib 1 
ee с> б 
wl (1) 3419 n+l 
_1 2) 1, E wes 
Thos «de (143) «T (1) 


Now 2n¢i—%=—L —log (+1) < 0 [Ъу(1)]; во {æn} is 
n+l © N 
monotone decreasing. 


Again Yata 1 11-1) > 0 [ъу (1) 1;  .. funk is 


monotone increasing, 
In E < log (n--1) — log ^, putting m=1, 9, 8,..., ж and adding, 


we get DH +2 > log (2+1) 2 log n; so ay RIRs 
+ log n > 0. 


Аз 2, is positive and {zn} is monotone decreasing, it eonverges to 
a limit У > 0. Again $1—1; /. «1. Thus0 € » — 1. 

Now 2.- yl and hence Lt (z, —y,)—0 ; {yn} converges 
to the same limit 7. 

But y,71-—1og 2 < 03; Me? eNOS: 


Thus 03 <¥ < 1, 
or, 0 « » <1, ] 


16. Prove rigorously that log д=1-4+1—1+- 


i * to infinity. 


(C. H. 1962) 
[ From the above example, 


Lt Yny = Lt rp log (n+1)}=”, 


a +++ =log (n-- 1)--7--€ where € —> 0 as т — co, 
т 
- (1) 


Jen ВЕ 
So Itgtyt dee 
=log (2n-F1)--?-ke' where є > 0 as n> оо. — ... (9) 
Now (1) may be written 2 (o) 
2 4 on 


=log (n4-1)4-7 4e, we (5) 
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Subtracting (3) from (2), we get 


1 
2 MA 
un pte — ta log Eh е —e€-]og —2 Tee € 
1 "e 
Аз n — co, we have 
cucine 
log 2=1 qug don to infinity. ] 
17. Itíu«,] and {vn ] are two bounded sequences, prove that 
(2) lim (unton) < lim “a+lim Vm (C. H. 1960) 
(ii) lim (unton) > lim un+lim vn. (C. H. 1964) 


[ 0) Let lim n= 062, lim = Ge, lim (tn+on)=G. 


If € be any positive number, there exist positive integers m and 
Ma such that 


Un < С. +36 for n > mam < Gathe for n > 
It m be the greater of mı and ma, 


Ain Fn < GitGeté for т > m. 
Thus G<Git+Gete. 


As € is arbitrary, G < GitGa, 
ог lim (Unton) € lim ta-]im va. 
(ài) Let lim 4,—g;, lim Vn =g, lim (tn+0n)=9. 


Tis. 


€ being arbitrary, we can find positive integers mz and ms such 
that, 


Un > 91—3€ for n > Ma, On > gs — i6 for n > та. 
<e Unton > д +08 — 6 for n > max. (m4, ma). 
So g>gitge-« 


Also as € is arbitrary, 
g > gitga, 
or lim (unton) > lim а, іш va] 
11 1 ? 

JS ШОО = EE ӘК show that (S,] is convergent. 
2 (C. H. 1964) 
ЕТЕШ у а; 

А атана en (2n+1)(Qn+2) En 
So {Sn} is monotone increasing, ШЕ for ee т, 

S=} + I Hee 1 


4l. See 
m+1 nt2 n+n ora] En i E Uds 


Thus {Sn} is bounded and therefore conyergent. ] 


CHAPTER 5 
FUNCTIONS 
Of A Real Variable 


51, Function of a real variable : 


If 2 and y be two real variables so related that corresponding to 
every value of inthe interval a < 2 « b, y has got adefinite value, y 
is called a function ofa. wis called the independent variable and y 
the dependent variable, and the relation between c and y is symboli- 
cally represented by an equation of the form: y= f (a), y=F(a), 


y=H(a), у= V(2),...... 

The interval (a, b) in which x varies is called the domain of the 
function, and the aggregate of values of y forms the range of the 
function. 

Note 1. Tho following is tho modern definition of a functicn. A function, 
represented by a symbol like f, isa rule or set of rules which associates every 
member of a sot X of real numbers with the members of another set Y of real 
numbers ; in other words, f transforms а member of the seb X into а member 
or members of the set Y. If f associates each member of tho set X with one 
member only of tho set Y, f is called a single-valued or uniform function ; 
whereas if f associates each member of the set X with more than one member 
of the set Y, fis а many-valued function. The member y of the set Y with 
which f associates the member z of the set X is called the value of the function 
Ғог 2 and is represented by y=f(z)- The set X is called the domain of the 
function and the set Y is the range of the function. 


Although f denotes & funetion and f(z) & value ofthe function, it has 


been customary to denote the function iteelf by f(x) and call it a function of д. 


We shall adopt this practice in what follows. 
Note 2. Inthe days of Newton and Leibnitz, a variable y was called а 


function of а when it was connected to = by an equation involving symbols of 
mathematical operations. The definition given in Art. 5-1 has been evolved 
by a series of generalisations by Cauchy, Riemann, Dirichlet. 

Note 3. When to each value of zina € € < b corresponds one and only one 
value of y, y is called а single-valued or uniform function of x, Dirichlet’s 
definition of a function is: “у is a single-valued function of the variable, in 
the continuous jnterval (a, 6) when а definite valuo of y corresponds to each 
value of = such that а < v < b no matter in what form correspondence is 
specified.” Sometimes the expression or equation, which defines the function, 
gives two or more values of y for each value of x; we may then consider 
the expression or equation, as defining two or more single-valued functions 
ofa. Thus у? == can be looked upon as defining two distinct functions : 
у= Буа and ye — A. 
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Note 4. Ify bea function of х, z may sometimes be looked upon as a 
function of y in virtue of the functional relation between = and y; the proper 
interval of y being taken into account. Usually the interval in which x varies 
will not be the same as the interval in which y varies. 

Note5. Foryto beafunction of 2, toeach value of must correspond 


2 E 
a definite value of y. ‘However for tho function yt y has no definite 


value for z—2, although for the function y —z--2 obtained from the first by 
removing the common factor from numerator and denominator, y has tho 
value 4 for w=2. The first function is thus not defined for z—2 and tho 
interval in which it is defined is the aggregate of all real numbers with 
the exception of 2. The second function however is defined for all real 
values of 2. 

Note 6. Itisto be borne іп mind that for у to be a function of z,it is not 
essential that y should be expressible in terms of ж by means of a mathematical 
formula. 

Note 7. А function may bo defined by different specifications or different 
laws in different parts of a given interval. 


52. Different Classes of Functions. 

A. Polynomials: A polynomial in 2 is a function of a of the 
foym 

aot” +a" —* +++ am—1 s +am, 
where do, @1, ..., ат are constants and m is a positive integer, 

B. Rational Functions; A rational function is the quotient 
of one polynomial by another ; thus if P(z) and Q(z) are polynomials, 
we denote the general rational function by 
_Р(ш) 

Qa) 

(3) We usually suppose that P(x) and Q(x) have no common 

factors, all such factors, if any, being removed by division. 


(2) It should be observed that this removal of common factors, 


does, as a rule, change the function. The function y — (x? —4)/(x — 9) 
is an example to the point. 


R(x) 


(iii) The constants Occurring as co-efficients in a rational func- 
tion need not be rational numbers. The use of the word ‘rational’ 
arises as follows. The rational function P(x)/Q(«) may be generated 
from v by a finite number of operations upon a, including multiplica- 
tion of Бу itself or a constant, addition of terms thus obtained and 
division of one function, obtained by such multiplications and addi- 
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tions, by another. In so far as the variable т is concerned, the 


process is very much like that by which all rational numbers 


can be obtained from unity. 
C. Algebraical Functions: yis an algebraical function of v, 


of degree m, if it is a root of an equation of degree m in y whose 


co-efficients are rational functions of 3 6.9. 
4 y^ Riy” apes -FRa-iy En =0. 
Now this is not always solvable. lt it is solvable and y is ex- 
pressible in terms of z, we get what is called an explicit function of v. 
Tf not, the equation defines an implicit function of a 16 should 


be noted that for a given value of т, the equation gives only a finite 


number of values of Y. 
D. Transcendental Functions: АП functions which are 
lled transcendental functions. 


not rational nor even algebraical are ca 
{ functions of varying 


These include an infinite variety of classes o 
degrees of simplicity and importance. 


(a) The direct and inverse trigonometrical functions or the 


circular functions: These are the sine and cosine functions of 
elementary trigonometry, together with the functions derived from 
them. 

(b) Other classes of transcendental functions : The most 
зе are the exponential and logarithmic functions. 
this class are the elliptic functions, Bessel’s and 
the Gamma functions, etc. 


important among the 
Other functions of 
Legendre’s funtions, 

5:3. Graphs of Functions. 

(a) y="; ya. fig. 7) 

Both are defined for all real 
values of 2 ; the first is а straight 
line and the second is the dotted 
curve in the diagram. 


(b 0=2°; v=o". (fig. 8) 

Both are defined for all real 
values of v; the first is а 
parabola and the second is the 
dotted curve in the diagram. 
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у= 


2—9 
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att: 
y == s 
y^-z, J? or y?-z, 


Fig. 8 
eye the graph of y—z--2 is the same straight line as that of 
z'—4 


L pi 
yazan), vray 
or y*-m, d 
On interchanging 2 and y, 
these reduce to functions consi- 
dered in (a) and (b) and their 
graphs are reflections of the 
graphs of E 
y—7z*,y—a?, y g* 
on the line y —z. 


qr. 
(dà) y=n+2;y=2—*. The 
2—9 


graphs are straight lines; to the 


but in the graph of the latter function, a point (the 


extremity of the ordinate corresponding to =2) is missing. 


Y t 1 е 
= =}: = hen z——— where m is an 
(e) y=sin (2) Here y=0 whe oe y 


integer. Again 
ңы RENE 
(2m — 2) 


y=1 when == 


1 2A 
(0т-Е®)х апа y=-1 when 


* The graph is entirely comprised between the lines 


у=1 and у= –1. It oscillates up and down, the rapidity of the 
oscillations being greater and greater as z approaches О. For 2=0, 


ШЇ 
ГЇЇ 


Fig. 9 


the function is undefined. When z is large, y is small. The negative 
half is similar in character to the positive half. (fig. 9) 


(/) 


y= sin 


The graph is comprised between the lines 


y 
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y=a and y= —g. For 2=0, the function is undefined ; further 
а 9,4 —- 1. (fig. 10) 


Y = 
К ; 


ER E зе = 


Fig. 10 


(g) y=e*. The function is positive for all real values of 2. For 
w=0, y=1; as v increases, y increases monotonically ; if x is 
negative and increases in magnitude, Y approaches 0. (fig. 11) 


Fig. 11 


~ 

(л) у=1оа@т. It y=e* interchanging v and y, we geb z=e" 
which is the same as y=logz. The graph of y=log@ is the 
reflection of the graph of y=" on y-z. It is the dotted curve 
in fig. 11. 
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(2) у=], where [=] denotes the greatest integer not greater 


Fig. 12 
than z. The graph is shown in the diagram (fig. 12) The left-hand 
end-points of the thick lines, but not the right-hand ones, belong 
to the graph. 
(3) у=т—[ш]. (fig. 18) 


Fig 13. 
(k) y=the largest prime factor of æ. y is defined for all integral 
values of ш. If 


2=1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 19, 18,... 
then 9y—1,2,8,2,5,8, 7, 2, 8, 5, 11, 8, 1855 
The graph consists of isolated points. 
5'4. Bounds ofa Function: Bounded Function. 
Ifa function f(a) be defined for all values of œ in an interval 
(a, b), then for each value of x such thata < д < b, f(x) has got а 
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definite value. If the aggregate of values of f(x) has upper and 
lower bounds, M and m say, the function Дх) is said to be a bounded 
function defined in the interval (а, 5) and M and m are called the 
upper and lower bounds of the function in this interval. Tf the 
aggregate of values of f(x) has only the upper bound or only the 
lower bound, the function is bounded above or bounded below as 
the case may be. 

Note. A function is not necessarily bounded if for each value of 2, f(x) 


has got a definite value. Thus if f(x) ys 2=0 and f=} for v > 0, tho 
© 


function defined for positive values of z has по finite upper bound. 

It may also be noted that the bounds of a function may not be values of 
the function for any values of z in the interval of definition ; in other words, 
the bounds of a function may not be attained. Thus, if f(x)=sin x 


in 0<2<5, the upper and lower bounds are 1 and 0 respectively, but f (x) 


cannot attain these values‘in tho open interval (0 JE 


If the upper and lower bounds both exist for a function defined in а given 
domain, the difference between the two is called the oscillation of the function 


in the given domain. 


5'5. Limit of a Function. 

(a) Limit of a function of x as æ tends to ‘a’. 

Let f(x) be defined for all values of z in a neighbourhood of ‘a’, 
except possibly for =a. If f(x) approaches a fixed number ‘2’ 
as 2 approaches ‘a’ in any manner whatsoever, f(a) is said to tend to 
the limit ‘7’ as œ tends to ‘a’. 

More precisely: If corresponding to the positive number є, 
chosen arbitrarily and as small as we please, we can find a positive 
number б depending on €, such that  |f(z)-2 | « € when 
0< |z—aj| <ô, fla) is said to tend to the limit ‘’ as œ tends to ‘a’. 
This of course means that f(x) lies between 1—є and 1--є for all 
those values of v, (except possibly =a) which belong to the interval 
(а—6, a+6). Symbolically we write 

Lt fw)=1, ог, lim f(z)-/. 
i ea aa 
Note. The part 0 < | z—a 1 of the above inequality excludes the possibility 
=q and for the existence of the limit, it is immaterial whether f(x) has ‘or 
has not a value for z—a. The function may not even be defined forw=a. Wo 


May also replace the inequality | c-a| <ô by [2-9] <ô. 
E. M. A.—5 
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(b) Right-handed limit. 

If to every positive number € corresponds a positive number 8, 
such that | fíz) -44| <€ when a <= < a+6, we say that Дж) > lh 
as œ => a through values of z greater than @ and we write symbolically 


Lt f(z)-1,. or, f(atO0)=ls. 
a>at0 


(c) Left-handed limit. 

If to every positive number € corresponds a positive number 9, 
such that | Ха) 1. | < € when a—9 <a < а,згевау that f(z)1s 
as 2-а through values of w less than а. In symbols, we write 


Lt . f(z)-ls or, f(a-0)=le. 
a—>a—0 


(d) Unique limit. 


If the right-hand limit 7, be equal to the left-hand limit le and 
the common value is J, then and then only 


Lt J(z)-!. 
“>a 
It 1,713, Lt f(a) does not exist. 
20 
(e) Lt f&(x)=1; Le £(x-1 
x-co xoc 


If to every arbitrary positive number €, there corresponds a 
positive number 6 such that | f(a)—-1 | < € when z > 6, we say that 
f(w)->1 as со and we write Dt f(z)=1. 

qoo 

Similarly if to every arbitrary positive number € corresponds a 

positive number б such that | flz)-1 | < € when æ < — à, we say 


that f(z)-*1 as c->— оо and we write Lt Да)=1. 
@->-— оо 


(f) Infinite limits. 


Tt is easy to frame suitable definitions for 


Lt f(a)= zoe, Lt f(z)—-2eo. Lt f(z)9 +”. 
La @->со goo 
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56. Criterion for the existence of a limit: General 
Principle of Convergence. 

The necessary and sufficient condition that f(z) may tend toa 
finite limit ав 2 tends to а is that to every positive number €, 
however small, there corresponds a positive number 6, such that 

| Kæa)— f(z) | < € 
for every pair 21, Хз of values of 2 which satisfy 
0<|2,-a| <6, 0«|zs—a| <6, 
4.6, for every pair шү, 2. of values of т, other than а which 
belong to the interval (a—6, a+6), 
The condition is necessary. 


Let f(z)--l as 2-а. Let є be any positive number. There exists 
a positive number 6 such that 


» | /()—1] < j when 0< | s-a] Zp. 


If %1, 22 be any two numbers such that 
0 <| 21-a | <6,0< | zo-a | <5, 
we have 


TEADES TEORIN 


and so 
| {д»)— fz) | = | f(w.)—1+1-f(x:) | 
<| Лаа) + | Дш)—1] 
ехе є 
*3*g 
< є, 

The condition is suficient. 

Let є, Є. Egs., Єз... be а monotone decreasing sequence of 
positive numbers which converges to 0 as л tends to infinity. 

To each positive number €; corresponds a positive number ôn such 
that | f(w2)—f(e1) | < = when 0 < |z:—a| < ôn 0 <| а-а | 
< One 

We thus obtain another sequence 54,52, 05,..., б... of positive 
numbers corresponding to the sequence €,, €,, €,,..., €,,... and the 
Sequence {5,} is obviously monotone descreasing. Writing a+6n 
for c, and = for zs we see that | f(a)—f(a+6,) | < €, when 
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0<|хж—@| < б„. Then for values of æ other than a which belong 
to the interval (а—бь, @+ôn), f(z) belongs to the open interval 
(fat+6n)— €». fla+6,)+€n] which we call An and whose length is 
9e,. Thus we obtain a sequence of intervals Az, Де, Азн... Ani 
such that each member of the sequence is contained in .the preceding 
one. Also the length 2€; of 4,0 as п>. 

There exists therefore one, and only one, point, say 1, common 
to all the intervals of the sequence {An}. For let the intervals А1, 
Aa, Asn. Anse be (ал, ba), (аз, Ба), (аз, Ба)... (ans а)... Then 
44 < аа < аз X cn < as Xs and b > bg > bg > A Tc 

So {an} is monotone increasing and bounded above by bı and {bn} 
is monotone decreasing and bounded below by a1. 7. both {an} and 
{bn} tend to limits 2 and P say. Now \2—®| =Lt |an—-dnl =0. 

*°. =W=] say. 

Let € be any positive number. We choose n so large that £e, < є, 

We have, since 7 is contained in An, 


Ха+5,)–- < l< (0+5) +, ee see (1) 
also flatbn)—en < f(a) < f(a--05)-- 6. 5 „(д) 
when 0 <| 2-0 | <6. 
From (1) we get | 1—f(a--ó5)| < € 
and from (2), | f(x) — fla+sn) | «es. 
s | (z)-1 | = | f(z) = 0+5) t+ f(a4-95) – 11 
< | /(а)+Д(а++8һ) | + | 1- fla+sn) | 
< є, 
< 25, 
< є, 
when 0 «| 2—0 la Ôn. 
Hence f(z)-1 as 2—0. 


57. Illustrations. 
(a) Show that Lt cos ( 1 does not exist. 
z>0 @ 
If the limit is to exist, corresponding to апу €, we must be able to 
find 5 such that z, and a being two values of æ satisfying |= | <6 


we must have | cos (4) — cos (2) | «e, 
1 2 
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Now let nee and t= 


On (2; CE n being a positive integer ; 
9n7 : 


1 


whatever ó we may choose, we can make 21 and (nm ` 


i.e., 4 and Za less than ô by taking n sufficiently large. Bat] cos (5) 
1 


xm 


any arbitrarily chosen €. Hence the limit does not exist. 


= | соѕ 9nz —cos (2n--1)* | =2 and this isnot less than 


L x does not exist. 
2+e 

If the limit is to exist, we must be able to find ô such that 
when |z; | <ô and | | € ô 


Lt 
(b) Show that z—0 


i 


ee ee 
ater sss 
Now take 2; = — and T= 5 By taking n sufficiently large, 


| =, | and | ze | can be made less than any ô. Now 


Eo п ый ial 
oe" 2-6” 


-L 


а 
Q+e%2 9+е°з 


> | БЕСЕ СЕЗ qum | > a finite quantity, 


and so cannot be made less than any arbitrary €. Hence the limit 
does not exist. 
Note. Lt c cos à exists and 50. 
c 


c 
1 IE ett 
Also Lt — 3 e m TEE 
$00, v 246” 


58, Theorems on limits. Y 
It f(w) and $(z) be two functions such that when z > @, 
Lt f(z)—1 and Lt $(2) = m, then 
(i) Lt (f(z) + 4e} = LJ) + Lt Ф(а=1+т; 
(i) Lt fi). Ф) — Dt f). Lt $(z)- Um ; 
(iii) Lt {/(x)/4(a)} = Lt J(z)/Lt (6) = Um, provided m0. 
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(i) Since f(x) and Ф (=) tend respectively to J and m as = > a, we 
haye 
| Де) < łe for 0<| z-a | & 64, 
| Ф(ш)—ж | < Je for 0 < 12-0 |< ôa. 


If ô be the smaller of б, and ôs, both inequalities hold for 
0 < Iz—-a| < ô. 
Now | f(z) +¢(x)—(14+m) | 


є, 4 
for0 < ]|z—a| <6. Hence f(z)-- $(z)-1--m as s-a. 
It can be shown similarly that f(z) — $(z)--1— m as ха. 
(ii) We have |f(z)-1 |< €, for 0 <| z—a| < ài, 
96) -т| < є, for 0 <| z—a| < ba. 


Both hold for 0 < |z—a |< à, where ô is the smaller of 
6, and de. 


Now /f(z).9(z)— Im — {/(ш)—1}. {4(2)— ml + tla) — m}-+- mi f(a) — i). 
Hence | f(x). &(2)—-1m | < | f(z)—1 |.| Ф) = | 
+ |] | Фа)-® | + | ml] | f@)-2 |. 
А ТЕСТА || ey 
« €, (6+ | 1| + | т | ) 
<e (1+ |1| ml) 
<<, where e; —e/(14- | 1| + |m |), 
for 0 <| z-a| <6. 
Thus f(a). p(x) > lm as x > a. 
(4i) Since m#¥0, let |m| —25. Мот (0) > m as «>a, so 
we have |9(z)-m| < »tor 0 «| z-a| <6,. і 


Again | m | — | (x) | < | 4(2)—m | < т, 
$(z) >| m| —n=29-7=7, for 0 < | CT Te dS 100) 
Also | Ха) l| < e, for 0 < |z-a| < ba, m wes (2) 
| Фа —т| < є, for 0 < | z-a | < 55. ТУ (8) 


If ô be the smallest of бу, ôs, бз, (1), (2), (3) all hold for 
0«|z-a] <ô. 


2) JE | mf(z)-14()| _ | mf f(z) Фа) — m} | 
2) m Im | Ф) | Im| 1) | 
<! m | 1f()-1| +|1!]| Ф) | 

|m | | ox) | 


Now, B 
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(ltt m |) 
Әп? 
95*€ 
«te, €, = ————À— ———. 
upon Corp e prem 


for 0 € |z—-a| <ô. 


ш f). и, 


Thus 2-0 pla) a5 


(iv) The limit of a function of a function. 


Tt ub Ha) =O and тү, f[66) =F (2), 


2-0 


ic, putting d(z) =% d f) -f0), ten 
ECOL OU 


We are given that ia f(u)=f(b) ; therefore to the arbitrary 


positive number €, there corresponds a positive number 6, such that 
| (и)—/@) | € £, when 0 < | w-b| €i 


ess | /[Ф(ж)]— £ (5) | < є, when 0 < | oa)-b | S ài, .- (1) 
Again since e $(z)—b, to the positive number ôr there 


corresponds a positive number 6 such that 
| $(a)-b | € б,, when 0 < | z—a| <ò. sw (2) 
Combining (1) and (2) we find that to the arbitrary positive 
number € corresponds a positive number 6 such that 
| 7[Ф(ж)—Л()] < ©, when 0«|z-a| < ô. 


Lt 
Thus 2%, eeN =O= ea N 
59. Some useful limits. 
1 
Lt И 200 ( 1*. Lt 35 
(a) NUT = есе үнгеш 
(i) Ife be any real number greater than 1, we can always 
find two consecutive integers, and n+1 such that ] 
n €v-«mntl; 
. 1 JT 1 
рЫ үр, 
oe 1+5 Pit; rng] 
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on (yt > («3 - (+). 


Asc > со, т also — co, we have 
n+l n 
1 [i ета (:+4) tt (00) еле; 
Ni КІЛ 7 
EIS ( ay" ( 1\- 
56 (eX) р ше] Г Er 1 
Hence nt (y =e. 


(ii) Let c=—y во that у—>со as п — оо, We have 


о) 


(iii) Putting 2=1, so that 2>(0+0) or (0—0) according as 
g > +оо or – оо, we get 


Lt 2 
20 (14-z)s— e. 


Q) D Lig (1-2) =1. 
Lt etl 
(Qm z l 
Lt (1+ —1 
(4) = С 


M. fs 
() „з age, 
Lt sinc. 
CN 992-1, 


510. Monotonic functions. 


The interval (a— є, ate) containing a, where € is a small positive 
number, is called a neighbourhood of a, It v; and 2. are values of 
Pech thab dl 6 & 2 Sri tae and it, f(a.) e Ao) Дш) 
said to be monotonie increasing in the neighbourhood of à ; again 
if f(z) 2 Ја), 


Ја) is monotonie decreasing in the neighbour- 


FUNCTIONS 73 
hood of a. If a function is monotonic increasing or monotonic 
decreasing in the neighbourhood of every point of a given interval, 
it is said to be monotonic increasing or monotonic decreasing in 
that interval. 

As regards the existence of limits, the properties of monotonic 


functions are similar to those of monotonic sequences and may be 


similarly proved. 
We can easily prove the following results : 
(i) It f(x) is a monotonic increasing function in (a, 
there exists a number &, such that f(a) < k, when % > а, then 


co) and 


Lt ^ A. 
5555 f(x) exists and is < X. 


(i) It f(a) is monotonic decreasing in (a, — оо) and there 
exists a number &, such that f(z) > k, when 2 < а, then 


m co f(a) exists and is > k. 


Examples. 


1. Use the definition of a limit to prove that if Lt f(~)=1 and 


2а 
is a finite constant, then 
Lt {kle} =k. 
20 
2. f(z), Fa), w(x) ате thre 
of æ (except possibly a=a) whi 


e functions such that for all values 
ch lie in a certain neighbourhood 


of а, 


fla) < $x) < Vla) 
and Lt f(a) =Lt ф(ж®)=1 as 27a. 
Show that Lt Ф(ш)= as 774. 
[ Suppose f(z) < d(z) < (2) 

given limits we have: by definition, 

i-e < f(a) € te when 0 «| z—a| < ôa 

i-e < w(z) < te when 0 «| z—a| < às. 
all three inequalities hold when 


,when 0 < | 2-а |< бу. From the 


Ti 6=min. (61, ба ôs) 
0<[ 2-0 |< 8. Under these conditions, 


1—є < f(x) < #2), 
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and i-e Wa) > diz); 


ie, l—e« фФл)< le when 0€ |z—a| < 5, 
or, Lt $(z)-1.] 
“>a 


3. If Lt f(z)=land Lt ¢(z)=m and it fla) < d(z)in a 
2 > а 2 > а 
certain neighbourhood of a (except possibly =a), then l < m. 
[ Suppose f(z) < Ф(ш) whend < | s-a) < 5, 
ien in а—б, <s < ad, (07а). E ee (1) 
It possible, suppose 1 > m. Let us choose €—1(1— т), a positive 
number. 


Since Lt f(z)=1, .. | f(az)-1| <e, 
v—-a 


when 0 < |z—a| < б», 
ie. 1—< f(s) «le or, 1-4l—m) < f(z), 


te, #(1+т) < f(z). Я + (д) 
Again since Lt (0) =т, m-e < dla) < me, 
2 > а 


when 0 < | s-a] < OR, 
ie, læ) < т+1- т), on Фа) < 4(1-+m). ө (8) 
И ô=min. (ду, ӧз, ӧз), (1), (2), (3) hold tor 0 < |a—a| <6, 
From (2) and (3), f(x) > 3(1-+m) > ple), ie, Ја) > Ф (а) і 


0 < |z—a| <6, which contradicts our hypothesis f(z) < (a). 
Hence our assumption 1 > m is incorrect. -. tom] 


4. Evaluate: 
; Lt аа TET. ME isin neo 
G) n> gp ` (ii) поо gni]! (iii) п->әо 


n 
5. It $(z)— "m Pint ‚ prove that 


Ф (20)= Да), g(x), 4f(c)+9(x)}, or undefined, according as 
| 2| 21, € L-1, or —1. 


Lt 1 EI) 
6. Т i-e show that f(z)-1, T 0 according 


as| z| <1,=1, or >1. 
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= 1 ЕС 3 
7. It f(z)- ES IEEE then f(z)21, when ~ in an 


integer and po otherwise. 
8. It flz)= Ue 2 ac tan nz, f(z)—-1, 0 or—1 according 


asa > 0, =0, or <0. 


[ Note. A function which is 1,0 or —1, according as > 0,=0, or < 0, is 
called tho signum function of z and written sgn v. Hence 


Lt 2 
SGT = es OI BIO tan nz. ) 


16 tan’? (a/x* =e 0, or T according аз 


9. Prove that 50 à 2 


@ is negative, zero or positive. 


10. Draw the graphs of the functions : 
(2) fla)= D (ё tan“ 2) : 


(i) /@)= pai (e tan! =): 


CHAPTER 6 
CONTINUITY 


61. Continuity ata point. Cauchy’s definition. 


A function f(z) is said to be continuous at the point x=c if (i) f(c) 
exists, (ii) f(x) exists at all points in the immediate neighbourhood 
of c and (iii) Ја) tends to the limit f(c) ава tends to cin any 
manner. Symbolically, f(z) is continuous at «=c if 

fle-0)=f(c)=f(c+0'. " (1) 


In the language of limits, f(z) is овна ab w=c if corres- 


ponding to any arbitrary positive number €, we can finda positive 
number 6 such that 
Да) - Ло) | < e, when 0 < |z—c| < ô. ... (2) 


Note. The above definition applies to the case where с їз an interior point 


of an interval (а, b). For continuity at the lower end- point а, we must have 
Ја) =f(a+0) and at the upper end-point b, f(b) =f(b— 0). 


62. Continuity in an interval, 

If f(x) be continuous at all points of an interval (a, b), it is 
said to be continuous in the interval (a, 5). 
f(x) must be continuous at all interior points of the interval ; if it is 
closed, f(x) must be continuous at the end-points as well. 


63. Discontinuity. 


If one or more of the conditions (1) be not satisfied, the function 


is discontinuous at w=c. This may happen in any one of the 
following ways : 


І. (i) Me-0)=F(c + 0)A/(c), 
different from f(c). 
the first kind. 


Exs. (a) /(а)=[1—(ш—с)°] at w=c where [=] denotes the 
greatest integer not greater than 2. 


е. ro (а) exists ^ but is 
In such a case, the discontinuity is said to be of 


ay ai (c) d cr when 270 and f(z)—1 when 2=0, 


at 2 — 0. 


Ifthe intervalis open,. 


L_e 


CONTINUITY 77 


(ii) f{e—0)=fic+0), Лс) is not defined. 
In such a case, the discontinuity is said to be of the second kind. 


Exs. (а) f(x)=(e—c) sin — ate=e. 
2-с 


(2) fi)- at 2=0. 


Меге. In both the above cases, we can make the function continuous by 
properly defining f(z) at tho point in question, Such a discontinuity is, 
therefore, called a removable discontinuity. 
II. f(c—0) and f(c+0) are unequal and Ј(с) is equal to one of 
them, or to neither or undefined. 
Exs. (i) f(v)-[w—c] at zc. 
Here /(с+0) = 0) =0 ; but f(c—0)=—1. 
(8) f(z)=[e—-c]-[—(w@—c)] at =. 
Here f(c+0)=1, f(c—0)9 —1, Лс)=0. 


liii) f(z) =[2-e]+(e-c) sin E at c—c. 


Here f(c+0)=0, f(c—0)=—1, but f(c) is undefined. 


f class II is sometimes called a simple 


Note. А discontinuity of class Т or o 
ordinary discontinuity. 


IIT. If one or both of f(c--0) and f(c—0) be indefinitely large: 
then f(x) has an infinite discontinuity at w=c. До) may or may поб 


exist. 
рела 
Exs. (i) f(a)= eA 
(ii) fiz)- o) ab c—c 
(iii) fae. а 2=0. 


64. Continuity of composite functions. 

Theorem I. The sum, the difference, the product or the quotient 
‘unctions, continuous at а point or ina given interval, forms 
continuous at the point or in the given 
f the quotient where the denominator 


of two f 
also a function which is 


interval, except in the case О 


tends to zero. 
The theore 
limits. 


m follows easily from the corresponding theorem on 
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Note: A constant may be looked upon as a continuous function. A 
polynomial in z is a continuous function of z. A rational function of жїз 
continuous at all points except where the denominator vanishes. 


Theorem II. A continuous function of a continuous function is 
itself a continuous function. 

Let у=#(2) be a continuous function of æ at any point £o of 
(a, b) and z=f(y) be a continuous function of y at the correspond- 
ing point yo—4(z;) To prove that z=f[¢(x)] is a continuous 
function of at =a. From the continuity of z=f(y) at yo, we 
get [2—20 | < є when |y -yo| <6’, where Zo f(yo). Again 
from the continuity of y—4(z) at z—2,, we get |y—yo| < 9. 
when | 2-20 | < б. Combining the two, we have |z—z5| < e, 
when | а—2 | <6, which proves the theorem. 


65. Properties of functions continuous is a closed interval. 


I. If f(x) be continuous in the closed interval (a, b), it is 
bounded in the interval. 


We сап certainly determine an interval (a, X), extending to the 
right from a in which f(x) is bounded. For since F(z) is conti- 
nuous аб =a, we can give any positive number є, however 
small, determine an interval (a, X) throughout which J(z) lies 


between /(а)—є and f(a)4-e, Obviously f(x) is bounded in this 
interval, 


Now divide the points X of the interval (a, b) into two classes, 
L and R, putting X in L if /(ш) is bounded in (a, X) and in R if 
this is not the case. Tt follows from what precedes that L certainly 
exists ; what we propose to prove is that R does not. Suppose that 
E does exist, and & be the number corresponding to the section 
whose lower and upper classes are L and R. Since f(x) is continuous 
ab c—Lk, we can, however small the positive number є may be, 
find an interval (2—5, +6) throughout which fd)-e < f(a) 
< f(t)+¢. Thus f(x) is bounded in (6—6, k+ô). But Б—6 belongs to 
Г. Therefore f(x) is bounded in (а, 2—5), and therefore it is bounded 
in the whole interval (а, k-Fó). Now k4-ó belongs to R and so f(a) 
is not bounded in (а, 2-5). This contradiction shows that 2 does 
not exist. And so f(x) is bounded in the whole interval (a, b). 


-a rt 
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II. If f(x) is continuous in the closed interval (a, b), it 
attains its upper and lower bounds at least once in the 
interval. (Weierstrass) 


Let M be the upper bound of the function in (a, b) and let us 
prove the theorem for M. Since Mis the upper bound, given any 
positive €, we can find a value of æ for which f(x) > M-—e, i.e., 
М- (ш) < є, or 1/M-f(z))— 1/e ^ Hence l/[AM—/(z)) is not 
bounded and, therefore, not continuous. But 1/— (x) is a continuous 
function and so 1/Í M — f(z)] is continuous at any point at which its 
denominator does not vanish. Therefore to make 1/{M—f(zx)} 
discontinuous, there must be at least one point .where the deno- 
minator vanishes ; at this point f(z)— M. It may be shown in like 
manner that there is at least one point where f(z)— m, the lower 
bound. 


Note, It із important to observe that the statement need not be true if the 
function fails to be continuous at the end-points of (а, b). For example, the 


function te= has no vpper bound in 0 < = < 1, although f(x) is conti- 


nuous in the interior of this interval. Nor need a discontinuous function assume 
a greatest or a least value even if it is bounded, As example, consider the very 
discontinuous function defined by 


Jf (x) 2x for irrational 2, 

f(x) =: for rational =, 
in the intervalO < ж < 1, The function always assumes values between 0 and 
1, in fact, as near to 1 and 0 as we please but is never equal to 0 or 1. 


Alternative proof. 

Let M be the upper bound of f(z)in (a, b). Divide (a, b) into 
two equal halves ; then JM is the upper bound of f(x) in at least one 
of these halves, say (аа, 0). Divide (аз, bi) again into two equal 
halves; then M is the upper bound in at least one of these halves, 
say (аз, ba). Proceeding thus we get an infinite sequence of 
intervals (a, b), (a1. ba), (аз, bah...» (аһ, bn)... in each of which the 
upper bound is Mf and each of which is half of the preceding. Now 
the points @ ау, da. @ъ...апй b, Di, ba... by,...tend to а 


" 1 
common limit c for bn— An = о (b— a) tends to the limit 0 as tends 


to co, Since the function is continuous at 2=0, corresponding to 
the positive number je we can find 7 such that |/(z)—/(c)| < de 
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for | 2-с | < 7. Again by increasing т, we can make bn— an < 9l, 
so that | f(x) – Лс) | < łe for values of # in (аһ bn). Now as ДГ 
is the upper bound of f(z) in (am bn), we can make M—f(z)- ie 
for values of @ in (ал, bn). Hence for such values of 2, | М—/в) | 
<e. Thus M is attained at =c, a point in (a, 5). 

The theorem can be proved for the lower bound in exactly the 
same way. 


IIL, Iff (x) is continuous at x—a and # (a) # 0, then there | 


exists an interval a—6ó < x <a+ô about a such that £ (x) 
preserves the same sign within the interval, namely the sign 
of £(2). 

Since f(a) exists, corresponding to any preassigned positive 
number €, we can determine a positive number 6, such that for every 
point in the interval 2-5 < 2 € ats, | f(z)-f(a) |< € ien 
f(a)-« < fle) <f(a)+¢. Now taking €< |Да) |, we notice 
that f(a)—€ and Ха) + are of the same sign as f(a) unless f(a)=0; 
and consequently f(z) being intermediate between them, maintains 
the same sign in the interval and the sign is the same as that of Да). 


Iv: Е f(x) is continuous in the closed interval (а, b) and 


f(a) and £ (b) differ in sign, then f(x) vanishes at least once _ 


between a and b. (Bolzano) 


To fix ideas suppose (а) is negative and Ла) is positive. Since 
f(x) is continuous, it will be negative in the neighbourhood of а and 
positive in the neighbourhood of b. The set of values of « between 
a and b which make f(a) positive is bounded below by @ and hence 
possesses an exact lower bound k; clearlya<k < b. 

From the definition of lower bound, the values of f(b) must be 
negative or zero in à < x <k. Since f(z) is continuous at v= k, 

Lt 
c— k- 
shall show that f(%) cannot be negative. As f(z) is continuous at 
=k, we can determine an interval (k—7, k+7) in which f(a) is 
negative on the supposition that ДЬ) is negative (by ШІ above), f(x) 
being negative for values of v which lie between k and &+7, 
cannot be the lower bound of the set of values of z between @ and 
b which make f(z) positive. From this contradiction it follows that 
f(%)=0, and the theorem is proved. 


0 fle)=f(k). Hence /() is also negative or zero. We 
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V. 1 (а) and f(b) are unequal and f(x) is continuous in 
the closed interval (a.b), f(x) assumes at least once every 
value between f(a) and f(b). 

Let 2 be any number between f(a) and J(b).. The continuous 
function F(x)—/(z)— 4 has opposite signs for v=4 and z—b. Hence 
by IV above, F(a) vanishes at least once between а and b, so that 
for this value of а, f(z)—2. 


VI. Let £ (x) be continuous in the closed interval (a, b) and 
€ any positive number, however small. Then the interval 
(a, b) can always be broken up into a finite number of partial 
intervals in such a way that for any two values of x whatever, 
x' and x" which belong to the same partial interval, we always 
have |f(x)—£x')—- <. (Heine) 

Suppose this were not true, that is, 
(a, b) into a finite number of partial intervals satisfying the above 
Statement. Let с= (0-0) ; at least one of the intervals (a, с), (0, b) 
Would have the same property as (а, b) ien it would be impossible 
to break it up into a finite number of partial intervals satisfying the 
Statement of the theorem. Let the partial interval in which the 
theorem is not true be called (аз, 51). Substituting it for (a, b) and 
using the process repeatedly, we form an infinite sequence of 
intervals (a, b), (a1, 1), (б, bs), ... (am Ва), «++ з each of which is 
half of the preceding and in each of which the theorem is false. 

_ According to our supposition then, we can always find in the 
Interval (an, bn), two numbers, a and x", such that 


0) 70) |> ©. Us Fe 


it is not possible to divide 


(«) 


Now PUE ara E Se S 


< b, <b, and bsc an 5 (b—a). As the sequence {аһ} is monotone 
d the sequence {bn} is monotone 
‘they are both convergent. 


fore {an} and {bn} tend to 


increasing and bounded above ар 
decreasing and bounded below; 
Further b, —a, > 0 as n > 9? and there 
a common limit 4 such that a © 2 <b. 
Let д bo an interior point of (a 9) 
E. M. A.—6 
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Since f(z) is continuous at £—2, we can find a positive number 
5 such that |. f(x)—f(2)| < $€ when |z—2]| < 5. 
а" and æ" being any two numbers of (2—8, 14-0), we have 


|f) К) < te, 1f(")-f0)1 < 36 


and so 


| Fæ) -Fle = | Да) А) 700) Fl) 
< If- |+ 17067) 70) | 
` < 36+є=є. 

Thus the theorem is true in (2—5, 2+6). 

Let the integer т be во chosen that (an, bn) lies within (2-6, 2+8). 
The theorem being true in (2—8, 2+6), it is also true in (a5. bn) of 
which it is a part and this contradicts the supposition (X). Hence the 
assumption that the theorem is false is not true. Thus the theorem 
is proved to be true. 

Let 4 coincide with a. 


There is a positive number 6 such that 
‚| 7(@)—Д(а)| < $e when a < « < ats. 

If 2’ and z" be any two numbers of (a, a+4), it follows as above 
that | f(e")— fla") | < €; so the theorem is true for (а, 2+5). If 
now n be so chosen that bn < a+6, then (dn, bn) lies within (a, a+6) 
and so the theorem is true in (an, bn) which is a part of (a, a+6), 
Here again we have a contradiction, proving the theorem to be true. 


The case where 4 coincides with b may be similarly dealt with. 
Corollary I. 
Let $ be any arbitrary positive number. We can break up (a, b) 


into a finite number of partial intervals such that x’ and a’ being 
any two values of z in the same partial interval, we have 
| fle)-fle") | «& 8 e. 

Let ô be the least of these partial intervals and consider two 
values, 2' and æ”, of v in (a, b) such that |a'—a"| < 5. Then 
a’ and æ" may be in the same interval, in which case | f(z) —/(z"') | 
ZELE 

Ite’ and æ" do not lie in the same interval, they must lie in 
consecutive intervals as |2'—2" | < 5, It now c be the point which 
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Separates the two intervals, we have | f(a’)—f(c)| — ie 
{ f(a’) — fle) | < 2 є and therefore | f(z')—f(x") |< e. 

Thus gjven €, we can find б, depending on € only, such that if 
| а'—@'1 < ô, then | f(a*)-f(z") | <<. 


Corollary II. 

Given e, we can divide the closed interval (a, b) into a finite 
number of sub-intervals such that z' and x’ being any two points in 
the same sub-interval 

|f(2*) - f(z") | « є. 

Let 8 be the least of the sub-intervals in which (a, b) is divided 
and let ny be any arbitrary sub-interval of (a, b) such that ny < ô. 
It 2' and x”. be two points in Nr, we have 

[21-0 | < баа | f(z')- f(z")| < є. 

Теб M, and т, be the upper and lower bounds of f(z) in nr, and 
as f(x) is continuous in r, these bounds are attained in 7х. Let a’ 
and z' be the two pointsin 7,, where these bounds are attained, 
ie. let М„=/(шж') and т, = (2), Then. 

M,— т. = (0) 00") | f(z')- f(z")1 «€ when |z'—z'' | <6. 
Thus we get the theorem : 

If a function is continuous in a closed interval (a, b) and € any 
given positive number, there exists a positive number 6 such that 
the oscillation of f(a) in every sub-interval of length less than 6 
is less than €. 


6'6. Uniform Continuity. 
Let f(x) be continuous in the closed interval (a, b) and z' a point 
of this interval. If for a given arbitrary positive €, we can find a 
positive number 6 such that 
| Ха) = f(a") | < є when| z-2'| < ô, oo MESS ib) 
f(z) is continuous at the point z'. Here depends upon both є and 
а". Putting œ” for z in (1), we may write it as 
| f(@"")—f(a")| < € when | s" =a" | < ô. Ps (2) 
If for a given ©, we can find б, depending on є only, such that 
| f(a’)— fle") | < = when | 2'-2"| <6, 
the same 6 serving for all points 2’ of (a, b) for the given e, f(x) is 
said to be «uniformly continuous in (а, b). The corollary I to Heine's 
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theorem (Art. 6'5) shows that given € we can find à depending on 
€ only such that 
| f(a!) —i(z")| < eit | z'a" | <6 

Hence we have the followig result : 

A function continuous in a closed interval is uniformly continuous 
in the interval. 

6'7. Inverse functions. 

Given y= f(x), it is sometimes possible to solve this equation and 
express v as function of y, say c= y). 

Then ¢(y) is called the inverse of f(z). 

However given f(a), there may arise difficulties and complications 
in the process cf determining the inverse function. For example : 

(a) The equation y=f(v) may not be solvable for win terms 
of y. 

Lb) The equation y=f(x) may not always give a unique value of 
æ in terms of y. 

In view of these difficulties, the following simple test will enable 
us to find if a given function admits of an inverse or not. 

Ifa function is continuous and strictly monotonic is a given 
interval, it admits of an inverse. 


n 


о ‚а 20-6 Xo Tote p x 


Fig. 14 


Let the function f(x) defined in the interval (a, b) be continuous 
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and monotonic in the strict sense in (а, b). For instance, let y=f(x) 
be continuous and continually increase from A to B. Then to every 
value of y in(A, B), there corresponds one, and only one, value of 
x in (a, b). 

This value of æ isa function of y, say ¢(y), which is itself 
continually increasing in the interval (4, B). The function d(y) is 
the inverse of the function f(z). We shall now show that $(y) is a 
continuous function of y in the interval in which it is defined. 

For let yo be any number between 4 and B and a the correspond- 
ing value of z Also let € be an arbitrary positive number such 
that zo—€ and тое lie in (a, b). (See diagram on page 84). 

Let Yo—71 and Yo+72 be the values of y corresponding respect- 
ively to the valuesao—€and xote ofa. Thenif 7 bea positive 
number less than the smaller of 1 and 7, it is clear that 

| 2-2, | < є when |y-vol < 1. 
2. 0) Фо) 1 < € when |y-vol <7. 

Thus Ф(у) is continuous at y = 70. 


68. Other definitions of continuity at a point. 


Heine's definition : Let fxn} be a convergent sequence of points 
in (a, b) converging to the limit c. Thus function f(x) defined in 
(a, b) ig said to be continuous at = с, if {f(a,)} converges to До), 

Another definition: Let M and m be the upper and lower bounds 
of f(z) in the interval (с 51, c-Fó,) within (a,b), Then M-m 
is the oscillation of f(z) in (c—61, 7-02). 151 арӣ дз tend to 


zero simultaneously and independently, the limit of M-m is called 


the oscillation of f(x) at = с. 
A function is said to be continuous at a point if its oscillation at 


the point is zero. 
Tho three definitions can be proved to be equivalent. 
69. Infinitesimals. 


An infinitesimal is a variable whose limit is zero. 
A fixed number however small is not an infinitesimal. 
A variable æ is said to be infinitesimal with respect to another 


variable y, when the ratio’ tends to zero, This is symbolically 


represented by t= oly). 
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Two infinitesimals, z and y are said to be of the same order if 


the ratio 7 tends to a finite non-zero limit. In symbols, this is 
expressed as æ= O(y). 


Two infinitesimals z and y are equivalent if T 


A particular infinitesimal z is chosen and called the principal 
infinitesimal. By means of it all other infinitesimals are classified. 
Thus an infinitesimal y of the same order as 2 is said to be of the 
first order and if y be of the same order as z^, i.e, if 16 2 =1(70) 


then y is an infinitesimal of order r, 


If a function be expressiblé as the sum of a number of infinitesi- 
mals of different orders, the one of lowest order is called the 
principal part. 

We have the following theorems on infinitesimals : 


Theorem I. The limit of the quotient of two infinitesimals is 
unaltered when we substitute for them their equivalent infinitesi- 
mals, 


Let the infinitesimals z and y be respectively equivalent to a! 


and y’, so that zn and ? y y. 


, , g d 
Now 2,22, 2— 9; y pp Spp? ru £-, тыл атыл, 
y y -y y d US y y 


Theorem II. The difference of two equivalent infinitesimals is 
an infinitesimal with respect to each of them. 


Let 2 and z' be equivalent infinitesimals and 6 their difference. 


Then ó—2-—2'may be written as 2,-5.-10. Hence 6 is an 


infinitesimal with respect to a’. Conversely since XUL ue Ұ 
x 


Lt 2,=0, it follows that F tends to 1. 


Theorem III. The limit of the sum of an infinite number of 


infinitesimals of the same sign is unaffected if the infinitesimals are 
replaced by equivalent ones. 


ttt 
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Suppose the infinitesimals 24,25... are all positive. Given any 
positive number € in advance, we must have 


. l-e< 1 < lte: 


Tn 
And since 2, is positive, 


n n n 
2928 Sys (14-922, 
1 


Since Sz, is clearly not zero, being the sum of positive terms, we 
have 
n 
Eyn 
1 
doe cre: 
Eln 
al 


Hence we conclude 
Lt Ран ананан 
п со tittat +a," 
n n 
or, in other words, 2z, and Zyn haye the same limit, finite, 
1 


zero or infinite. 
From the above theorem it follows easily that if in any sum or 


quotient involving infinitesimals we replace each term by its 


principal part, limits are not affected in any way. 


Examples : 
1. What is the nature of the discontinuities at 2=0 of tbe 


sin v [z]--L- 2), cosec 2, совео ^, Tull 
Sin- 
c 


functions : 


2. Show that f(a) =віо 4 is discontinuous at 2=0, no matter 
x 


how /(0) is defined. 
3. Show that a polynomial in 2 is a continuous function of 2. 
4, Determine whether the following functions are continuous 
at w=0: 
(a) Ла) = (2*-+22° +2*)/sin а, (0) 0. 
(b) f(a) =(a* +22°+32)/sin v, f(0)—0. 
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5. If¢(z)=0 whenz-0, 
¢(z)=4—a when 0 <2 < 1, 
$(z)—3 when а=, 
$(z)-$—2 when} <2 <1, 
$(z)—1 when z—1, 


show that ?(z) assumes every value between 0 and 1 once and only 
once as 2 increases from 0 to 1.. Find the discontinuities of $ls). 


(C. H. 1965) 
6. Examine f(x) for continuity at z—0 where 
f(z)— Z т when 270, 
1-е 
арӣ f(z)—0 when 2=0. (C. H. 1965) 


7. Egzamine if the function f(z) defined as follows is continuous 
абт=1: 


a= {Pg ed Poet (C. Н. 1963) 
8. Prove that if f(x) is continuous at «=a and for every 
positive б, there is a point in |w—a| <6 at which Д()= 0, then 
Ҳа)= 0. (C. Н. 1963) 
9. If/(z)is continuous in the closed interval (a, b) prove that 
Af(a)d- tfla 
fl АД l= fle), 
where c is some value of z in (a, b), МЕ being positive. 


10. The function f(z)—2, when z is rational and f(z)=0, when 


æ is irrational is continuous at 2=0 but is discontinuous for all 
other values of 2. 


11. A function f(x) is 'defned for positive values of 2 as 
follows : 


f(z)=0, when z is irrational, 

T = 7 
fan. when 2 is rational of the form 2 in its lowest terms; 
q 


show that f(z) is continuous for irrational values 


of c and 
discontinuous for rational values of z. 
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[ Let v=? so that ла) = In the interval (-s. 24o) ‚ there 
> g q q q 


is an infinite number of irrational points at each of which f(z)=0, 


we have 


qua. 


| 

and this cannot be made less than any arbitrary ©. Hence f(z) is 
discontinuous at all rational points. 

Let c be an irrational point, so that f(c)=0. Enclosing c in an 

interval (e—65', с--5'), there is an infinite number of rational points 


v init. Since v is variable, Яа)= lis also variable, 4.0, q is vari- 
q 


able. Giving q the values 1,9, 3..., we can find a value q=m such 


that for q > т, < for q=1, 9, 3,...т-1, > e. The 


l — cis finite and the number 
q 


which makes < є is infinite. Also the points for which Я > є 


number of values of q which makes 


are farther off from those for which : <e. It then we cut off 


from (с—8', с+5) a sub-interval (c—6, c+6) во as to exclude the 


finite number of points for which = e, we have in. (0—0, c-4-6) 


an infinite number of rational points where? < є. 


"еш ДОГ Олус © (ш) 


Again if æ be an irrational point in (о—8, с4-5), we have 
| fle)-F() | = oTo ose =: © (2) 


Hence, from (1) and (2), we find that f(z) is continuous at 2= б, 


that is, at all irrational points. 1 

12. f(x) is continuous in (—1, 1) and assumes rational values 
only ; if {(0)=0, prove that f(z)— 0 everywhere tn (—1, 1). 

13. f(z) is continuous in (0, 1) and assumes rational values only 


in the interval. If f(z)— 3. when z—À1, show that Ја) =} every- 


where in (0, 1). 
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14. Discuss the continuity of f(z) where 
(2) =0, when c is irrational or zero, 


= m when 2—5 in its lowest terms. 
а 


15. Show that the function defined by 
f(z)-2, when c is rational, 
—1-z, when z is irrational 
; assumes every value between 0 and 1 once and only once as v 
increases from 0 to 1, but is discontinuous for every value of z 
except а=. g : (C. H. 1965) 
16. Itf(z)-a*-F9z-F5 in (—1, 1), find 6 so that 
11) Дл») | < € whenever | 21—25| < 8. 
[| Каі) Ла) | | 2i1—2s| | £1-c.-F9| 
| 21 ae | {| 2;| +] Lo | +9} 


4 |ту—т„ |< it EETA] <f 


< 


A 


Hence 6= H 


17. It f(e) is continuous in the intervala < œ 
it is bounded in the interval, 


is continuous ina < z < b, tl 


< b, prove that 
Give an example to show that if f(a) 
nen if is not necessarily bounded. 

. (0. F. 1962) 
18. If f(z) be ccntinuous and strictly increasing in a <<a < b, 
prove that there exists one and only one value of z which satisfies 
the equation f(a)=y where y is any number between Jla) ana f(b), 
and that the inverse function so defined is contin 


uous in the 
corresponding interval, 


(C. H. 1962) 
19. It f(z) be a continuous function of т and satisfies the 


relation f(z--y)— f(z)--f(y), show that f(z)-az where а із а 


constant. 
[ s=y=0 gives f(0)—0 © oo ade (1) 
y= -v gives f(—2)- – f(a), 9 M 


If x be a positive integer, ЕЕ fud 1-4 
=Д1)+/1)+--- toe terms—zf(1) 


If 2 be a negative integer, writing s= — y, so that У is а positive 
Integer, f(z)— f(—y)— —f(y) = — ay as. 


to 2 terms) 
= а, where f(1)—a. 


| 
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Let т be a rational number A where q is positive. Then 
fy Ra?) =se) to а terms=af (2), 
а а а q 
or, =) 3 С эзи fte)=4()=a Pav, where v is any 
q аа q 
rational number. 
Next le& z be any real number and let {шь} be a sequence of 
rational numbers such that Lt z,—2. 2» being rational, Flón)= az; 


f(a) being a continuous function, as n tends to °°, we have f(c)—as. 
for all real values of ш. ] 


A АО ane. 
20. If fla)=,, bt tagina, explain why the 


и л 
function does not vanish anywhere in (0, a although f (0) and f (7) 
differ in sign. (Bombay Univ. 1934) 


[ Hints: Fore > 1, f(c)=—sin 2; (1) 
for - —1 <a <1, f(a)=log (2-2) ; d (9) 
for 2=1, Ха) = f()- 1 Sem m 


So Lt  f(z)- —sinland Lt  f(w)=log 3. .. Lt Ҳа) 
a—>(1+0) a—>(1—0) 21 
does not exist, i.e, f(a) is discontinuous at z—1. *" ЕЕ © (3) 


Since = > 1, from (1) we have f = -1 <0; 


also since —1 < 0 < 1, we have from (2), f(0)=log 2 > 0. 


Now in (0. j f(x) may be defined as follows : 
f(x) — log (2--2) when 0 €  < 1, 
=} (log 3- sin 1) when z—1, 


л 
= —вїп т when 1 <<, 
во that f(a) does not vanish anywhere in 0 < v< * 


The reason is that f(&) is not continuous in the closed 


л 
interval (0, 5).] 
interva à 


CHAPTER 7 


DERIVATIVES AND DIFFERENTIALS 
T1. Derivative. 


Let y-f(z)be a finite, single-valued funetion defined in the 
interval (a, b) and z à point of this interval. Let us give to æ an 
increment Az — №, positive or negative. Then the corresponding 


inerement Ay of the function is f(z--h)— f(x) and the ratio of the 
two increments is 


Ay _f(a+h)— fle), 
А2 h 


It this ratio tends to a limit, finite or infi 
in any manner whatsoever, this limit is called the derivative or the 
derived function or the differential coefficient of f(x) at the point x 
andis denoted by /'(2) (Lagrange) by р f(a) (Arbogast) or by 
Dzf(t) (Cauchy). Thus 


nite, as h tends to zero 


"(a)— eV. Tb Йа) (ә) 
Pla) We b> Qu Ea : 


If the ratio 20 tends to а limit when h tends to zero by positive 
values only, the limit is called the derivative to the right or the 
right-hand derivative of the function f(x) at æ and is usually denoted 
ve to the left or the left-hand 
f the ratio when h tends to zero b 


oted by (а), 


he limit o 
values only and is den 
equal, the function is Said to havea y 
derivative at the point 2. the two derivatives are 
unequal, we say that the derivative of f(z) at the point z does not 
exist. 


у negative 
When these derivatives are 


It f(z) has a unique derivative at all 
(a, b) and further has a derivative ti 
to the left of b, it is said to ba deriv 
И the derivative is always finite, 


points of the open interval 
о the right of a anda derivative 
able in the closed interval (a, b). 
Ла) is finitely derivable in (a, b). 


F om 
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72. Differential. 


We shall say that a function f(z) is differentiable at the point a, 
if the function is finite and determinate in the neighbourhood of the 
point and if on giving v an arbitrary increment Az, the correspond- 
ing increment A f (x) of f(x) can be decomposed into the sum of two 
terms : 


AJf(z)-A Aste Aa, ... дор aeg (01) 


A being independent of Aw and є tending to zero with Av. 
Then the first term, which is simply proportional to Az, is called 
the differential of y and is represented by dy or df(z). (Leibnitz) 
We have therefore ` 
df(z)=A Av, 
A f(x) df(z)--« Ac. 2 


When Az tends to zero, we get from (1), Lt Afa, which 


proves that if f(z) is differentiable, f'(x) exists and has a finite and 
determinate value A. Conversely, if f'(x) has a finite value, we get 
equation (1) from the definition of the derivative. Therefore the 
necessary and sufficient condition that the function F(a) is diferen- 
tiable at the point œ is that it has a finite and determinate derivative 
at this point. We have, in this case, 
df(z)-—f'(z) . Aa. E Soo (2) 
The differential of a function is the product of the derivative, 
supposed existent and finite, by an arbitrary increment Aw attribut- 
ed to the independent variable v. 
In the particular case where f(a) reduces to = and therefore 
f'(z)=1, the equation (2) reduces to 
dz- Ac. 
Thus the differential of the independent variable is the same as 


the arbitrary increment attributed to this variable. The formula (2) 


сап thus be replaced in the general case by 
df (c) f (a). йв e ХҮШ 
Hence the differential of a function is the product of its derivative 
by the differential of the independent variable. On dividing by dz, 
we find 
_afla) _ay, 


y 
f dz dz 
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The derivative of a function is thus the ratio of the differential 
of the function to the differential of the independent variable. This 
gives a new expression for the derivative due to Leibnitz and one 
that is frequently used. 

Note. The substitution of dz for Ax in equation (2) is not absolutely 
necessary but it is customary to do so; and this in a sense is justified. 
Equation (3) is more general than (2) in the senso that in (2) г is the independ- 
ent variable, but equation (3) is not subject to this restriction. 


73. Geometrical representation of the derivative and the 
differential. 


Fig. 15 


The problem of drawing tangents to plane curves leads us to the 
consideration of ratios of infinitesimals and to the definition of the 
derivative. In fact, we proceed to show that the determination of 


the tangent to a plane curve is the same as finding the derivative of a 
function. 


Let y=f(z) be the equation of a plane curve MSJ' 
rectangular axes OX and OY. Let M be the point (=, y) and consider 
the chord MM’ drawn through M. When the point M’ moves өп the 
curve and approaches indefinitely near to М, the chord Miz’ tends 


to a limiting position МТ which is the tangent to the curve at the 
point M, 


referred to 


The point M being given, the tangent MT is known when we 
know the angle % which it makes with the axis of zx. Let @ be the 
angle which the chord MM’ makes with the t-axis, and let the 
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co-ordinates of M' be (2+Aa, у Ау). Draw MP parallel to ОХ; 
we have 


When I’ approaches indefinitely near to M, Ө tends to Ф; and 
therefore 


tan V-—Lt 


Ay. Lt fæ+h)- Ke) py 

mE h f (a). 
The derivative of the function f(x) at the point œ is thus the 

trigonometrical tangent of the angle which the tangent to the curve 

at the point (2, y) makes with the axis of v. 


The differential, of a function is also capable of geometrical 
representation as in the case of the derivative. Consider the curve 
y=f(x). Draw the tangent MT to the curve at M. Let Aw be an 
arbitrary increment of% and let M” be the point on this tangent 
whose abscissa is v+ Az. We have Ax= MP and the corresponding 

LL 
increment of the ordinate of this tangent is PM". Now tan Y= A 
Bus we have seen that tan V —/'(z). We thus get 


PM" —f'(z) . PM=f'(«) . Av=f"(x) . dv=df(a). 

Thus the differential of f(x) is equal to the increment of the 
ordinate of the tangent to the curve y=f(x), when we pass from the 
abscissa ш of the point of contact to another abscissa v+ Ат, where 
Az is an infinitesimal and therefore tends to zero. 


7`4. Theorem. A function which has a finite derivative for a 
given value of a is continuous at that point, 
Let € be a positive quantity which tends to 0 with hi ; 


aa re fth) fel paye 
© T [e+ Леа OH (2)--]-0, 

h-0 
as f'(a) is finite. Hence f(z) is гс at the point. 

It follows that if f(x) is finitely derivable in a given interval, it 
is continuous in the interval. 

The converse of this proposition is not necessarily true. We 
cannot say that a continuous function has a derivative for every 
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value of ш for which itis continuous. We illustrate this by means 
of the following examples : 

(a) Let us consider the curve formed by two straight lines PA 
and PB meeting at an angle. 


Y 


Fig. 16 


It is easy to see that at the point P of this curve 
flan) - f(z) 
h 
tends to the limit tan < as h tends to 0 through positive values and 
to the limit tan Bash tends to0 through negative values. Thus 
although the curve is continuous at P, it has no unique derivative 
there. 


(b) Consider the function f(z)= |s| . It is continuous at v=0, 
but has no derivative there. 
For continuity | f(x)—f(0)| = || < € whenever |2-0| < 


i.e, 121 <6, Ghoosing 5=€ we see that f(x) is continuous at 
2=0. 
For derivability at == 0. 
f(O+h)—F(0)_ Al 


h Й 


=1whenh > 0 


=> 


= —1 when <0, 
Thus Rf(0)—1 and L/(0)— —1; and hence /'(0) does not 
exist. 


(с) Let Да) = 2 sin i when «#0, /(0)=0. 


x AT 
Here Lt f(0+h)=Lt [r sin =о=Ло) ; во Да) їз continuous 
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abz—0. But j'(0)—L5sin (3 and sin i does поб tend to any limit 
as h tends to 0. Therefore /'(0) does not exist. 


Note. Tho discoverers of tho infinitesimal calculus confidently believed that 
a continuous function had a derivative in general. Attempts at proof were even 
made ; but these were of course fallacious. Finally Wéierstrass succeeded in 
settling the question conclusively by giving exemples of continuous functions 
which do nos possoss derivatives for any valuos of the variable whatever. 


T5. On the sign of the derivative: Increasing and 
decreasing functions. 


Let Да) be differentiable in (a, b) and c an interior point ot (a, b). 
Then 


nan Lb fle+h)—f(c) 
TC ү cwm 
Corresponding to any positive €, there is a positive number 6 
such that 


fex He) plo) < ewhen0 < |h | € à, 


KORG < Да МЕДА < fl(c)+e. 


1.6. 


Let f'(c) > 0; ehooss € < /'(c) ; then f'(c) -€ and filc)+e are 
both positive ; therefore 
Де о when0 <|hl <ô, 
h 


ї.6., fle+h) > fc) when 0 <А <ô, 
апа f(c--h) < flc) when -ô <h<0. 
Putting c-+h=2 so that c—ô < 2 <c+6, we see that f(x) > fle) 
if > cand f(x) < flc) if a < с. 
Thus if f'(c) > 0, we can find a neighbourhood of ¢ such „that 
fla) > f(z,) when c—8 < z < ta < c. 
The function f(z) is then called an increasing function in 
(e— 8, c+6). 
Next let f'(c) < 0, choose € < | f'(c)| ; then f'(c) ^ « and f'(c)--e 
E. M. A.—7 
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are both < 0, .'. fet i= fo <0 so that flo+h)— flc) and 


h are of opposite signs. Now if cth=a, so that c—ô < 2 < co, 
we see that f(a) < f(c), if a > c and f(x) >f(c) itm < с. Thus if 
(с) < 0, we can find a neighbourhood ofcsuch that Дв) < fle) 
whenc-ó < z, < ха <cté. 

The function f(z) is then called а decreasing function in 
(c—8, c+6). 

For the end-points a and b, we have only to restrict the intervals 
about them. 

Combining the two results we have the theorem : 

According as f'(c)is positive or negative, f(z) is increasing or 
decreasing in a suitably restricted neighbourhood of с. 

Cor. 1. It f(z) > 0 for all values of a ina certain interval, 
then f(z) is a strictly increasing function throughout the interval. 

Cor. 2. It (а) > 0 throughout the interval (а, b) and f(a) > 0, 
then f(a) is positive throughout the interval. 


76. Rolles Theorem. 


It fle) be (i) continuous in the closed interval a < c <b 
(ii) derivable in the open interval a < v < b, further (iii) if 
f(a)=f(b)=0, then there is a value Ẹ of 2 between a and 0, 
ie, а < Ё <b, such that f'(£)=0. 

f(z) vanishes, by hypothesis, for v=a and х=. Ifit vanishes 
ab every point of the interval (a, b), its derivative also vanishes at 
every point of the interval and the theorem is obvious. 

ТЕ not, f(z) being continuous in a € т < b, is bounded in 
(a, b) and attains its bounds in (a, b). Suppose the upper bound is 
attained at (a < & < Б). Then we have, if h be positive 

f(EXn) < f(&). 

s. ДЁ+%)—Д#) < 0. Hence {Д#+%)—/(®)}/һ <0. Making h 
tend to 0, weget — f'(£) < 0. зе м 5e ee fal 

Again since {f(§—h)—f(&)}/(—h) > 0, making h tend to 0, we 
have 7'(& > 0. (2) 

ie, R f'E) < 0 and L f'(E) > 0. 
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But f'(É) exists by hypothesis. This is possible only if 
Rf(É)-Lf(£)-0. Thus /(8)=0 where a < 5 < b. 
If the lower bound is attained а& 5, we would similarly have 


f'(é)=0. 
Alternative form of Rolle’s theorem. 


It f(z) be continuous in a € v < b, derivable in a c c <b 
and f(a) = f(b), then /'(E) =0, where a < £ «b. 

This can be established directly as above. It can also be deduced 
as a corollary to the above. 

For let f(a)—/(b)— 4. Consider the function F(z)— (2) - 4. 
F(z) satisfies all the conditions of the theorem ; therefore F'(zl—0 
fora=é But F'(z)-/' (m) .'. f'(E)-0. where a < E «b. 


Note. Rolle enunciated the theorem in the case of a polynomial only ; the 
above is a generalized form of the theorem. 


7'7. Theorem of Darboux. 


It f(z) be finitely derivable in (a, b), f'(x) cannot pass from one 
value to another without passing through all intermediate values. 

We first consider the case where f'(a) and f'(b) are of opposite 
signs and show that f'(x) vanishes for а=, where a < ё<5. 

Let /'(а)> 0 and fb) < 0. Then f(z) is increasing in the 
neighbourhood of a and decreasing in the neighbourhood of b. 
The upper bound of f(a) is therefore not attained at either а or b. 

Now f(z) being finitely derivable in (a, b) is continuous and 
bounded therein and its upper bound is attained at some point of 
(a, b) and this point being neither а nor b as shown above, it must be 
some point § between @ and b. At this point f'(z)—0. For otherwise, 
f(z) would be increasing ОГ decreasing in the neighbourhood of £ 
according as /'(8) is greater ог less than zero, and so f(§) would 
not be the upper bound of file). .. /(&=0. 

Next let Ф(ж)=//(ж)— Ат, where /'(а) < A < f'(b). Then Фа) is 
finitely derivable in (а, b). Now Ф'(ж)=/'(ж)— A. ^. Ф (а) and $'(b) are 
of opposite signs and hence, by what has been proved above, $'(z)—0 
ata=é, where a < 5 < b. Again $(z)—J'(z)- A. .". $/(£) -f'(£) 
— 4=0, or, f£) А, which proves the theorem. 
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Note. The property of passing through all intermediate values is a pro- 
perty of continuous functions. If however $(z) is the derivative of a continuous 


function, (x) possesses this Property, even though it is not necessarily 
continuous. 


78. Lagrange's Mean Value Theorem. 


If the function. f(x) is continuous in the closed interval (a, b), 
_ and һаз а derivative, finite or infinite, a& every point of the open 
interval (a, 0), then there exists a point é between a and b such that 
f(b)— fla) 

b—a 
Consider the function F(z) defined by 


=f'E), (a < & < b). 


F(z)-f0)—f(2)-5—5 {у()— (а), 


F(x) is continuous in a <% <b and has a derivative a& every 
point of the intervala < z <b. Further F(z) vanishes for т=@ 
and =b, It follows from Rolle’s theorem that there is a value боѓ 


т between a and b for which its derivative vanishes. But this 
derivative is 


T0) fa). p) 
a 

Q f- f = y 
ELEC 


or, ЛЬ) — f(a)-(5 —a) FÈ), (a < E « D). 
It should be observed that it has n 


of been assumed in the proof 
that f'(x) is continuous in (a, b). 


Tt is often convenient to express the theorem in the form 
70) = Ла) (0-а) f'{fa+6(b-a)} 
where Ө is a number lying between 0 and 1. 
is merely another way of writing ‘some numb 
If we put b=a+h, we obtain 
fla+h)=fla)+ht(a+en),0 < ө = iic 
which is also a forni in which the theorem is very 
Alternative Proof. 


Of course 2+0 (b-a) 
er É between a and D. 


often stated. 


-Oonsider the function 
F(z)- f(z)-— Az, 
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where A is an undetermined constant. We choose A in such a way 
as to make F(b)=F(a) ; then f(5)— 4b— f(a)— Аа, 


or, A-fD-fa), 
b-a 
Now F(z) is continuous in a «cx < b, and derivable in 
a<.« <b; further F(a)=F(b). Therefore by Rolle’s theorem 
(alternative form), we get at once 
F'é)=0, (a < < b). 
Now F(é)=f"(é)-A=0, or 7()= А. Substituting the value 
of A, we get 
JOANA (a < =) 


Note. f(b)—f(a) is the increment of the function fix) corresponding to the 
increment b —a of the variable = ; and this theorem giving the relation between 
the exact increment of f(x) and that of the variable is also kr own as the formula 
of finite increments of Lagrange. It is also known as the Average value theorem 
or the theorem of the Mean. 


Cor. 1. If the derivative of a function is zero at all points of an 
interval, the function is a constant throughout the interval. 

We have J(a--A) (а) = h/(a--0hY' —0. Therefore fla+h)= Ха) 
for values of h such that a < ath < b; in other words, f(x) is 
constant in (a, 5). 

Сог. 2. Two functions, of which the derivatives are finite and 
equal in the interval (a, b), differ from each other by а constant. 

Let (0) = f(z)— $ls), where Хх) and Ф(т) are functions having 
equal and finite derivatives in (a,b). Then the derivative of F(a) 
is zero at all points of (a, b) and by Cor. 1, F(x)=c in (a, b), с being 
a constan, .'. Да)=Ф(ш)+с. 

Observation. The conditions of Rolles theorem, and of the 


Mean Value theorem wbich depends upon it, are a set of sufficient 


conditions. They are by no means necessary, as the following 


example will show. 
=1 
Let fa) 
Here (i) fia) is continuous in (0 < z < 1) and not in (0 € s « 1) 


1_ in (0, 1) 
-& 
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(i) HORNENE = exists inO <a <1; 
(iii) (0) # f(1), both being undefined. 


Thus the conditions of Rolles theorem are not satisfied, But 
yet there exists a Ёё (namely &= 2), where /(2)=0,(0 < & < 1). 


79, Cauchy’s Mean Value Theorem. 


If (i) the two functions f(z) and F(x) be continuous ina <% < b, 
(ii) differentiable ina <a < b, 
amd (iii) F'(c) does not vanish for any value of vina <v < b, 
then there exists at least one value $ of x such that 
fib) fla) _ P'E 
РО ла) rig e S E <D. 
Consider the function 
$(z) — fiz) - AF (2), 
where А is chosen to make d(a)— (b). This requires that 
f(a)— А.Е (а) =) — А.Е(Ь), 
or,  f(b)—/f(a)— А[2(0)– F(a)]. 


Now F(b)—F(a) # 0, for otherwise F'(z) would vanish at least 
once in a < z < b, which is contrary to hypothesis. 


A= f(b)=f(a) * 
F(5)— F(a) 


By applying Rolle's theorem to (ш), we get at once d'(z)—0 for 
т={(а <E < 0) ie, f(z)- AF'(z)-0 forz—&, or f(£)- A.P). 
And since F’(&) Æ 0, we have 


=й) 
C 
Jf(b)—fía) _7'(8) 
or, Р) Fa] FE (a << b). 


Note. Lagrange’s formula is only a particular case of Cauchy’s formula and 
can be obtained from it by making F(z)—z. We shall indicate another way of 
establishing this result in the examples worked out. 
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Examples : 


1. It (i) idee when z # 0 and f(0)=0; 
Gi) f(e)=27 sin 1 when = я 0 and f(0)=0, show that 
in both cases f'(0) exists and is equal to 0. (C. H. 1968) 
2. It f(z)7« tan} when « 7 0 and f(0)=0, show that 7 (0) 


does not exist. 


"(y ih) Lt -11_% 
CRO =U, tan 125, 


(ey f(-h). Lt ы 1\_ - 
Lots =>! р 2 
.. Rf'(0) ¥ Lf'(0), or /'(0) does not exist. ] 


3. It/(z)- € — ( 7 0) and f(0)=0, show that f'(0) does not 


1 


1+ е 


exist. 


4, Let fle) =(e-1)*- 1, so that f(z)=0 when z—0 and 2=2. 
Does f'(x) vanish for any value of 2 between 0 and 2? 

[ Here '@=$ —1 — and this does not vanish for any value of 

(z—1)* 
x between 0 and 2. 

Evidently f(z) does not possess а unique derivative at v=1 and in 
the immediate neighbourhood of this point, J'(z) oscillates infinitely. 
Hence Rolle's theorem is not applicable. ] 

5. A function /(2) is defined as being equal to 1+2 when = < 0, 
foe! when 0/525 одар when 1 <2 < 9, and to 3z—2^ 
when x > 2. Discuss the continuity of f(x) and the existence and 
continuity of /'(@) for $0, 2—1, and 2—2. (C. U. 1966) 

6. The functions t, V and their derivatives w', v' are continuous 
throughout a certain interval of values of a, and wo’—w'v never 
vanishes at any point of the interval. Show that between any two 
roots of w=0 lies one of v=0 and conversely. Verify the theorem 
when = сов 2, y=sin T. 

[ If v does not vanish between two roots of w=0, say Ui and ш», 
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then the function is continuous throughout the interval (ttis ша) 
and vanishes at its extremities. Hence (u/v)'—(u'ov—uwv')/v? must 
vanish between 4; and t5, which contradicts our hypothesis. ] 
7. The formula f(z--h)— f(z)--hf'(z--0h), (0 < 0 < 1) is not 
true it f(c)=4 and æ <0 < an. 
. it 1 1 1 
~ Se —— d= <0. Also 
[ For f(z--h) — (а) RIR 22 0, ая > 0 and = 
hf'(z--0h)— — aa 0. Hence f(a+h) — f(a) ғ hf'(z--0h). The 
reason is that the conditions for the validity of the Mean Value 
theorem are not satisfied. As a matter of fact, the function i is not 


continuous at z—0. ] 


1 
8. It == —a,h =2a, f(z)=25, then the equation f(z4-A)— f(z) 
+hf"(c+6h) is satisfied by ө=1+ y, (C. H. 1966) 


[ Although f'(x) tends to co as z tends to 0, there being a unique 
derivative at all points of the interval (—a, a), the Mean Value 
theorem holds ; and we easily get the above value of 0. ] 


9. Apply the Mean Value theorem to find the derivative of a 
function of a function, assuming that the derivatives which occur 
are continuous. (C. U. 1968) 


L Let Fíf(z)) be а function of a function of 2, 


By definition, its 
derivative is А EV M 6а), 


Now by the M. V. theorem, 


S(@t+h)=f(a)+nfld, (а << t-FA)—u--k say, so that u= f(a) 
and k=hf'(é), 

Again F(u+h)=F(u)+kF(U), where u < U < utk As h—>0, 
Ё 2, also k-—hf'(É)--0. Further as k—> 0, U >u, 


1 Fe =) ү, Blut Pli) = um U) 
v h 


Therefore 


=Lt {f (5). F'(U)}= Lt (Oh. т {2'00)}= у'(а). Е'(и) 
=} (0). РҶУ(а)}. J 


‚10. It f(a), (x), Ма) be continuous ina <a <b and differ- 


DERIVATIVES AND DIFFERENTIALS 105 


entiable ina< æ< b, there isa value $of 2 between a and b such 
that 
f(a) gla) hla) |=0. 
f(b) gb) (b) 
IE) 008) nE 
[ Consider the function 
fia) gla) Ма) 
F(x)=| f(b) 000) А0) 
fla) g(a) Ма) 


b and differentiableina < 2 < b, 


F(a) is continuous ina € 2 < 
Rolle's theorem, 


and vanishes for «=a and «=D; therefore by 
F'(v) vanishes for w=, where a < < b ; whence we easily get 
fla) gla) hla) |=0, (a < £ < b). 
f(b) gb) ^0) 
J«&) gë) М) 


(a) =h(b) =) =1 and hence h'(«)=0, we 


Note. Ifin the above we make Л 
f we make д(х) == and 


get at опсо Cauchy’s Mean Value theorem. Again i 
Ма) =1, we immediately obtain the Mean Value theorem of Lagrange. ] 


11. It f(x) and g(x) be continuous in a € m € b and differen- 
tiable ina« x< b, then there isa value fof z between a and b 


Such that 
f(a) ola) |= a] fla) gla) | (a<é< b). 
ДӘ) of) re) sil 
Т Consider the function 
f(a) gla) |_2=4 f(a) gla) | 
Fla)=| у g(a) | 2-41 0) 00) 


g < banddifferentiableina<2< bis 


F(a) is continuous in а € 
ndz-—b Therefore for a value Ẹ of w 


further it vanishes for @=@а 


between a and b, 


; Яа) оа) | 1| fla) ola) [=0; 
F"()= | pia) gla) | 24) #(0) 00) 
hence аю f(a) gla) |a < <b 
PE 0091 O74 (ДЬ) 00) 


(ч (фт P 
(2)5 (2)5 (0) 
(9-90 9)2= | (MF (04 (9) 


Ty TOA ‘=v 10} 0=(@)ut 
Th > 0 ym 


(5 (29 (2)? 
(Wf (DE (9) 
eouo ўв seals SL “Su > Ш> 
‘ug pue Tu=v 10} 0=(2),Ф SV 9 > >> 
(е0) e o= (F). :0=(9)% = (06 (909 994399591 Aseo SL 3I 
‘q >? > V 31 pay 
(ayy (Qu (00 
(2)5 (q)5 (7)5 
(y (OF (y i-0 
uomounj eqs 391) xepreuop ] 
ввәт oy} чәәл\ўәф ә и ров 5 әләм 
(он (дч (9j 
(2)5 (4)5 (v)5 
(q—v»y»-2yo-20t- | (97 (QL (PIF 
eqq eAo1d 03 (4 *p) ut 3s1xe вәлт}вАтләр puooos 
> » uy snonupnuoo eq (2)у (а) (2); И "LI 
[ amsa рәлпрәл 044 sə418 0=(2),ф 
+‹3>9>@®0 әләцїд '*2=ф 10} 0=(2),¢ '. 
‘yp =a 10} 0518 pue 5= 2 лор вәцвІЦвА (2)ф 10 (2),4 
"Azs (7) p= 
n z є(#—@) " 
оло 90-00-07 
(а), ®-)-(®/-(®Л=@„4 SN 
(0 > 5 > 7) 'os(S)u ^. : q=% ров 0 = 2 10} seustusA (2), Т 
(las +e.ne-at—c¥-(ON ,F=2) - 
ка) (0) О - 2) - (9) - OF = (04 
uorjounj әчү ләрївпо{у ] 
ч>ә> тэләцм (9), f (2-05 — (0), HPAP 0) P= (EO 
'siepio eei ӯ 381g 9q3jO SeATZBATLOP seq (z)/ H {oqs ‘OT E 
[`4 > 3 > 708 pus 55237 Ts e10qA 'б=(3),,Ф 01539 
‘q > 9 > 22 13> orya 
10=(93), Ф '0- (95) *. 107 (9) (2) = (2) 


(л (фи Cu 
(1) | 


(0)0 (9 (v) 
(о) (ду O 


(020-9) 
VP?) 


| ou (чч ON 


ә *@ ‘ уо 95998918 ров 3 


| (л (Ga (ovt 


(5 (3,5 (m 
(ш), GLE (Y 


apy} pus Q > 2 


LOT STVILNSHS4JIT ANV SHATLVATHHG 


{= 0) $=" eys(ay леп 


(2=2)0—а)- 


2-9 00 
pow (?Ў— = (2) -- (9) (0% 


Xepreuop) "ир ] 
(9 “Фу ut on ae 3 pus о oraya 
‘3 mici p = 3-23 S (wy (о); 
389 ^oqs ‘0 > > 7 ut впопигупоәд on Butuinssy ЕСТ 
(0) 0—9) (о) — (9 
y 
(0), 002 – 9) – (®)® - (9) оа (99$ 
(2) (0—9) - (39 —(4}ф — (v'ur 
өләцм es 0% porjeur omes oy Addy J] 
| (3, ("a(»—9)- (và – (аа 
Доо Е (030 (9) 


ЧЩ @> v > ош o(s) а) cp 
СЧС – (4)ФҢ(®)/— (2) — (2) оз от "xar Jo роцуәш eqs Apddy ] 


(3)% (3$-(0)$ 
03>") бту) 
ueqg (9 ‘v) ur ide ләләп (2), h pue (2), фро @;> @;>0 п e[qera 
"ueiogjp ров ‘0 > > »utsnonuiguoo oie (®)ф ров (2); вет 


[ ‘вп0потпоә st (2), sours 
(5) f= 0<"/ Ша <y 
EGS ET Ө+®)/ I (u—7v) (+0) ET 


'8u0130*3j 1edo1d әЛтүївой o19 59 ‘tg 
әләцА "(u*9 — v) fu — (v) — (0—0) ile ed (14-9) ] 
ШОО сате рор " jeu? әлолд cer 


[' 12 (£2) рав ®©—@= (4) '0-(v)u 35 
os ‘p —v=(x)y 8019101 Ач QT "ху шолу peonpep eq uo jr usy 


'99UO 39 SAVO[[0J 3]nso1 eq pre 
(25 (шу 
(Pe (ш 


0} ure1o9q3 әпүед ULIN s oguviger[ Add 


= (2) 


"252421110 
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Next consider 

Ф(0)= | f(a) f(x) f'(m) 
aa) glx) g"(n) 
Ма) h(a) n(n) 


а— 2 
а= 


b 


Ла) f(b) f'n) 
gla) g) gi) 
Ма) А) n(n) 


V(z) vanishes for v=a and b and so V'(z) vanishes for w=& 
wherea <<. Now 


V'(z)—| fla) fe) P) +1 | fla) f(b) f'n) 
gla) 0 (а) 0") | a=b] g(a) g) уу) 
hla) (а) м") Җа) hb) мт) 
зһеп=ё; 
whence | f(a) f(b) fm) |=—(а—Ъ) | fla) FE f"(m | + (9) 


gla) gb) g"(q) aa) E 0" (2) 
Җа) h(b) (а) Ма) h(E) n'in) 
Putting this value in (1), we get the required result. ] ` 
18. It ?'(z) > 0 for every value of z in (a, 5), then 
(i) (2. +2,)] < 3[92,)2-9(2.)) for every pair of values of 
2; and Te in (а, b). (C. H. 1962) 


Gi) $ еа ааа, Да) (9)s,] 


Where 1, tasu., 2, lie in (a, b) 


(i). Suppose that Le > шү 


We write Tates 
%,)+#)- дө [i22] a Ü | 2 |, 
аы ырыс л 


Applying the Mean Value theo 


les. d and [= 2| there exist numbers and, belonging 


to the two intervals respectively such that 


Жаз) - [t3] - е] ме мы, ы, | 
апа etes) 7$.) - а, 


rem to (x) for the intervals 


] 3-36. - 2 96) 
(2) 


DERIVATIVES AND DIFFERENTIALS 109 
From (1) and (2), we get 
$a.) - ae [ f E22) = а) [9(5.)— 96.) ^ (8) 


Applying the Mean Value theorem to $'(r) for the interval 
(E, £x), we see that there is a number § (2, < 5 < £s) such that 
$'(£.) Ф100.) — (Eo — 5.) #78) es m) 


From (3) and (4), we get 
Hers) + #0) — 26 (ET) = а, а) (6. 76) "0. 
Since the right-hand side is not negative, we have 
Фо.) ал) > aset), 
orn, dns n2] < Hale) 904). 


(ii) We have just proved that 
Ф[3(ш,-Е®„)] < 30) +2). 
Ав 24, te, Xss.: Та All lie in (а, b), we similarly get 
Ф tz,)] < 3[Ф(а»)-+Ф(ж„)]. 
Adding 1[Ф(ж)+Ф(ж»„)+Ф(а»)+Ф(®,„)] > pikle 3-23)]- 9[3(2s c24)] 


TTE. y Tats 
229.3 a еа оао оаа) | 
2 


ied [ез +++) < L [оаза]. 


By a repeated application of this process, we get 


a [Iona] анка) HA) 


where n is а power of 2. 
If n ig not a power of 9, we consider the n values 24, ar.n n 

|| vee H 

and p values each equal to (а: uat +a,) such that n+p is a 


1 © ies bet th test 
power of 2. Further = (=: +++ +2,) lies between the greates 


ana least oluk fannan and therefore lies in (a, b). 
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Applying the result (1) to these n+p quantities, we get 


| Т {ay ttet tan Ps, Fas rna] 


n+p 
1 Uno шаша den 
«Aer ар atit] 


or, Фа аа tan) | © éle) аа) E] 
im n+p 


p 
чл 


(= азап аел 
% 
or (-2-) ааа) | < aap teal 
+4(ag)+:+4(en)] 


ies Sins taen) ] <) Hea) +++ Hen} 


CHAPTER 8 
EXPANSIONS 


81. Mean Value theorem of the second order. 


It f(x) and f'(x) be continuous in the closed interval (a, b) and 
j'(m) exists in the open interval (a, b\, then there is a value $ of © 
between a and b for which 


JOa) +o- ау (а) 08" у), 


Consider the function 


F(a)=f(b)— f(x) ^ (b — Y '(z) 
- (2=2)" tr - f) -0-a (ah. 


Under the given hypotheses, (т) is eontinuous ina <s <b, 
and Fx) exists in а <= < b; also F(x) vanishes when z—a 
and w=b. Therefore by Rolle's theorem, F'(x) vanishes, when 
к= (a < É < b). 

Now 

ра) ESA ЛӘ-/в)-@- ay'a)- 8. pr) 
and as b—z 7 0 for 2 = 6, we have 


Pert) fa) -(0- aya) - 2 o" 


лано а aO zt ro O. la < <D) 


A number Ẹ between а and Ь can s expressed as a--0,(b—a) 
where 0 < 0, < 1 and во (1) ean be written in the form 


лаа 07 7+0 a 
(0 < 02 т 1) sis, = (9) 
Further on putting b= AME the same can be written as 


fla+h)=fla)+hf (ath f" (a3-05h), (0 < 0. < 1), ss) 


This is the standard form of what may be called the mean value 


theorem of the second order. 
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Note 1. Observe that the continuity of f’ (х) ina < = <b implies the 
continuity of f(x) in the same closed interval. 


Note 2. If the second derivative f’’(z) be continuous in a£ v <b, 
[implying of course the continuity of f(x) and /’(z) in the same closed interval] 
and the third derivative f’’’ (х) exists ina < z < b, it can be proved as above 
that there exists a value £ of z between a and b such that 


f() -f(a)--(b-a)f'(a)4 02 pg). B= pr г, 
or putting b=a+h, 
ач) e fi) + hf (+2 ja) +h f (4-649), (0 < о; < 1). 
82. Taylors theorem or the General Mean Value 
theorem. 


It (3) the (n — 1)th derivative f" (z) be continuous in а&єх<, 
and (ii) the nth derivative / (шд) exists ina < z < b there exists а 
value £ of between a and b such that 


JG) а) + ауа) 07 0. уна)... 


(b-a)"-* n-1i (b— ye n 
deg fta Esa? pono 
or putting b=a-+h, 


p f"(a)- 


Wt fim i n. 
+ m4 alt= уа.) (0 < 6, < 1). 


First note that the condition (i) ensures the continuity of f(z), 
fe) f (my... f= (x) in the closed interval (a, b). 


Consider the function 
Fe) f(- fi)- (—ay'(a)- 08. put). 


b—a) n-i h- 
a He (a) — = Juo- —f(a) 


—(b-a)f"a)- Bal Mga Sar 


(n-1)r ! Gone )} 
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cr putting d(v) = f(b) — F(a) — (b —)f'(z) 


_(b=2) pn 2—2)" 
= (а) em fea), 


we get F(a) = 42) - (1-5) a). 


Under the given hypotheses, F(z) is continuous in a < x <b 
and F(a) exists in a < v < b; further F(x) vanishes for «=a and 
2=b; hence by Rolle's theorem, F(z) vanishes for à value of т 


between a and b. 


Now Pie) = 0a g(a) E qm в) 


and since b-a2 2 0, зһепт=&, 


wo get а) – 24а) =0, 


io," fü) Ла) (bal (а) 2970) 


(b= a)" 7 m-l. = e т, 
ЕА Xa) - 270) = 
ДБ) = а) +0 ау е 


or, 
(b =a)? т-а) = zar (n) 
арт TES у (a) H= ME, 
where а<ё&<ьЬ. P) 
Putting b=a+h, so that E—a-4-0,h where 0 < 0, < 1, 
f(a--h) — f(a)-- hf (a) x y a) 


we get 


W а-а) 4 pom ү: 
ES) p ary (а+Ө„Ь), (8) 
flath) is a finite series of n+1 terms 


The above expression for 
ith a remainder; the last term 


and is called Taylor's series we 
ыы, 00, <1, is еа ths ‘remainder after 
! 


The form of the remainder given above is 
der can however be expressed in other 
find. In what follows we shall put 


n terms in Taylor's series. 
due to Lagrange. The remain 
forms which we next proceed to 
Ө for On. 

E. M. A.—8 
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83. Other forms of the remainder. 


Let f-2a) be continuous ina < z < band let f(a) exist in 
do cb 


Let {0)=F(a)-+(0-a)f (a) + 0-7 a+ Eum a feta) 
+R,, where R4—(b—a)" P. Consider the function 


F()-f()—f() (6 —2a)- — 2 LES T. (b zy в-а) 
—(Ь—ж)?Р, 


where P is determined so as to make F(a)=0 ; this gives 
(ь-а?р= f(5) fa) -(b—a) f(a) — + — Pa for), (1) 
(n—1)! 

"Under the given conditions F(a) is continuous in а < 


«<b and 
Е' (х) exists in a <s <b; 


also F(a)=0 in virtue of (1) and 
obviously F(b)=0. Therefore fora value ё of © between a and b 


Fz)— 


Now F'(z)— — omo —f™ (z)--p (b—2)"-* P. 
Hence F'($)=0 gives 
(р—#\"-? any 
т= = 
or, putting b=a+h, and ё=а-ЕӨ% where 0 < 0 < 1, we have 
= T - Y ky өру 
(n—1)!p j 


ш 
sS вО 0)" vo atoh) 0 <ө <1. 
(n—i)!p 
This form of the he org in Taylor’s expansion of f(a+h) is 
due to Sehlomileh and Roche. 


р=т in this gives Lagrange's form 
of the remainder. 


On making p —1 we get Cauchy's form which is 
zh(-9?P-*. 
LITER ETE J” (a+6h), 
8'4, Maclaurin's theorem. 
Tf in Taylor's theorem we put a=0 and =, we get 
2 n-i 
f(e)=f(0)+af'(0) +2 OHE (n-1) 
217 (0)+ н=л f (0)+Bn, 


_ 2" (1-0)y-» 


where Rn (Ж=ТШр f^ (Өх), __ (Schlomileh), 
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nf o-i 
07 (Өх), (Cauchy), 


a” 
an f£? (0x). (Lagrange). 


The formula assumes that /?-? (z)is continuous in (0, x) and 
f™ (x) exists in the interval and the number Ө lies between 0 and 1. 
Of course, Ө is not the same number in the three different forms of 


the remainder. 
85. Taylor's infinite Series. 
If f(a) is a function all of whose derivatives are continuous in an 


interval (a, a+7) and if h is less than 7, we have 


ata) =fla)+hf"(a) + + pen (а)-+—/ (a-+6h), 
(n—1)! n! 


where 0 < Ө < 1, for all values of n. Or if we put 


n-1 
T n 
Sn= 25 f(a, Въ f (аө), 
= 


we have 
flath — 8, — Bs. 
If in addition E tends to 0 as n tends to infinity, then 


3 
flath)= Lt  Sn=J(a)-thf! (a)- 3 (a): to infinity, 
mo Е 


which is Taylor’s infinite series. 


Maclaurin's infinite series 


When the derivatives of f(z) up to any order exist and are 


continuous in (0, z) end En can be made to approach 0 by making n 


indefinitely large, we get Maclaurin’s infinite series : 
2 
f(x) J(0)2-27(0)- 7 f" (0)-4- ---to infinity. 


Note 1. The continuity of the derivatives of f(z)is not sufficient for the 
validity of Taylor's (or Maclaurin's) series. A direct dissussion of the behaviour 


of Rn is always essential. 
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Note 2. f(z)-f(0)--2f'(0) 25 f 0) 3-5 fim (0) із а series of tho 


type 
atat Hat? Tanz? pe 
and is called a power series in x. 
f(x) is representable by a power series if 
(2) f(x) has derivatives of all orders. 


(ii) Maclaurin's series corresponding to f(x) is convergent. 
(iii) The remainder Rn>0 as поо. 


Functions which can be represented by power series are called Analytic. 
functions. 


86. Maclaurin's expansions of : 


е“, a^, sin x, cos x, log (1+x), (1+-x)”. 
I. f(z)—e". We have f(z)—f'(z)— f"(a)=---f™(x)=c". Hence 
K(z) and its derivatives of all orders are continuous in (0, а). By 
Maclaurin’s theorem, Du Lagrange's form of the remainder, 


(=ч + ENS +7 e. (0 «0 1) ... (1) 


Tib 


Y= hed = — 
Now n> a] Oand е8® < е 


a definite finite quantity, 


. —© z 
КА B. e1? -> 0 as т — со, We thus have 


2 
er=l+xt E tet. 


(2) 
In (1) we put 2=1; we get 
LEG. E are 2 (0 <0<1). 
Since — < A (0 <0 < 1)—> 0 as n — cc, we have 
eil ат + tig. e o (8) 


From (2) and (3), it follows 


ee yore i » : 
(+++ xen) Sitet Bep 


a result which is commonly known as the Exponential Theorem 


G 


| 
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IL f(z)=a*%. Here f'(a)=a" log a, f'(x)=a*(log a)’, 
f(x) =a" (log a) a ү 


2 = a(z log а)? (2 log а)" 
+ Ə 
айай =] 


Hence а®=1-+` 
бы a0”, (0 < 0 < 1). 


n 
Asabove Lt шаа =0 and a?” <a*=a definite finite 
quantity. 


- mm 
p, lo 41 а8® > 0 as n — оо, and we have 


ax- 14 E los а , x'(log а)? |... х"108 a), 
1! 2! n! 
III. (=) = вір 2. We have f™(x)=sin (2+2). Бог 2=0, the 


values of f(s) and its successive derivatives form a reccurring 
sequence of the pere 1,0, —1. Now Ј 


En = 2 sin (024-17 2) 


i ee? ls ep пл. 
and since |2. - zu | [sin (60+ =) 


we see that Rn — О as n — 9? for every value of 2. 


Now /™(0)=sin aif and we get 


My Вга pea 
sin X-X 5775] a (2n-1)! 
IV. f(x)=cos a. Supr exactly as with sin z, we get 
x? 
x 2х a -+(-1 
cos x —1— I 61 QUU » E dr 
V. к) =108 (1-62). In the first place we note that if 1+% <0, 
f(x) is undetermined or unreal. Hence if lta > 0, i.e., € >, 
/(ж)=1ов (1--2) possesses derivatives of every order. Now 


oa ‚@> —1). 


T 
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If R, denotes Lagrange's form of the remainder, 


Ош” A) | g E 
В» T 5) * m 1-4-0z. 


(i) Let 0 < z< 1, so that and therefore 


с! 
men 1+02 
positive and < 1, whatever value n may have. Also 1 — 0 as 


n — co. We see that as n > ^o, Ran — 0. Thus Rn — 0 as n > оо, 
whenO < 2 «& 1. 


(iz) Let -1< 2 < 0. In this case 


c 
iro; may not be 
numerieally less than unity and we fail to draw 


any definite 
conclusior from Lagrange's form of the remainder. 


Taking Cauchy’s 


form 
"gu 9)y'-* fOX95) 
eS р Л. (2—29 prn 
ке ы Чедер 
V —0 n- 
Sine fr || =a E 2) ; 
e |a| o< уру < 1апйво0 «v < 1; 
1 il { 
also I+z0 ~1-|a] „апа z" — 0 as љ > co, Hence R, > 0 


as т = со, Thus the conditions for the Maclaurin’s expansion of 
log (1--z) are satisfied for —1 < 2 <1; also 

f9X0)-(— 1)"7*. (n —1) I. 
So we get 


1 жуй о И рари 1000. 
ов U4x)=2- 54% CE ayes р 


ҮІ, /(шж)=(1+ж)"; m any real number. We have 
fX) mlm — 1m =2):+-(m—=n+1)1-+ay", 
If m is a positive integer, f*™(a) and the successive derivatives 
that follow all vanish for every value of = 


ep Hence when m is a 
positive integer 


Са)" Lema n D ze pa, 


for every value of z, This is Newton's Binomial theorem. 
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If m is any real number other than a positive integer, (1-Ет)” 
has continuous derivatives of every order when 1+2 > 0, £e, for 
(mS CAD 


If Rn denotes cehi form of remainder, 


= 2100-9779 (men 


_т(т—1}-- (m=n+1) s" [1- ө 
(n—1)! 1402 
Let —1- ж <1, ie, 12| <1. Since 0 < Ө < 1, we have 
ОИЕ ES 1507; 
=6 
nos 


oy (0 8)" <1. 


ine (1+02)"-2 


or, 0 < 


< 1, 


(i) Let m—1 be positive, 
Now 0 < 1+0r < 1+1=2, 
TIO (1:02) а 
(ii) Let m—1 be negative. 
Since 62 > —| « |; 
1402 >1-|al. 
so +02)" <(1— ||) 


Thus (1-02) * is always bounded. 


ys L 


Lt mím-1Y:(m-ndU,. o. 
Also at Ce x 


5 mm— 1): (m= ntl) n аа (el 0. nos 
Sn (=) NS eo) eal 


=0 as п—>=о° when |x| <1. 
The conditions for the Maclaurins expansion of (1+2)” are 
satisfied. Hence 


TM ш Ну 4G — Dim -2) De 2): + 


when |x| <1. 
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87. "Taylor's theorem deduced from Cauchy's Mean Value 
theorem. 
Taylor's theorem has been obtained as the general mean value 


theorem of Lagrange. It may also be obtained from Cauchy’s mean 
value theorem thus : 


Put f(a-Fh) f (a)--hf'(a)4--- im aa a)+¥(h), 
and = P co 
= 


It is easy to see that both V (№) ара Ф (№) and their first n— 1 
derivatives vanish for h=0 ; also $™(h)=1. 


W(h) _ Yh) — w(0) 
Now 40) 4h) = 40) 
(84) 
ES (0 < hi < n) 
—#'(%,)—%'(о) 
$'(,)— Ф'(0) 
— Valha) 
Pih X (0 <h < hı), 


Wha) 
5 К 


Thus H(n)= 0) 5400 (0 <6 <}) 


Since 6” /6h)=1, we get 


(0 <hn <.) 


В„=ф(һ)= z f "Xa-- 01). 


88. Young's form of Taylor's theorem, 
If f(x) has n derivatives at ®=@а, then 


; = ц ht n-1i p 
f(a-Fh)— f(a)--hf pd (a)? {f(a)+n}, 


where 7 > 0 with h. 
[See Art. 11:9.] 


Examples : 
1. (i) Tt f(z)—-(z—1)*-k1 


; » show that Ha) is positive for all 
positive values of z. i 
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(ii) Show that z—sin zis an increasing function of x for any 
interval of values of =. (С. Н. 1964) 


т : - 
2. Show Шаб ст ә steadily increases in O0 <= == PE hence 


or otherwise show that 


2s сыпа<таи0<а<{ (C. H. 1961) 

3. If0 <a <1, prove that 
= < log == < i (C. H. 1963) 
> 0 if 


[ Hint. Let = == then F'(z)— E a 


2 > 0. 
Аво F(0)=0. .. F(x) > F(0)=0; whence = > log iz 


Again let $(2)— 108.5 — 2 ; then dz) 2 0if12 220. 


Also Ф(0=0. .. Ф) > 0#0<2<1 ог log = > 2, 
fl>a>2.] 
4. If x be positive, apply the mean value theorem to show 


that 
2 
(i) z > log (1+2) > 2-5. (C. H. 1960) 


(ii) 1 > созт > 1-30", 


5. Н0< <> show that 2 > sine > 2. and 


8 
tan а> st: 


ЕІ 
6. Ita is small and positive, (1+) ? is approximately equal 


to 1—4a with an error which is less than 82°. 
7. 1f ' (o) exists and # 0, evaluate the following limits : 


Lt flath fe h)= = fle), lii) Lt feth) а). 
O р=о0 iil ъ->0 Де) 7 (а) 


` 
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! 
8. Prove that 
Lt f(z-kh)-9f(z)d-f(s—h) n. 
аА n f" (a) 


if f" (c) exists. (C. H. 1966) 


[ Лез f) fro)! f(w+6,h), (0 <6, <1) 


2—1) = f() - u'(a)- уа өл), (0 <, <1) 


mro а M) a tuc Lo) d pts cog pra) 


| 
| 
since f(x) exists. ] 


9. In the Mean Value theorem 
Л) = ЛО) А (Өл), 0 < 6 <1, 


show that the limiting value of Ө as h > 0 is j or d. according ав 


Ҳа) = cos x or sin x, 


10. TESTED (5) i, continuous and ¥ 0, ће number Ө which 


occurs in the Lagrange form of remainder of Taylor’s theorem, 


ЙК MA DM ad 
viz., ГА (z--0h), tends to the liit. ea ъ= 0. 


[ Л®+)=Д@)+Ы(а)+ 4 0 f(a-+6n) 


= { dd A (n), is (n1) / 
fa)+hf(e)+ Чт тетт (a 4- 6'h), 


where both Ө and 0' lie between 0 and 1. Hence i 
(n 11), u 
"a+ Oh) = $"q) 4 etoh) 
14-1 
Again by the mean value theorem, 
J e+ 0h) = f9X2)-- gn Le 4-60"), (0 < 6" < 1), 

о ДОДА (а+өө'ъу=^ “т? (w7+6'h) 

n+l ; 


Let h-—-0,then 
(n4 1), 
Lt 6 ferta) 770) as 70202) is continuous. Further 
as /'®+ (д) Æ 0, we get 


148-1. | 
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11. Ita «c b and J"(«) exists everywhere in (а, b), prove that 


f(a) f(b) Fle) п 
(220) (а 20) (b—c) Фа) (с—а) (c — 5) ©"), 


wherea < < Б. Deduce that 
fle-+h) - 90а) +) = #5), 


where Ẹ lies between ©—h and +h. 


[ Consider the function 


_(ш—Ь)(а—с) (к-с) (x-a) (z—a) (==) 
$67 25) (a ey 9 (56) (cay О С E Tem 5 (0-79: 


Qa —(b--c) 9x —(c--a) Qa — (a+b) 
a —b)a-— c f(at 7 (=a)? (т (с—@)(с zy ©) 
—f(a), 


then (x)= ( 


ту 2 2 2 
and #"(0)= оао) О a ОЛЕ 
—7'!(@), 


Now 4(c)—0 for s=a and z—c ; therefore by Rolle’s theorem, 
$''(z)—0 for 2=,, where @ < En 0с. 

Again Ф(0)=0 for v=c and z—5 ; so $(a)=0 for 2 —£s, where 
с<&, «€ b. 

Hence 9$'"(z)—0 for @=$, where & 

This gives at once 


f(a) f(b) OMe 
Go aco 6-9 (=a) (=a) (0=8) 3f" (£). 


<i<k,,ie,a<5 < 0. 


Putting а=т-о=® and b=a-+h, we obtain 
Яа) ofa) +i -m= FE), 
where z—h zt«sth.] 
12. Justify the Maclaurin’s expansion of 
(i) е sin bz, 
(22) "^ cos (ba+d), 
(iii) are tan v. 


13. Show that log v and cot 2 cannot be expanded as Maclaurin’s 


series. 
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14. Show that 
2 ES 22+1 
> 0). 
Sat ^87. “оўот ^9 
(Math. Tripos 1931, 1933, 1936) 


15. It x be positive, show that NUNT and deduce that 


ШИ 
Lt 7 
т>0л" v 
[ First let n be a positive integer, then 
1 
part te 


a” 


pc 
Ut 


© 2 m we 
б +22 4... 42" oe mgr 
21 n! 


Now т being fixed and e°” — co as ш —> оо, we have 


Lt oz" 
) Bes ОЁ tae ep (ш) 


n 
Next let m < n < m+1, where m is an integer. Then E li 
ml 

tend to zero as x tends 


m 
between ^s and = » both of which 


to 55: 
Di Lt z^ 0. 
zoo $8 
Now put z* =; then 
215 т 
«зо бте y st =o, by (1) 


L pn 
It follows that ES (иаа) a} =o, 
1 


Thus ox (a polynomial in 10 as 2—0. | 
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16. Show that the function defined by 


1 
J(z)—6** when «0 and /(0)=0 


possesses continuous derivatives for every value of 2 but it cannot 
be expanded as a Maclaurin’s series. 


[ We have 
= 
, ү fla) УОЛ ИЕ Жегу 
/'(0)= 0 ge OES 15) 
i 
ans — 267% 
(= ; when 2240. 
:l 
„+ gay Ds f(z)-f(0).- Lt, 9575 
КОЛО) hen ae 


-1 
f(a) = (3-7. when 270. 


zm 
Аш Ds 5-5) el =0 


Proceeding thas, we can prove that 
1% (0) = D ү polynomial in 1. "i =0 
2—0 (л 


The function defined above has derivatives of all orders at 2=0, 
and their values are 


f (0) "(0)" (0) = = FO) = + = 0. 


Hence the Maclaurin’s series for the function is 
f(0)+2f'(0)+55 = уто) poo О 
ALME 


which is convergent having a sum equal to 0 ; but this is certainly 
not equal to f(z) for any value ofc other than 0. This example is 
due to Cauchy and the function is known as the Cauchy function. 
Tt is not an analytic function. ] 


CHAPTER 9 
MAXIMA & MINIMA: INDETERMINATE FORMS 


91. Maximum and minimum value. 


The value f(£) assumed by f(z) at z—£is a maximum value of 
f(z) if for any value ofz in the neighbourhood 0< | z—5| < ô 
of E, Да) < f(E) ; or putting e—E=h, f(E+h) < fE) when 0 < | h| 
<6. In other words, f(É)is a maximum value of f(a) if f(+h) 
—f(§) is negative whether h be positive or negative provided it is 
numerically less than 6. à 

Again f(&) is a minimum value of f(x) it tor any value of ж in the 
neighbourhood 0 «| 2—E| <ô оё, f(x) > fÊ), or it z—&-nh, 
f(E+h) > f(£) when 0<|h|<6. Stated otherwise f(£) is a 
minimum value of f(z) if f(£4-h)—/(£) is positive, whether h be 
positive or negative but numerically less than 6. 


The common name for a maximum or 


a minimum is an 
extremum, 


9'2. Theorem. A necessary condition for а 
minimum value of f(a) at e=é is f'(£)—0, if it exists. 


We suppose f'(z) exists at c=é and is continuous. Let f(a) be 
a maximum at œ=, It is easy to see that in the left*neighbour- 
hood of 5, f(z) is an increasing function and so f'(v) is positive. 
Again in the right-neighbourhood of § f(a) is а decreasing function 
and so f'(x) is negative. Thus as 2 passes through £, f'(z) changes 
from a positive value бо a negative value and being continuous, it 
must pass through а zero-valueatw=é .*, f(£)=0. 


maximum or 


Next let f(z) be a minimum at z—£. In the neighbourhood 
to the left of ё, f(x) is decreasing and hence f'(z) < 0, whereas in 
the neighbourhood to the right of & f(x) is increasing so that /"(z) 
> 0. Thus as 2 passes through &, f'(x) changes from а negative 
value to a positive value and therefore f'(z)—0 at z—£. 

Thus if f(€) be an extremum value of f(z), /'()=0. 

To sum up, if the sign of f'(x) changes at e=€ from positive to 
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negative, then f(E) is a maximum value of f(x) and if it changes from 
negative to positive, then /(é) is a minimum value. 


Alternative Proof. 


Suppose f(€) is а maximum. Let0 A <5; 
then f(éth)—f(é) < 0. 


s Е) о. во D FERRI o, 


ог ВЈ! (5) < 0. Again {f(E-h)-F(ER(—h) > 0 


Lt f(€-h)— 
and so ЕЛ8 


> 0, io, Lf '(E) > 0. 


Now since f'(£) is supposed to exist, Rf'(£)— Lf'(5) and this is 
possible only if f(€)=0. 


The proof when f(é) is а minimum is exactly similar. 


93. Alternative condition for an extremum. 


If f(z) has a continuous second derivative f(x), we may state 
the conditions for a maximum and a minimum in another way as 
follows : 


Theorem. If 7'(8)=0 and f"(£) ғ 0, then f(z) has an extremum 
at z—£, а maximum if /"(£) < 0 and a minimum it f" (E) > 0. 


Supposing f'"(z) « 0 in 0< |s-é| <ð; then in this 
neighbourhood of &, f'(x) must be a decreasing function and as £48) 
=0, it must change from а positive value to a negative value passing 
through a zero-value аб 2=§.. Hence f(s) is a maximum at ё. 
Moreover as f'(z) is continuous and negative throughout the 
interval, /' (6) < 0. 

Again if f(a) > 0 in 0 <|a2-&|<6; then in this interval 
f'(z) is an increasing function and as f '(£) = 0, it must increase from 
a negative value to а positive value passing through a zero-yalue 
at é Hence f(a) is а minimum at E, f" (c) being positive throughout 
the interval, f" (5) > 0. 

It f" (£) = 0, the case is best treated by an application of Taylor's 


theorem. 
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9'4, Application of Taylor's theorem in finding extreme 
values of a function. 

In what follows, we shall suppose that f(a) and its derivatives 
which occur are all continuous. 


Theorem. Let f(x) be a function such that f’ (&)=f" (£) =: 
—/0-X£)—0, but f™E) Æ 0. Then f(E) is 


(i) а maximum value of f(a) it f™(&) < 0 and n is even ; 
(ii) a minimum value of f(x) it f ?(£) > 0 and n is even; 
(iii) neither a maximum nor а minimum if z is odd. 


Expanding f(€+h) by Taylor's theorem with remainder after 
т terms, 


желе, MEF = Mth MOET be T pony 


n 
HE f™(E+6h), 0 — Ө < 1; so that by virtue of the conditions 


stated above 
ле) f()- 05 FELON), 


By supposition f(z) is continuous and f "(£) z 0 ; we can there- 
fore find a neighbourhood of & viz, O0 «| z—£ | « ô, at every 
point of which f(z) has the same sign as that of f(E). Thus for 
every point of this neighbourhood f™(&+6h) has the sign of /%(ё). 


Let n be even. It f£) < 0, f(E--h)—f(£) has the same sign 


h^ s 
as that of E fCXE) and whether h be positive or negative, > is 
| т 


always positive. во that f(E+h)—f(&) is always negative whether h 
be positive or negative. Therefore f(f) isa maximum value of F(a). 
It f "X£) > 0, it can be seen as above that f(E+h)- f(E) is always 
positive whether his positive or negative. 


So f(£) is a minimum 
value of f (a). 


тъ 


5) may have, as 4 
n! 


changes sign with the change in the sign of h, f(E--h) — f (£) also 
changes sign with h. Hence f(§) is neither a maximum nor a 
minimum, 


Let n be odd. Whatever definite sign f( 
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9'5. Alternative treatment. 

Let f(x) be a function possessing derivatives of the first n orders 
in the neighbourhood 0 < |z—£| < 6 of z—5 ; suppose further that 
f'(E) 2j" (8) -..—f0—8)—0 and f™ (x) does not vanish at any 
point of this neighbourhood. 

By Taylor's theorem we evidently have 

n-1 
Дё+ъ)—(&= E — — p» (E-+0n) 
(n— 1)! 
where 0 < |h| <6 and0 «0 — 1. 

Suppose / (2) < 0; then f-(x) is a decreasing function. 

Therefore for h > 0, f"-» (£--gn) < f(-? (£)=0, 
ie, 7-0 (E+0n) < 0. 


Again for h < 0, f-» (€+6h) > f("-? (£)—0, 
de, "У (E+0h) > 0. 
If now n be even, 
f(£--h)—7f(£) < 0 whether h be > 0, or < 0. 
f(x) is a maximum at z—£. 
If n be odd, 
f(£-t-h)-f(E) <0 when à > 0, 
and +5) -7() > 0. when <0. 
(Ê) is not an extremum. 
Next let f™ (x) > 0, then f-” (д) is an increasing function. 
So that for h > 0, f(?-? (E+@h) > f™- (£)—0, 
io, f°? (E+6h) > 0; 
and for h <0, f"-? (E+@h) < f% (£)«0 
ie, (0%) (E+0h) < 0. 


If n be even, 
f(E+h)-F(4) > 0 whether h be > 0 or < 0. 


f(a) is a minimum at z—&. 
It n be odd, 
f(£4-n)-f(£) > 0 when h2 0, 
and f(é+h)—f(€) <0 when h <0. 
.. f(E) is not an extremum. 
Hence if 7“ (é) be the first derivative which does not vanish, and 
n is even, f(E) is а maximum if f™ (f) « 0 and a minimum if 
f (£) > 0; if т be odd, f(€) is neither a maximum nor a minimum. 


E.M.A.—9 
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96. Working Rule: The working rule for finding the 
extreme values of a function is to find the roots of /'(z)—0. If for 
any of these roots, say é f™ (é) is the first derivative which does 
not vanish and т is even, /(£) is an extremum—a minimum if 
f™(2> 0 and a maximum it f™(¢)<0. If m be odd, f(£)is 


поб an extremum. 
9'7. Case where f'(x) tends to infinity. 


We have seen that f(&) is an extremum it f'(x) changes sign in 
passing through É. Now a function in general changes its sign in 
passing through a zero value. А function may however change its 
sign in passing through an infinite value. Hence we infer that the 
values of c which satisfy f'(r)— ^9 may furnish maximum and 
minimum values. 


а 
An example to illustrate this is the function f(z)—27?. This 
has a minimum at z—0, furnished by f'(z)— cc. 


9'8. Stationary value. 


A function f(v) is said to have a stationary value for ъ=, it 
/'($}=0 ; then f(&) is a stationary or a turning value of f(x). The 
name stationary arises from the fact that the rate of change of the 
function f(x) with respect to а is zero for such a value of a. 

It may be noted that a maximum or a minimum value is a 
stationary value, if f(x) has a point of inflexion, its value thereat is 
a stationary value. 

Note. It is easily seen that 

(а) maximum and minimum values of a function occur alternately ; 

(b) a maximum value is not the absolutely greatest value nor а minimum 


value the absolutely least value, Ав а matter of fact, a maximum value may be 
less than а minimum value. 


99. Indeterminate Forms: True values. 


A function f(z) that is in general well defined for a certain range 
of values of the variable т, may for a particular value of it, a say, 
take an indeterminate form (such as 0/0) that has no meaning. 16 is 
possible, however, that f(x) may tend to a definite value A ава tends 
toa. Although f(z) is really undefined and has no value that can be 
calculated by the ordinary rules of algebra when 2= 0, yet it is 
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customary in such a case to call f(a) an indeterminate form and to 
define A as the value of f(z) for «=a, The value thus assigned by 
the definition is called the critical value or the true value or the 
continuity value of f(x) when а= а. 

It is to be clearly understood that this ‘true value’ is assigned by 
definition and is therefore arbitrary ; but there is a certain advan- 
tage from the procedure, namely f(x) becomes continuous up to and 
including the value а, it being supposed that f(x) is in general 
continuous. 

910. Typical forms. 

A function becomes indeterminate when, for a particular value of 
the variable, it assumes any of the following forms : 


0/0, «о/о, e — œ, 0x eo, 0°, ео", 1°, 
In many cases the critical value is found most simply by 
algebraical and trigonometrical transformations and the use of series. 


911. Method of the Calculus: 

I. Form 0/0. L'Hospital' rule. 

We get this form when the two terms of the fraction (ш): F(a) 
which are both continuous vanish simultaneously for «=a, The 
true value is determined by the application of an important rule, 
known as L'Hospital's rule*, which can be stated in two different 
forms. 

First rule: If the two functions f(z) and F(s) and their 
successive derivatives up to the (n—1)th order vanish when 2=а, 
and if moreover their derivatives of the nth order exist at the 
point a but are nof both zero or both infinite, the true value (finite 
or infinite) of f(x) : F(z) at the point a is fX) : F(a), that is to 


say 
L& Да) fa) 
z--a F(x) F(a) 

Since the mth derivatives are supposed to exist, if we put 


a=ath and expand by Taylor's theorem, we get 
n n 
fathj=t M, Flath=* an. 


n! 
* L'Hospital enunciated this rule only under а geometrical form and that in 


а very simple сазе; he borrowed it from Jean Bernoulli. 
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where Mand M, have respectively for limits the derivatives f(")(a) 
ара (а) when h tends to 0. It follows that 

Lt f(x) | Lt fla+h) т, M af Ma) 

2-а F(z) h-0F(a4-h) M, F(a) 

Second rule: If f(z) and F(x) vanish at the point a, the true 
value of f(x): F(x) at this point is the limit of the quotient 
f(a) : F'(z)tor c=a, provided that this limit, finite or infinite, is 
determinate, In particular, if f(z): F(x) is still of the form 0/0, 
the true value of f(z) : F(z) for w=a is the same as that of 


f'(x) : F'(x) supposed determinate. This rule holds when we consider 
only values of 2 > a or only values < a. 


The result follows immediately from the mean value theorem of 
Cauchy. Since f(a) and F(a) both vanish, we get by Cauchy's 
theorem, 

flath). f'(a+on) 

F(at+h) P'(a4-0h) 
and it would be sufficient to observe that ӨЛ is the same quantity in 
the two terms of the fraction, that it has the same Sign as h and 
that it tends to 0 with it. 

But this rule is subject to the same conditions as the theorem of 
Cauchy on which it depends, viz., (i) the derivatives should be finite 
and determinate in the neighbourhood of a(except possibly at a); 
(ii) as œ tends toa, f'(x): F(x) may take the form 0/0 only a 
limited number of times, 

Case where a tends to infinity: ТЇ ав v increases indefinitely, 
the derivatives exist and the preceding conditions hold, the second 


rule is applicable to the case where a= co or —co, Thus when 
@ = ©©, we have 


(0 «60 — 1) 


Diae L LN Lt =”) n, fe 


a>co F(s) 5-50 F(t) 20 "Lir o-oo P'(z) 
x V 


оо J H ` 
II. Form z: Ш Hospital's second rule is applicable to the 
determination of the critical values of fractions, the two terms of 
which increase indefinitely in absolute value for a particular value 
а of a. 


INDETERMINATE FORMS 133 


First, let f(z) and F(x) Ъз infinite when z is infinite. Suppose 
further that f'(z) : P'(z)4 when z—29. Let с be a large but finite 
value of æ ; then using Cauchy's theorem and putting т for b and c 
for a, we have 


Ќа) fle) rE А 
Адаїп 
HKA _ f(z) 1—f(eJf(m) 
F(x)—Fle) F(a). 1-F(e)/F(zx)’ 
hence 


fla) (0 1-FlcV Fla), 
F(z) F'(§), 1-fle)/f(x) 
Now let c be taken so large that f '(£)/F'(5) differs from its limit 
A by less than €, and let c be then kept fixed; f(c) and (с) will, 
though large, be finite. Then let 2 be taken so large (and this choice 
is possible since f(«), F(x) tend to co) that the second fraction on the 
right shall differ from 1 by less than €s. The fraction f(a)/F(a) is 
now the product of two factors, the first of which differs from its 
limit by less than €, und the second of which differs from 1 by less 
where €, and €a may be as smallas we please. Hence the 


than є, 
limit of f(z)/F(z) is A ; that is 
гь f(z). Lt f(e) 


e-xcop(s) € 9*PF'(m) 


Next let f(a) and F(a) be infinite, a being finite. The substitution 


sal 
2 


reduces the problem to the evaluation of the limit for 2— cc, and 


therefore the theorem holds in this case also. 
The other forms of indetermination can 


III. Other forms : 
the preceding by suitable transformations. 


always be reduced to 
The forms 0°, 22°, 1" are reduced by taking logarithms. 
Examples : ` 

1. If f(z)=læl, show that f(z) is a minimum at 2=0, 


although /'(0) does not exist. 
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2. Determine the extreme values, if any, of 


at 


(z—1)z—3)" 
and examine which of them is a maximum and which a minimum. 
( C. H. 1964 ) 
3. Determine the finite maximum and minimum values of 
(z--1Yo-E-4) ( C. H. 1963 ) 
(z — 1)(z — 4) 
4. Discuss the maxima and minima of z?/(1—2)*. (С. Н. 1960) 
5. Find the maxima and minima of sin т cos?z for 0 < т< 97. 
( C. H. 1964 ) 
6. Find the maximum value 2”y”" if z-4-y-—k, a constant, the 
quantities being all positive. Hence show that 
ат” < (сєк 
m+n 
except when а=. (С. Н. 1965) 


7. Prove that the maximum of a® is at =e. ( C. Н. 1965) 

8. Show that if «> 1, the expression (a—1) аа has an 

extreme value equal to log {(ae—e) log al/log а and determine 

whether it is a maximum or minimum. (С. Н. 1963) 
9. Determine the extreme values of z^ —5z*--5z? —1. 

(С. Н. 1965) 

10. What is a stationary point of a function? Determine 

the maximum and minimum values of 1975 —152* —402?--1, and 

show that there is a stationary point at which the function is neither 


a maximum nor a minimum. (С. Н. 1962) 
n 
; Lt z 
1. Find , jo (cos ma)”. ( C. H. 1966) 
t 
12. Evaluate (0 a Do (ate x 07) : 
log (12-2)! ' 
у Lt loge? | i" efr 1 i 
(ур 160260622 ' ш) э б [- ~<a log (1+2) ] i 


z—sin-'g 


eT 
Go) , с 0 sin'a 220 (cost, (C. Н. 1965) 
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13. Find the value of 


В Lt cos mgs , 
9 q — } 629 — дет ' (i) ra d 0 (1+sin c)eot ёт; 
НА Lt 2?-2cosz-2. Lt ЗЕ 
(И) Ега) ; v) > 005 a) 


( C. Н. 1964) 


1 
14. Evaluate (i) ,. D. (1+2)F (#) „ үс Deum ; 


ке (iv) Lt eine 
(iii) NM > 2 => 0ш ( C. U. 1963) 


15. Determine the value of 


1-4sin 
; Lt sen Wee Lt 6 
(8) > o (808 2892: (id) е 
(ТОН? 1961 ) 
16, Show that 
1 
Те сро) ae е ЕЕ 
(i) ast) E x 3e; 


Lt аљ еее Sih, 
8H) 20 94 ' 


17. И/(ж®)=т° sing 1 and $(a)=sin а, show that although 


L Lt f(a) 

S SO ИС] а 

E 248 i does not exists » -> 0 d(z) exists and is equal to 0. 
Lt zu 


8. If f(x) x —sin v and #(а)= „> co Fa} exists and is equal 


2) 
to 1, but ee) fe does not exist. 


19, Prove that 
Lt eats 
d) galt шо st = Vets 
Lt fleti), 


i o Wala o fe) 


(9) g> + 


d the limits on the right-hand sides exist. 


provide (Cauchy) 


CHAPTER 10 


RIEMANN'S THEORY OF INTEGRATION 


101. Primitives and Integrals. 


Given a function f(z), if there is a function $(z) such that 
$'(z)=f(a), Ф(ш) is called the indefinite integral or primitive of 
f(z). It 4(z) be a primitive ot f(x), d(z)--c is also a primitive of 
f(a), с being an arbitrary constant. 

The part of integral calculus which treats of integration as the 
inverse of differentiation may be called the calculus of primitives. 

The integral on the other hand, when viewed Seometrically, is 
an area. If y=f(z) has a continuous graph, the area ineluded 
between the curve representing f(z), the z-axis and the ordinates at 


2=а and 2=b is called a definite integral and represented 
symbolically by 

b 

f fas. 

a 


As Analysis is to be independent of geometry, we shall presently 
give an analytical definition of the integral as the limit of a sum. 


The Fundamental Theorem of the integral calculus, 


which we 
shall prove later on, viz., 


b 
f а) da — F(5) - F(a), 


where F(z) is the primitive of f( 
between Primitives and integrals ; 
distinction between the two is that 
there are no general rules for the c 


t), establishes some connection 
but this does not go far. The 
while integrals can be calculated, 


alculation of primitives, 
102. Analytical Definition of a Definite Integral. 
Theories of Integration. 


There are mainly two theories of 


integration ; one due to 
Riemann and another, 


and a more recent one, due to Lebesgue. 
Whereas the latter theory is more general, the former is much 
simpler. We shall discuss here Riemann's theory of integration. 
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Riemann's Theory of Integration. 

Let f(x) bea bounded function, continuous or discontinuous, 
4n the interval (а, b), œ < b. Divide (a, b) into a finite number n of 
sub-intervals by taking intermediate points 

а=, < 21 «ov. L <A < En =b. 

Let M and m be the upper and lower bounds of f(x) in (a, b) and 
M, and m, be the corresponding bounds of f(x) in the rth sub- 
interval (2х1, 2) and let б, be its length. Let 


Sce, -a)l (e, а) мааа) = BM 


n 
and s—(z,—a)ma (ss — &3)ma d (0 — 2,-.)m, = тд, 


S—X1/,0, is called an Upper summation or an upper approxi- 
mate sum for the integral of f(x) da ; and з= Xm,ó, is called a lower 


summation or a lower approximate sum for the same integral. 


Now т < т. < Mr «M; 
NXmó, < Xmjr < 5М,5, < EM, 
ог т-а) <5<5 < AM(b — a). 

Hence both S and s are confined between AM(b— a) and m(5 — a). 

Tt is clear that if we divide the interval (a, b) into sub-intervals 
in any other way: either by changing the positions of the points 
Q4. Zares Ün-i OF by altering their number and form corresponding 
d s, they are also confined between 200 — a) and m(b — a). 


sums 5 an x3 
for any one mode of division of (a, b) must 


Also the sums $ and $ 


satisfy the relation 
S >s 


We can prove also that no S can be less than апу s, 4e, S >s 
hey are formed from two different modes of division. 
sub-intervals (д walilo iha eo 
ls and let 


even when f 
[ Suppose each of the 
be divided into smaller interva 
Qs Yas Yor i: УК—1' шц, Yeti c Yl-as Lo, УШЫ c s 
be the points of division of the new system. This new mode of 
is called consecutive to the first. Let 5 and © be the upper 
pect to this new mode of division of (a, Б). 
rtions of the two sums 2 and S contributed 
Let M'i, M's, ..., M'y be the upper bounds 


-division 
and lower sums with res 
Let us compare the po 


Љу the interval (аз, 23). 
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of f(z) in (а, yi), (ys, y), ... (ук-1, 21). The position of X which 
comes from (01, 2,) is 

M'i(y; —a)-- M (ys — ,)4---- + Myla —Yn-1)s 
and since M',, M’s,..., М' are < My, the above sum is < M,(#,—a). 


Similarly the part of X contributed by (шу, Ta) is < Ms(v,—21) 
and so on. 


ОСД 

It сап be shown in the same way that © > s, 

Let us now consider any two modes of sub-division and S, s and 
S', s! be the corresponding upper and lower sums. If we suppose 
the two modes of sub-division to co-exist, we get a third mode which 
may be considered as consecutive to either of the two, 
vie Se «Sid 2 s; =< 5с > 3’, Also 3 > c, 
Hence 5 <©<5<$'апйз<с< 5<$, 

or SZ s'andS' >s] 

Ав S is never less than m(b—a), it has a lower bound T. 
Again since s is never greater than M(b—a), it has an upper 


bound J’. Further as none of the sums S is less than any of the 
Sums s, the bound 7 cannot be less than 7". 


D 


Sus HINC TRA 
The lower bound I of the upper sums S is called the upper 
integral of f(a) dx in (a, b) and denoted by 
b 
T= |а) dz. 
a 


The upper bound 7’ 


Р of the lower sums s is called the lower 
integral ot f(x) de in (a, 


b) and is denoted by 


b 
T= (да) аг 
а 


The existence of the Bounds, 


І and T, are assured by the 
following theorem ot Darboux, 


Which we assume without proof. 
103. Darboux's theorem. 


The sums S and s tend respectively to I and 7' when the points 
of division of (a, b) are increased indefinitely so that all the partial 
intervals tend to zero. 


Stated more precisely: If the positive number € ig chosen, 
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there is a positive number ô such that for all modes 
of division of (a, b) into partial intervals in which all of them are 


less than or equal to б, the sum S exceeds I by less than € and the 
by less than €, that is, S-I-* and I'—s<e. 


however small, 


sum s falls short of J’ 


[For proof see Carslaw, Theory of  Fouriers Series and 


Integrals, Art. 40, p. 79; or Goursat, Mathematical Analysis, 
Art. 72, p. 151. ] 
104. Integrability of a bounded function: Necessary 


and sufficient condition. 

A bounded function f(x) defined in an interval (a, b) is said to 
be integrable* in that interval if the two sums S and s approach 
the same limit when the number of partial intervals is indefinitely 


increased in such a way that each of the partial intervals approaches 


zero. 
The necessary and sufficient condition that а function be integra- 


ble in an interval is that corresponding to any positive number €, 
‘another positive number 8 exists such that S—s is less than € when- 
ever each of the partial intervals is less than 6. 

ту, for if S and s have the same limit J, 


The condition is necessa 
we can find a positive number 6 so small that | S—I| and| 5—7] 
n f whenever each of the partial intervals is less 


are each less tha 


than 6. 
6=5=8-1+1-8 
p e 18-21 *ls-1l 
cM 
«e 


The condition is also suficient. 


We are given 57S «s 
Nom LB ponent ее 
B І-І © 8—5 < є. 
d s т=І', and the function is integrable. 


x That is integrable according to Riemann, whichis often denoted as 


‘R-integrable’. 
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Thus when the condition is satisfied, the function is integrable in 
(a, b) and the common limit I is called a definite integral, represented 
b 


by the symbol f лә dz and is read "the definite integral of 


а 


7(@) dz between the limits a and b". ais called the lower limit and 
b the upper limit. 


105. Another definition of a definite integral. 
Consider the sum 
Х.е: —a)--f(&sYXzs Le) з + 7.) ==) ts 
+f(é,)(b-—an-1), where &, is any value of z in ôr, i.¢,, in (v, .,, v, ). 
Then since mr < f(5,) < M, where т. and ЛГ, are the lower and 
upper bounds in 6,, D m, 6, < X f(£)8, < x М, ôr 
tens < 5 f(£)o. < 8, 


E 
sand S being the lower and upper sums for the above mode of 
division of (a, 5). 

If now f(x) be bounded and integrable in (a, 5), 
E b b 
Io de= ла) de= |а) йз. 
а a a 
By Darboux’s theorem 
o b 
8« fia) dzke- ffG)deee — (8) 
a а 
b b 
and s> fro dg- e= fro dæ — є w (8) 
a a 

where the partial intervals are each less. than ô. 

From (1), (2), (3), we find that when the partial intervals are each 

less than ô, 


b n b 
//в)ав-< > уу», < Јо dets, 
a 1 а 


n b 
е. | 2 f(&.) à,— f f(x) da | <e, 
1 a 


RIEMANN'S THEORY OF INTEGRATION 141 


Observe that when all the partial intervals tend to zero, n tends 
to infinity, and we get 


EE Š ina- 1i Ла) dz. 


Note, Cauchy's definition of tho integral of a continuous function f(x) 
between the limits a and b : 
Cauchy took £y to be the value of f(z) at one end of the interval бу, so that 
b 
fre dz =14 ((e, —aM(a) + (wa 2) fen) + -+ b а) а) 
a 


when the greatest of the sub-intervals (z,.,, жу) tends to zero. It is obviously 
a particular caso of tho above definition. 


10°6. Classes of Integrable Functions. 
(a) A function continuous in a closed interval is integrable in 


the interval. 

Let f(x) be a function continuous in the closed interval (a, b); 
it is therefore bounded in (a. b) 

A continuous function has the property that corresponding to 
there exists a positive number 7 such that 
n is less than €’in any interval of 
VI, Cor. II). Dividing (a,b) into а 
each less than 7, the oscillation of 
han €’, If, be the oscillation in 
being the upper and lower bounds 
e have 


any positive number e, 

the oscillation of the functio 

length less than 7; (Art. 6'5, 

finite number of sub-intervals дг» 

f(x) in each sub-interval is less t 

ôr, i6., 0, = M, — Mr, Mr and m; 

of f(x) in ôr, then ©, < є! and W 
S—s-X(M- —m;) 0,— X 910r < e'xà,—e'(b— a), 

where S and s are the upper and lower sums for the particular mode 

If we take e! =e/(b—a), we get Н 

. sos = ©, 

showing that f(x) is integrable in (a, b). 


(b) A monotone function (increasing or decreasing) is integrable. 


of division. 


Take a monotone increasing function, f (x) in (а, b). Then f (c) is 
bounded in (a, b), f(a) and f(b) being the lower and upper.bounds. 
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Divide (a, b) into n sub-intervals, each less than 1, by the points 
20=0 < 9, < та <... < 201-3 < Tab. 

Then S=f(sı(£1—a)+ =) —ж,)+-Е/(Ь(Ь—һ-а), 
s—f(aY(v.— a) tfziXos s) t= + ltn- Xb more 
5$—5=(ш{-@){ Ја.) - fla} + (ze =.) Йаа) 

t(b-25-1)0(0)— 0-1) 
< 1/01) – Ҳа) +) — Лаа) +++ +) -ftn 
<n{f(b)— fla). i 
The function being bounded, f(b) — f(a) is a definite finite quantity 
‘and if we take 


€ 
"= Q8-fuj 

we have S—s < є. 

Hence f(z) is integrable in (a, b). 

A similar reasoning will hold for a monotone decreasing function. 

(c) A bounded function with an infinite number of finite 
discontinuities is integrable if the points of discontinuity can be 
enclosed in intervals the sum of which tends to zero when the intervals 
are indefinitely diminished. 

Let the bounded function f(x) defined in (a, b) be discontinuous 
only at the infinite set of points P,, Р,...Р;,...; enclose Р; in an 
interval A; of which the length is as small as we please; then if 
Lt 3^;-—0, the discontinuous function is integrable in (a, b). 

Now S—s- 50;0;, 

The intervals б; may be divided into two classes—(1) those 
which enclose a point of discontinuity of f(z); (2) those which do 
not. Denoting an interval of the first type by ô: and one of the 
Second type by ôi”, we may write 

S—s—Xo/8/ -- Xo/!5/ 
SVIE +0758", 

where 9^ and 2” are the greatest of ,' and о" 

Now 36;"’ is a finite quantity, 
again as 0; — 0, we can make ôi!” 


respectively. 
not exceeding 0 — о, equal to k say ; 


as small as we please. Also we can 
make 9" which is the greatest of a c. 


Qk 
Next f(z) being bounded in (а, Б), the oscillation of f(z) in any 
sub-interval of (a, b) is finite - 


> thus all ©,’ are finite therefore also 
o'(=1 say). 
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Further, by hypothesis, the points at which f(z) is discontinuous 
сап be enclosed in a set of intervals, the sum of whose lengths can 
be made as small as we please. 


"Therefore we can take 36,’ < ar 
€ € 
Hence S—s <a ta 


<e 
and so f(x) is integrable. 


Cor. 1. As a particular case of the above a bounded function 
having a finite number of finite discontinuities is integrable. 


Cor. 2. If a function f(x) is bounded in (a, b) and the set of its 
points of discontinuity has only a finite number of limiting points, 
then f(z) is integrable in (a, b). 


Note 1. It is to be remembered that in the definition of the definite integral 


b 
fre dæ, the function f(x) is bounded and the limits a and b are finite. 
a 


Note 2. When (a, b) is divided into sub-intervals, tho sub-interval of 
greatest length is called the norm of the division, and to say that all the sub- 
intervals tend to zero is the same as to say that the norm of the division tends 


to zero, 
Examples : 
1. Show that for the function defined by 
mu PT 1 
f(x)=a sin 23275 90573 (270) 
=0 (w=0) 


there exists a primitive but no integral in (—1, 1). 
Set wr ipl 
[ f(x) has a primitive 9° sin гъ for 2740 and 0 for z—0; but 


in (—1, 1) it has no integral. ] 
A Te О 0) rend /(ш)=1 (v —0), f(x) has an integral 0, 
but no primitive. 


[ We cannot find a function Ф(шж) such that ¢'(7)=0 when 20 
and ¢'(x)=1 when z=0 ; hence f(z) has no premitive. f(x) has one 
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point of discontinuity, namely z=0. Neglecting this, we find that 
the upper bound and lower bound are both 0 elsewhere. 
7. the upper integral=O=the lower integral. Hence f(x) has 
an integral 0. ] 
3. f(x)—k, when 2 in an integer, 
=k’, when a is not an integer. 
Show that f(a) is integrable in any range (0, т). 
[ f(z) is discontinuous at all integral values of т between 0 and 
m ; and the number of such points is finite. Neglect these. At all 
other points, f(x) is continuous ; hence the integral exists. ] 
4. Қа) = Е, when c is rational 
—k', when z is irrational. 
Show that f(a) is not integrable in any range (a, b). 


Б b 
[Itt > W, ff) as-k 0-2. frw аз=®(У—а); 
39 а 
the two are not equal. ] 
5. It f(c)= Ji—g? when z is rational, 
=1- 20 when z is irrational. 
Show that the upper integral in (0, 1) is 1 and that the lower 
integral is 2. (С. Н. 1966 ) 


6. А function is defined in (0, 1) as follows : 
1 $ 
les at all rational points T in its lowest terms, 


=0 at all irrational points. 
Show that f(z) is integrable in (0, 1) and the integral is 0. 
€ 


E 2 
g 40 4 < T 


[ If € be any positive number, however small, PUn 

q 
=т say. At a rational point fla)=" апа д сап be given positive 
integral values 1, zu 3... Now the set of values of а for which д < "m 
is finite and this finite set of integers can be enclosed in intervals the 


sum of which 6; ean be made arbitrarily small, 1.6, < 55 The other 


rational points, infinite in number and for which q > m, can be 
enclosed in intervals the sum of which 62=1-6, <1. Thus there 
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are two sets of intervals, the first set containing a finite number of 
rational points enclosed in 6, and the second set containing the other 
rational points between 0 and 1 enclosed in ôs. Both sets contain 
rational аз well as irrational points. The maximum value of the 
oscillation of f(z)in an interval of the first set is 1 and the part of 


S—s arising from the first set is < 1.61 < 5 ; the oscillation of f(x) 
in an interval of the second set is < 5 and the part of S—s arising 


from the second set < y бе < y 1-$. Thus for the whole inter- 
val (0, 1), S-s< g*g7* So f(x) is integrable in (0, 1). 


Since any interval of either set contains irrational points, the 
lower bound of f(z) in any sub-interval is 0 and so the lower integral 
is 0. As the function is integrable, the upper integral=the lower 


integral=0. 


So (лә) dx=0. J 


7. Show that every function which is constant is integrable. 


[Let (2) =, а constant. Prove that 


freee fie )dz-M5—2).] 


B. A function f(a) is Mo in (а, 5), show that 


р 2 К 5 
fi f(a) de=k [лә dz ; f i f(x) йв=® fro da, 
а а а, а 


itk is a positive constant ; and 


J 2 P 
fi f(a) йл=Ё fre ах; fi f(x) dv k fo de, 


it k is negative constant. 
Е. M. A.—10 
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Hence prove that if f(z) is bounded and integrable in (a, b), so is 
k f(z) where k is any constant, and that 


b b 
f? /(в)йв= | f(a) dz. 


[It M, and m, be the bounds of f(z)in ôm kM,, km, ате the 
bounds of f(s) when k is positive and km,, kM, are the upper and 
lower bounds of k f(a), when k < 0.] 


9. A function f(z) is integrable in (a, b), show that 


т=п - b 
(ф Le > маъ) f f(a) ds. 
` т=1 а 


where h — 0, > со and nh —b - a. 
ретп 


b 
(ii) Lt > Har? \ar? аг) file) ax 
р=1 а 


а 


when 7 — 1, п> co, Dub 


b 


10. Apply Ex. 9 (i) to evaluate f^ dz where m is a positive 


a 
integer # 1. 


[ Divide (a, b) into n sub-intervals by the points a, ar, ат, 
ar*-1 ZI =b) Н 
ат Тһе intervals tend +00 as r— 1. 


continuous function the integral exists. Now 
b 


a” being a 
DoD TE ana) A ү... 
J EN [a" (ar — а) + (ar)" (ar? — ал)+ 


(ar -* "(ay = ar*-1)] 
(r—=1)+ + (ar^ 13m*1(s — 1)] 


ll 


Lt [g"*1(,— 1)4- (art 
T1 


m+ 
Дре Кенин ара)... Ант) 


= Lt [ese er 
rl PRR 
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t Lt (ar? ^ *1 — д"+1 


7-1] mel 


T 


LS —а"+ї® ] 
m+1 


T 


11. Use the definition of the definite integral to evaluate 


b b b 
(i) fs c dz, в) f cos ж da, (iii) f sse dz. 
a a a 


b е n 
[ (i) We have fin 2 dz —Lt tto, — mi) 
a 1 


where M, > By my. 


and since (z,—2,-,)—- 0, replace it by 


Take Р. —sin ыы 


2 sin mem which also tends to 0, as z; —2,-, — 0. We have thus 


b n 
КУЕРА 
sin z de=Lt > двїп WS cin DeTTUTY 
2 2 
a 1 
т 
=Lt У (cos 2» -1 — cos а) 
1 
=Lt (соз 2, — 60s 25) 
=cos a — cos b. 
(iii) Take №. =вес tr. Sec ?r-i and replace (z,—2,..) by 


sin (z,.—2,-1). ] 


b 
1 
12. Apply Ex. 9 (ii) to evaluate fi da. 
a 


13. Give a geometrical representation of the definite integral 


b 
filo) dz. 
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1 
n1 


14. Itf(z)-.. E 21: 
nm mn 


f(0)—0, 
1 
л? 
show that f(x) is integrable in (0, 1) ana f /(2) Mes. -1. 
е 0 


[ We have f(a)=0 when 2—0, 
f(z)21 when} <2 <1, 
f(z)i when} <a < 3, 
f(z)23 when¢ <a «€i 
1 


- EN 1 
f(a) = when ЖЕТ <a< = 


Since f(x) is bounded and monotonically increasing in (0, 1), it 


is integrable. 
Or, Since f(x) is continuous in (0, 1), except at the set of points 


Leet 1 
(i e 520055 
2 3 % 
which has one limiting point, viz., 0, it is integrable. Neglecting 
these points, the integral is 


«s [rigen eel n] 


3'8 4 n'a ntl 
= Lt KARI Leela 1 1 ) 
Dele CE (t A. 

„>=[ 2.8 i. ur Gta at E 

2 Dt 14871 1 lul 1 
F latat L-( PETS gab jpg. ЧЫ 
s Жр ia 2*3 3*8 4" n sil 
at get get todo, т) 


nhl 
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15. Show that the function defined as follows : 


f)-d. when pu =: = E (n=0, 1, 9, 3, =) 


f(0)=0, 
1 
is integrable in (0, 1) and fie dz=5 
à 


[ f(a) is continuous in (0, 1), except a5 the set of points 

Jis etn 

SUE? gp ат" 

whieh has one limiting point 0, hence (х) is integrable in (0, 1). 
Neglecting the points of discontinuity, the integral is, 


=f: 1(1- 3+5 18-3 X4 Dei -iee he А -7a +] 


0, 


CHAPTER 11 
MEAN VALUE & OTHER THEOREMS 


11'l. Some properties of the Definite Integral. 


(a) [л йг = - јлә da. 


We have seen (Art. (0°5) that 


fae) ae= Ut Ула, 0) 
а 1 


In this. it is supposed that а < b. If we interchange a an1 b, 
that is, if b < а, each of the factors (t,—ay-1) changes sign, but 
(fi&r) retains its Sign ; hence 


b 


fio dz- - fe da. 
rf 


а 


(b Ita «c <p, 


fo dz= free а (te da. seve i) 


More explicitly : 


If a bounded function is integrable in (a, b), it is also integrable 
in (а,в) and (c, b) where c is а point of (a, b). Conversely it f(a) is 
bounded and integrable in both (a, c) and (o, Б), it is also integrable 
in (a, b) and in either case, the equality (1) holds. 

Let (a,b) be divided in sub-inter 
of division. Let S, бу, 
and (c, b) respectively 
be the lower sums of f( 


vals so that c is always a point 
Ss be the upper sums of f(z) in (a, b), (a, c) 
for a particular mode of division and s, 51, Se 
2) in the corresponding intervals. Then 
S=Si+S8. and 833-55. 


8—5—8,--82 (s1 5:) 8,5, +8, EXT 
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It f(x) be integrable in (a, b) 8—5 < є when the norm is < ò, 

and as each of 8—5, Sy — Sı» 52 Ss is positive, 
S—s=S,—-sitSe—Se < € ' 
gives 851—3: < € and 854—554 < € when the norm is < ô, 
f(z) is integrable in both (a, c) and (с, 5). 
Conversely, if f (x) is integrable in both (a, c) and (c, b), we have, 
when the norm is < б, 651—8. < = Sasa < 2i 
6-5 < «(norm < ô). 


Thus f(a) is integrable in (a, b). 


Г f fla) da 1A ® /(&),, freaz Lt Ж f(5) dn 


b 
f де) асть 2 Mba) а. 


o 


Obviously  J f(&)8,—2 /(&) 95-9 Fla) ба. tes (B) 


Also when the norm is < ô, 


SA fe) аз 


а 


$ Ses fre dz 


сот 


[Zr fros 


Now 5/69 èr- fa (a) dz- ХАЁ) 9+ fiera 


b 
PA nt fro d | 


b c 
« |s fd [fis | + [oro n ff) ae | 


% 
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b Р 
+| 3/2 &- fe) е 


€ € € 
< 3*3*37* 


Using (2), we get 


эы. 


в b 
Ха) dz ~ fr аз (ле) а << (norm < 0). 


h в h 
§ He) а= [ле dat f в) a. 
Cor. Ifa <b < cand f(x) is bounded and integrable in (a, с), 


b c b 
then also fio de= Í fla) de+ Í Jle) dz. 


(c) It fal) 
Л(ж)+/»(ш), and 


and fox) be bounded and integrable in (a, Б), во is 


h h b 
fte se dx= {| fi(@)da+ IE dz. 


Divide (a, b) into sub-intervals by the points 
шо слу «Ser ecu «О ecl Ср ау 
Let (М,!, mr’), (M, mr”) and ( 


bounds of file), f(z) ana filx 
interval (шу—1, wy). 


М,, mr) be the upper and lower 
)+fa(c) respectively in the rth sub- 


If the upper bounds of f,(a) and JA 
point of the sub-interval, 
М, < М’+М,". Thus 

M, < M,'+Mr"', 


Similarly me > mpm," 


(є) are attained at the same 
we have M,=M,' +M," ; otherwise 


If (S, з), (Si, 81) and (82, зг) be the upper and lower sums of 
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fila)+folx), f(x) and fa(m) respectively for the above 
division of (a, Б), it follows that 

S € Si 8s 
S > 31158. 


From "E we get 


fien (a)} dz < fist haee fto da, 


af Іа) de > ji fala) да+ ў, 4j) de. 


But as hle) ) and 20 аге integrable i in (б, b we have 


[мәг] {мә )ds; f fala) da jane 


ifi Usa) funde j {fale)+ fala} de. 


Thus OE is integrable i in (a, b) and we have 


h 
finata de= f la) de f Ма) 


% 


Cor. It fil) > fola) in (a, 


| tala) fale) do= f fala) da= j fale) da. 


b), 


[f "mor f р) 9780) de 


2 if "OE + да an 


hence 


fro dz -— fo da= f {л@)— fo(x)} dz. | 


153 


mode of 
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(d) It f(z) be integrable ір (a, b), so is | f(x) | ana 


h 


| {лә |< firent as 


Since f(x) is integrable in (a, b), corresponding to any positive: 


number € there exists a positive number 6 such that when (a, b) is- 
divided into sub-intervals of norm < 6, 


S-s<e 
where S and s are the upper and lower sums for f(x) 
the particular mode of division. 


we have 


with respect to 


If E and © be the corresponding upper and lower sums for 
I f(a) |, using the theorem | 
to see that 


Thus 


I«1—-18l| < «в, it is easy 
У-7 < 8—5, 


2-с < $—$ SE 


showing that | f(z) | is integrable in a, b). 


Again with the usual! 
notation 


| Лё), HAE) b+ -4-4(6,) (ôn) | 


< 17 | 6. | 1(6)| bg feet 15) | on. 
Passing to the limit, 


| [ләв|< рл 


da. 


Note. The converse is however not true. If] f(z) | is integrable f(a) is- 
Not necessarily integrable, as the following example will show. 
Let f(z) 21 when 2 is rational, 


and f(z) = —1 when z is irrational, 


b b 
then Јо dz=b-a and Ха) dz— —(b— a), so that 
a a 


b 
fio dz does not exist. 


But since | f(z) | =1 for all =, 
a 


b 
f | f(z) | dz exists and is equal to (Ьа). 
a 
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112. First Mean Value theorem for integrals. 

Let f(z) and (a) be two bounded integrable functicns defined in 
(a, b), of which $(z) maintains the same sign in (a, b). Suppose in the 
first place that ¢(z) > 0 and a < b. 

Let (a, b) be divided into n sub-intervals б, (r=1, 9, 3,....2) 
and § be any point in бу. It M and m be the upper and lower 
bounds of f(x) in (a, b), then 

m < J(ër) < М. 


Multiply the inequalities by the positive quantities $(&)d,. 
Then adding the inequalities for 7 —1, 2, 9,...,», we get 


m 3 96) б, < х /(&)%(@,) б, < Mx Hér) бу. 


If now the number of intervals be increased indefinitely so that 


each of them tends to zero, we get 
р D 3 
m f se) de< f f) Ha) dx < мү) aget wr ss m ea) 
which may be written as 
b b 
frena ав foe) ae, "due с 


where m € < M. 
) < 0, the signs of the inequalities in (1) 


In the case where (2 
11 however get the same result as (2). 


will be reversed ; We shal 
be continuous in (a, b), = (8) where 


If in particular f(a) 
(2) takes the form 


a « E <b and the result 
b T 
free) asc) [чё 9 9 


This is known as the First Mean Value theorem for integrals. 
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Lastly if ¢(z)=1, (3) reduces to 
b 


Је) а-а (a < € <6). 


a 


113. The Integral considered as a function of its upper 
limit: Fundamental Theorem of the Integral Calculus. 


Let f(z) be bounded апа integrable in (a, b) and let 
= 
ғ(а)= f fle) ax, 
a 


where c is any point of (a, Б). If(*+h) is also in the interval, 
2+1 


Fle-+n)—Fla)= { (в) аг, 


(by the Mean Value theorem), where m <P < М, М and m being 
the upper and lower bounds of f(x) in (a, 2+) 


` It follows that F(z) is a continuous function of x in (a, 5). 


s 


Further if f(z) is continuous in (a, 5) 
F(z--h) — F(z)- hf(£), 
where £ lies between z and (+h). When h > 0, f(£) > f(a). 


Therefore 


Куел 


z 


Thus when f(x) is continuous in (a, 5), ffo dz is continuous in 
а 


(a, b) and has a differential coefficient 


1 Jor every value оў œ in (a,b), 
this differential coefficient being Ха). 


This shows that every continuous function is the differential 
coefficient of another continuous function, usuall 


у called its primi- 
tive or indefinite integral. ; 
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xz 
f(z) is continuous in (a, b), and F(z)— IE dz, we have seen 


a 
just now that 
Rmo c. 
Suppose by some means or other, we obtain a continuous function 
Ф(2) such that 
£s) flo). 
We must then have 
F(x)=4(x)+c 
where c is an arbitrary constant. 
To determine the constant с, we note that F(z)—0 when =a. 


+, 0=4(a)te, or с= – Фа); 


гоз рә dz (2) = (0) +с= (0) — Фа). 


In particular, when w=), 
h 
f (в) da=4(0)- Ha), 


where Ф(а) is the primitive of f(z), This result is known as the 


Fundamental Theorem of the Integral Calculus. 


z 
Note. If f(x) be integrable in (a, 0) and F(z)= f f(z) dz where z isa point 
х а 


of (a, 6), then 

(1) F(z) is а continuous function of x-in (а, b) whether f(z) is so or not ; 

(2) at the point z where f(z) is continuous, F(z) has a derivative, and 
P'(2) =f (2) " 
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(3) if there be a function (x) such that 9'(z)=f(x) and f(z) is continuous 
in (a, b), then 


F(z)= | f(z) dz = $(x)— Ф(а). 
J 


114. Abel's lemma. 


Let Eo €,,......, € be a set of monotonically decreasing positive 
numbers and шо, Wiese vs 1 Up the same number of positive or negative 
quantities. 


If A and B be respectively the greatest and least of the 
Sums: 85 —uo, $4 = UoH tas... » Sy auo tu, es +0, then the sum 
S— Coto €,u4 4- є, 
lies between Ae, and Beo, that is А6 > S > Be. 
For 


Aio — So, U1 — 81 — 8,,... .., 1 S5— S5. 
5g S-—egus--e,(8, — So)+-- e(85— 5-1) 
= Se. — €1)4- S, (e, а) 60. (6. —€5)-- Spp. 
Since none of the differences €, — € 
tive, two limits for S are obtained 
their upper limit А and then by their 


1561—65,.., €5-i ~ Ep ig nega- 
by replacing So, S1, ++, Sp by 
lower limit В. Thus 

S< Aleo eite, ее, ее) < Ае, 
and similarly S > Be,, г 
c. 46 2 8 > Be. 


115. Second Mean Value theorem for integrals, (Bonnet) 
It f(z) and $2) be two bounded integrable functions, of which 
Фа) is positive a 


nd monotone decreasing in (a, 5), then 
h 


b 
Јуен алаа с t e oy 


а 


5 
The integral f F(x) (a) dz is the limit of the sum 
. Z. 


Ла) аа, —a) (е Ya т) 
f oi m] e 
as the greatest of the intervals (бүл те) tends to лето 
The numbers Фа), #121)... form a Set of monotonically decreasing 
positive quantities; hence tha ab 


ove sum, by Abel's lemma, lies 


MEAN VALUE & OTHER THEOREMS 159 


between A¢(a) and B¢(a) where A and B are respectively the 
greatest and least of the sums 

(а): –а), 

Да)(ж, — a) + Д(а,\(х« —х,), 


HOCA -a)+ f(z )(ш» —a)t t f(zs-iXb Tin). 
Passing to the limit, it is clear that the integral in question must 
lie between Aı$la) and B,¢(a) where A, and B, denote the maximum 


с 
and minimum respectively of the integral Јлә dæ аз с varies from 
a 


c 
a tob. For a bounded integrable function f(z), file) dz is a conti- 
а 
nuous function of its upper limit c ; hence we may write 
b E 
f Foa) аза) f 7t) dz, (a < £ < 9). 
a a 


Cor. If Ф (=) be positive but monotone increasing, the Second 
Mean Value theorem takes the form 


b h 
Јоже as) f Ne) dz, (a < £ <>) 


11'6. Second Mean Value theorem (Weierstrass's form) 


If the function #(«) is monotone decreasing without being always 
positive, we may write w(z)-$(z)—- pb); then W(x) is monotone 
decreasing and positive. Hence using Bonnet's formula, 


f rita dz — (а) fro dz, (a < £ <b); 


b k, H 
or, f fee) - 0 az а) 9) f (а) ae, 
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"b H b д 
or, о) dud) f fte) аз) | /(®)4в—Ф() f f(a) dx, 


=a) ло) 4+) ff) da, (a < < 2). 


117. Second Mean Value theorem (Alternative treatment). 


It d(z) be a function which has a derivative of constant sign for 
all values of z from a to b and f(x) is continuous and so integrable 
in (a, b), then there is a number E between a and b such that 


h 5 b 
а) аса) Гле) аач) f se) ae. 


Since f(x) is continuous and so integrable in (a, b), let 
%а)= frt at 
a 


so that W(x) is continuous in (a, b) and as f(x) is continuous in 
(а, b), U'(x)— f(x) exists at every point of (a, b). Also 


(= frt) ao. 


æ) is continuous, 


( Д b 
Now Ј лажа) йл= ftat) da andas f(z)d( 


the integral exists, By integration by parts, it is equal to 


b b 
[ se» |- Уау) az 


| =Ф(Ьщь)- f (a) (a) da) ) 
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Since V(z) is continuous and ¢/(z) maintains a constant sign, by 
the First Mean Value theorem 


А b 
Јо) as vtt) fole) dz, (а < E < 0). 
=(6)[#(0)- (al. 


b 
f He) $e) ав = 9(0)0(6)— (O49) %(а)] 
=4(a)v( punt 000) ¥()] 


b 
=¢4(a) f F(a) dz--&(0) f Fla) da, 
a E 


(a < § < 0).--(1) 
Note. Since $(z) has derivative of a constant sign, ф(х) is monotone— 
decreasing if the sign be negative and increasing if it bo positive. 
Now (1) may be written 
b 


b 
f а) а) а= (а) fo dxe+4(b) [ f "Wie f fic) de | 


b & 
Је) #60 а (8а) 40011 f fla) az. 
а а 
It (2) < 0, #(z) is monotone decreasing; if it is mot always 


positive and we put F(z)—$(2)—9(b), F(a) is monotone decreasing 


but always positive ; and we have 
Е 
f fe) ре) асет) уа) dz, а <E <3) E 
a a 


i (1) may be Sous 


fle)t(x) dx = Ha | [froe ү" dz + | TE dz, 
|, 


e ln f(x) — #a)] de=[4(0) - а) f f(a) da. 


E.M.A.—11 
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It $'(z) > 0, Hx) is monotone increasing ; if it is not always 
positive, on setting G(z)—4(x)—4(a), G(x) is monotone increasing 
but always positive, and we have 


b h 
f f(z) G(x) dz — G(b) f лш) dz, (a Lë <b.) - (8) 
à E 


(9) and (3) are Bonnet’s form whereas (1) is Weierstrasse’s form 
of the Second Mean Value theorem. 


11'8. To establish Taylor's theorem by integration by parts. 


To establish Taylor’s theorem by integration by parts and to 
apply the First Mean Value theorem to obtain different forms of the 
remainder after » terms. 


We have by the Fundamental theorem 
ah 


f PO а=). 


ü 


Changing the integral on the left by the substitution i-a-ch-, 
we get 


h 
Да+®)-—/а)= f у(а+һ—а)4л. 


Integrating by parts in succession, we get, step by step, 


h 
JT(a--h)— f(a)— f Patna) dz 
h 
=һ/'(а}+ fa (аа-а), da, 
ГЬ : 
=hf'(a)+ ay oi f z*f'"(a4-h— х) dz, 
у h? 7 ph yi 
fa) i f" (a)4- + рз О 


h 
1 ka 
Fas 97 mena as 
о 
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h 
Thus Ry === fossa fa 4-h— 2) da. 
о 


Putting 2-*f™(ath—2)=4(2)v(a), 


we get „= fon (ж) do уд f% z)dz, (0 <£ <h). 


E zs 


(i) Taking $(z)22"-* and v(z)— f" (a4-h —2), 


—f(a4-h— 5) (a 
tae ега. daz. 


Let £=6'h, (0 <0' <1), then at+h—E=a+h{1-6')=a+6n 
(0 «6 <1), 


(n) n p” 
and By = Let On), LE кл gg) 


—-Lagrange’s form. 


(ii) Put Ф(ш)=1, and ¥(a)=2"-* fMath—-a). It O<E<h 
we can write Er pO (0 — 0 — 1). 


nu f $x )=Ч=@ or- -— f(a+6n). f de 


= Goa fs +6h) —Cauchy's form. 
n 


(iii) Lastly put (s) = 277°, v(z)— g?-? f Xa 4- f — 2). 


Then E,-— 


("E 1)! з 


Ge. f™(a+6h). —Schlomilch's form. 
E 


Note, In order that frena dz may exist, we have to assume that 


fe) is continuous; but this assumption is not nécessary to establish 
"Тау1ог'в theorem as the generalised mean value theorem. 
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119. Young's form of Taylor's theorem. 


It f(a) exists finitely, then 
fla+h)=f(a)+h f f(a)- 


f(a) +2 (rna) pe 


"me E 
where € — 0 as h — 0. 
Let “е and Ф(Һ)=Д(а+ЕҺ)—Ла)— һа). f(a), 


Tt is easy to see that 
4(0)— $'(0)— --- =$0)=0, 


and Y(0)=*'(0)= +--+ = 9-210) 9, v™(0)=1. 


By the theory of indeterminate forms, 


Lt $(m| 49) 
h>0 wn) TOTI 


#(һ)_ 


Wn) =€ where € > 0 as h —> 0. 


2 


This gives Hh)=ev(n) = є, 


on Ла) = fia Eua) +h f'(a)---- 
+ 709): (иа). 


Examples : 


1. If«and $ are positive acute angles, Prove that 


Ф < rcl С коч ла 
у AK — віп sin 27) (1 —sin?« sin?$) 


П diu e then the integral lies between '593 and '641. 
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Prove that 
т 
л = x 
af sec 2 dz оу 
0 

Prove that 

CP do ү z? z? 

TEE lies between 24 and 6" 


Use the first mean value theorem for integrals to show that 


л 
ie Т5: < 6 =т= 
Prove tid 


T co 
(1-1)< f ee? ds < landO < f or dec, 
2 ei 2e 
0 1 


and deduce that 


1(1-1 foe di 
At ) < | cet de < 1+. 
0 


[In (0, 1, = = ike узо = e-=*, Hence 


2n Qa e ** d. eae 722 da ; 


1 1 
X а » 
or, i | cene e da, 0.6. n j < fe 2* dx. 
0 0 
Now 6 2” is a decreasing function and for 2=0, е7 =1. 
"noe <i, 


DD 


1 al 
Do f 8-25 da « f dz=1. 
0 0 


Combining, we get 


aea) < f: -z3 da < 1. TA 
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In(1 со), 2 > 1. . e < gg. 


co 


—@7 


Непсе f et de < fe 95 de=} 
1 X 


со 
Also £^ being greater than 0, f et? dz > 0). 
i 
Combining, we have 


a 
0 «f ez dsl. 
E 2e 


Adding (1) and (2) 


(2) 


со 


30-1) < f ez de 1l] 


о 


6. It f(x) < m) whena < = < b, prove that 


ў feles < [воа 


7. Ип> 1%һеһ 5 «facts < '521. (C. Н. 1963, 1966) 
о 


[ The first inequality follows from the fact that „/(1—ж°")< 1, 
the second from the fact AL — z^) > У(1- 2). J 
8. Prove that 


da л 1 
т sH. L 155759, "62 
н a б ( O-H. 1954, 155,759, 62) 
9. Prove that 


1< fos te < 6 


10. Show that 


( 0. H. 1957) 


2 
m dz А 
ES [ест < `595. 


[ Put c—1--u; then replace 2--3u? з апбсеввїтөїу by 2+4u? 
and by 2--3u? ; here 0 <u < Jc] 
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11. If 0 « a « b, prove that 
b 
f sin 2 а) < 2. (С. Н. 1961, '66) 


а 


[Apply Bonnet's form of the second mean value theorem and 
note that the integral of sin over any interval is numerically less 
than 2. ] 

12. Does Bonnet's theorem hold for the integral 


т 


3 
f æ cos x du? 


LEI 


Give reasons for your answer. (0. Н. 1966) 


13. Show that as n > со, 
йд 


D 


5 1 1 бег ail TEIL 
G) Jan- 1) Jün-35)* 06259), Ta 2 


E E a ыл ые 
(4) Map jos log 3. 


14. Find the limit as n > ^? of 
5 
s (0. H. 1 
SENE . H. 1964) 


15. Prove Schwarz's inequality for integerals, viz. 


( | aero aj € j {la}? dz У dz. 


[From Sehwarzs inequality (often called Cauchy's inequality), 
we have {5 Ф(&) 96) by}? < xi do: D{v(E)}* dv; on proceed- 
ing to the limit when the greatest of 5y 0, we get the required 


result. ] 
16. Defining log € by the definite integral 


© 
f La (ш > 0), deduce that 
1 


(i) log (mn)=log m+log n. (0. Н. 1966) 
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(ii) log (2)=t0g m — log n 
Uu 


IO In log z = [14 t, put i =; we get 
1 


L4 
log a= f = - f T= igi, se (1) 
1 


In log (mn)= f a put t=nw where n is a positive constant ; 
1 


m 


bes log (mn) УА "а "e du. E "i Hog m-log 1 
1 
=1ов m+log n, by ( ). 


(ii) In log (2)= f » put ге ; then 


uÙ 


m 
if He du. E: - fa 
AUC Ја", dni 
=log m—log n. ] 


© 
17. Using the definition : log a= f 2 (а > 0), establish the 
1 


following i d P 


ay ite © 10 (1+2) < v (s > 0); 


(b) s < 


-log ше О О 1963) 


7 Here t lieg between 1 and Tas 


1+2 
[(a) log (1+a)= f 


B 
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eu e i-o ae <= ü <1. From these we get 


1 1+5 ET itc 
t 
IFs a J n f 0 
if = =ч; 
T 1 1 


or, 2 < log (1+2) <a. 


1+ 
di 
(8) —log (1— --j d -j 4 at 
Too dae LES See EL 
79 t 


1 


1 1 
| а= { dte “Ef. a 
t 1—2 
1-2 1-2 1-2 


or, v < —log (1-а) < = (0 < ж <1), See example 3, Ch.8.). 


8. Defining the number e by the relation log e=1, that is, 


f dt _ 
t 

1 
show that 2 < e <3. 


^di 1 : 
[m [<< #<р<1; 
1 
2 2 e 
f&« f va 71e f Fs whenna < e 
uu 1 1 
а (dt, (а (_du Pd a 
à =1f u s {2 
seein fita А «fa -] «fs J i= * 4 
о 


е 
=1=f%; whence 3 > e. | 
1 


CHAPTER 12 
IMPROPER INTEGRALS 
121 Improper Integrals. 


b 
The definition of the integral Í f(z) dw (Chapter 10) requires that 
а 


f(z) is bounded ina < z < b and the range of integration is finite. 
The definition does not apply to the case where f(x) is not bounded 
or a limit of integration is infinite. It is possible however to extend 


b 
the definition to cover such cases so that f Ҳа) dx in these excep- 
a 


tional cases may sometimes have a definite meaning. Such integrals 
are called improper or infinite or generalised integrals. An integral 
which is not improper will often be called a proper integral. 
122 Improper Integrals : Class I. 


We first consider improper integrals in which a orb or both 
become infinite. 


со 
(a) When the upper limit b is infinite, we define f fo) dz as 


B 
Lt fx da vm 
B j ®) dz if the limit exists and f(z) is bounded and integrable 


in (a, B). 
(b) When the 


lower limit a tends to —со, we define 


À b 
Lt 
f ro dz as A> Cent f(x) da it the limit exists and Аа) is 
—со A 
bounded and integrable in (A, 2), 
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(c) When a > — co and b > ео, we define fro dz as the 


=œ 


c B 
sum of the limits 4 Ts MEO dv, p Je fro dx, 
A c 
со с со 
ila fro dx = Је ах+ EO dx 


c B 
= 10. fileldet y s § Fle) ae, 
A с 


it both limits exist and f(z) is bounded and integrable in both (A, с) 
and (c, B), c being any number chosen convenie 
It the limit exists in either of (a) or (b) the corresponding 


gral is said to converge or to be convergent. It is said 
nity with a fixed sign. 


ntly. 


improper inte 
to diverge or to be divergent if it tends to infi 
When it does not converge or diverge, it is said to oscillate or to 
be oscillatory, In (c) both limits must exist in order that the integral 


may converge. 


Illustrative Examples : 


со 
d ="; f o*de=1; dx _ ; dv _o 
Ex.1. foo РАР, yg 
co со Я - 


co 


Ex. 3. IES x dæ oscillate finitely ; f v sin v de oscillates 
à 


ü 


infinitely. 


со 
Ех. 4. f ше ”- de=0 
=o 
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12'3. Improper Integrals : Class II. 


We next consider the following cases of improper integrals in 
each of which f(z) has an infinite discontinuity. 
(a) f(z) has an infinite discontinuity at c where a < c < b. 


b 
By f £o da we shall mean the sum of the two limits : 
a 


c—e b 
Sf f(z) ах and n лә dz, 
а c 
b ome b 
that is f F(x) dx= dc] f(a) dat ef F(x) da, 
a а 


с+ ё 


If either of these limits does not exist, the intergal does not 
exist. It sometimes happens that when we make €=6, both the 


o 
limits m af 
a 


=e b b 

f(a) da and zo S(a) da: exist ; Јов has 
Cte а 

then a value called by Cauchy the principal value of the improper 


b 
integral and if f S(x) dz when є #6 exists, it is called the general 
a 


value of the integral. There may be cases where the principal value 
exists but not the general value. 


^ (b) Tt f(z) has an infinite discontinuity at the lower limit a, 
b 
Ј f(x) dx is then defined by а F(a) dz, it it exists, 
a+e 


(c) It f(x) has an infinite discontinuity at the 


b ‘b-e 
Lt 
f Ја) de we shall mean, jo mir f(z) dz, it the limit exists, 
a a 


upper limit b, by 


In the above cases when the a 
ponding improper integral is said 
non-convergent or non-existent. 


Ppropriate limits exist, the corres- 
to be Convergent ; otherwise it is 
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Illustrative examples : 


E 
Ex. 1. fi dz does not exist. 
о 


J 
da x 
Ex. 2. ji сопу бо =. 
JI nverges to = 
o ў 


Ех. 3. E: has a principal value—0, but the general value 


E 
does not exist, 


124. Three important improper integrals, 


© а]. 

(а) if ds (а > 0) exists if # > 1 and does not exist if <1, 
J үй 

If P 7 1, we have 


x 
dr. 1 
gb IER 
a 


1 | 1 [ TES ЫІ ] 
sa-l 1-4 | у#—1 gt) p 


а 


х 
е Lt dr. 1 Lt 1 1 1 


= hi 
ie i-k Х +0 рей I-Eqa-1 which 


g“ 
a 


____1____ ороо according as ^ > 1 or P <1. 
tends to (7 “ae (ЕЈ Ч 
х 


It #=1, Í 25 tog X —log a. 


Xx 
; ш dz | 1% 
t Хә оо т Xe 
а 


log X —log a which tends бо со as 


X оо. 


Hence the result. 
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(b) fcx z exists if Æ < 1 and does not exist if № 21, 
(== 
(When Е < 0, the integral is proper. ) 
11228 has an infinite discontinuity at the lower limit a. 
J (z —a)s 


b 


It 1, (> 


(z—a) AE) E m 


а ate 
Lt 1 1 P 
60 |1-Hm| (z—ay-! 
ate 
CINE URN DV E 


н 


А 1 j 
Which tends to ID or 9? according as А < 1 or P > 1. 
b—a 


b b 
te=, f dv _ Ut de 
2-а €>0 J. 5-5 zl log (z— 2! | 
а a+e ate 


=log (b—a)—. m o log € 


which tends to infinity as e -> 0. 
b 
Thus 028 с 


Onverges only when # < 1, 
a (z— а)“ 


dx Ahn 
J (6-2) exists if Æ < 1 and does not exist if Ш> 1, 


b 


if e has an infinite di 
nite discontinuit imis b. 
à (b a); ity at the upper limit b. 
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b-e 


=e = 1 


— 146—0 -1 EE H 
P= АЗ p 1 b-a)“ 
3 1 1 ; 
avyhich tends бо ——; + —— .;—1 01 to co according as № < lor 
ISE (pu 
p 1. { 
If P=1, 
b b-e 


dz _ Lt dz Lt 
= ot ПОТ (b-a) co 108 * 
a a 
which tends to infinity as € > 0. 
b 


Hence f de converges only if № < 1. 
а (b ==)“ 


12:5. Analogy with infinite series. 

Tf S, the sum of the first л terms of an infinite series can be 
found, it is possible to determine the nature of the series as regards 
convergence by passing to the limit. When however it is difficult 
to find S, or Sn cannot be found, there аге tests by which we can 


determine whether the series is convergent or nof. Similarly if for 


b 1 
the improper i ntegral f f(x) dæ, the primitive of f(z) can be found, 
a 


wecan by taking limits determine the nature of the integral. If, 
however, the primitive ot f(x) cannot be found, there are tests by 
which we can determine whether the improper integral exists or not. 
We shall presently establish some of these tests. 

Tt should be noted however that the value of the improper 
integral if it exists cannot be found by these tests. To determine the 
value, we must be able to find the primitive. 
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126. Transformations. 


discontinuity at a point c between a and b, can be expressed as the 
sum of two integrals with infinities at the limits, for 


f f Cis IET de +f fle) da. 


Now an improper integral with an infinity at a limit can be 
transformed into an improper integral of class I by the sub stitutions 


(i) са: for infinity at the lower limit a, 


(ii) c=b = for infinity at the upper limit b. 


b 
Thus if f(x) > cc when 2 а, ip f(x) dz is transformed by the 


Substitution (2) into 


b 
Again if f(z) > so When 2 р, f f(x) dz is transformed by the 


substitution (22) into 
со 


f X f(b -}) dy. 
=a)! y 
Hence the tests f 


9r convergence of improper integrals of class II 
are the same ав thos 


e for class T. 
127. Absolute convergen ce, 


ò 
An improper integral f F(x) dæ is said to be absolutely convergent 
a 


b 
it f! f(z)] da is convergent, 
@ 
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Theorem. An absolutely convergent improper integral is 


Convergent ; in other words, if f! f(x) | dz exists, so does 
а 


I K(a) da. 


Let fila)= fx) when f(x) > 0 
= 0 when ЈЕ) <0; 

and 7.(0)= 0 when f(x) > 0, 

= — f(x) when f(z) < 0. 


Then flæ)= filz) = f(x) and | fæ) | =f, (v)+ fs (a). 
It is plain that /.(2) > 0, falx) > 0 and that file) and f(x) are 


continuous when f(a) is so. 


b b 
Now Jf | fw) | da = f thle) + Fla} da 


ET fila) dz + f fa(a) dz, 


a 


» b b 
If then f | f(a) | da exists, both f fle) dz and f fala) da 
ü er a 


must also exist, as the non-existence of either would imply the non- 


existence of f | f(x) | da, and this would contradict the hypothesis. 
a 


Therefore 


b b h 
f He) aa= f hle) do f fale) ae 


Also exists, This proves the theorem. 
E. M. A—12 
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12:8. A necessary and sufficient condition for convergence. 
(а) Improper integrals of class I. 
.By definition 
E £ 
f f(e)dz= It if Ја) dz— I say, if the improper integral 
a ёоо 


а 


is supposed to exist. 


Then for any arbitrary positive €, we can find £ such that 
fora > Ê 


|1- f лаја ES 
a 
If now ша > т; > &, 


| (лә dz |-| fs az- f He) da | 


=| [лә dz-I4I- f f(x) da | 


21 


< |z- Улы de | + |z- f tas 


< є, 


ог | f da: | — 0 as c1, 24 > co. 
2 


E. 
This integral f f(2) dz is called the singular integral correspond- 
Y : 
оо 


ing to f 2 dz and the necessary and sufficient conndition. for. 
а 3 


] 
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со 
convergence of f f(a) dz is that the singular integral 


а LM 


o {5 | 


must tend to 0 ав ту and т» tend to infinity. 


(b) Improper integrals of class II. 
Let f(x) have an infinite discontinuity at =2=0 and let it be 
bounded and integrable in (a, 5—5), where 9(7 0) is a positive 


b 
number however small. If f j(z) dz be supposed to exist, by 
à 
definition, 
h b-5 
f f(a) da= Lt fro dz=T say 
ô—>0 У 
а а 


Corresponding to any arbitrary positive є, there exists a positive 
number 7 such that for 6 < 7, 


p-à 
^ € 
|z fie | Xy 
If ôa — 0, <M 
b—05 5583 
| r- лаа] <|1- f £22] «i 
a a 
Hence easily 


b-da b-01 
| f f(x) dz — f лш) < є, 


pada 
or, | f лааг о as 63, дз > 0). 
5-5. p 
The necessary and sufficient condition for convergence 
b 5-08 
of f F(a) dx is that the singular integral | f f(x) da | А 
n DES 


to 0 as ô, and óg tend to 0. 
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‚ 129. Tests for convergence (Class D. 


(a) It f(z) > 0 for s > a and Ta > @ү > a, we have 


fio dz= fiw dz4- [лә dz > fire da. 


S OL f (v) da is а monotone increasing function of z. If 


а 


now (2) is bounded above, ie, Ф(ш)< k for all «> € 


if f(x) dx must tend to a limit as v — со, 


che f Ха) dz — tore fire dz must be convergent. 
а 


And as f(x) > 0 for æ > a, the convergence is absolute. 


It 4(z) is not bounded above, Ф $lx) must tend to infinity 88 
2 o, 


f f(a) de does not exist in this cage. 


(0) Te | f(a) | & | Ф(ш) | when ж > ao, then 


fs) dx converges absolutely whenever f: plz) dr is absolutely 
a a 
со 
convergent ; and if f flx) dæ is not absolutely convergent, 
а 
f $lx) dz is also not absolutely convergent. 
a 


Since {ле dx= ўзы dz4- f £o dz and ү F(a) de isa 


ты. 
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proper integral, we need consider only ES da. 
Zo 


Now since the integral of a EX funetion is positive and 


x 
increases as the range increases, both 7 | fia) | dz ana f. 19(z)| da 
Xo Vo 
are monotone increasing functions of X, 
Tt fo dæ converges absolutely, then obviously 
a 
x 
oe 55 fix | $(a | dx tends to a finite limit l. 
20 
And since 120] < | da) | 5r 2 > Tor 
[* | fe) 45 ef | Hla) | de < 1 
To х0 
X 
р) x Ж: A ie | f(a) | dx tends to a finite limit < 7, 
20 


ien f f(x) dz is absolutely convergent. 
a 


If however fro dx is not absolutely convergent, then 
а 


х 
f | #(z)| dz does not tend to a finite limit as X — co; and ag 


xX 


f | J(z)| dz isa monotonic increasing function of X, it tends to 
я 


99 ag X — оо, 
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x 
ot A | f(x) | dz — со as X > co, 


Zo 


x x 
Hence f 12) | de > f | fa) | da > <0 as X — со, 
Zo" 


To 


DM fao dz is not absolutely convergent. 


(c) It 4(z) is positive for z > a and if 
Lt f(z). 


eo со 
where ? is finite and #0, then the integrals fr) da ana f (a) da 
a a 


are both absolutely convergent or are bot 


h divergent. 
Suppose 1 > 0 


i choose € so that 0 < є <l. Then 


fle) |< € when 2 > a’, 
ШО) 
às (0—6) а) < f(x) < (1+6) Ф(ш). pt B 


Now by hypothesis 2х) > 0 when т> 


z'; therefore f(a) is also 
positive when « > a’, 


x x 
^ / f(x) dz апа fae) dz are both monotonic functions of 
за’ ES 


X ; they must either converge or diverge but cannot oscillate. 
From (1) we get by integration. 
x 


x x : 
0-9 fe) = EO dz <(@+) [ә He ed (G3) 


From the left-half of the inequalities (2), we obtain : 


со со со 
If fr dx is convergent, so is fe) dz and if [xo da is 
а a а 


со 
divergent, so also is f F(x) dz. 
a 


— 
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Again the right-half of the inequalities (2) gives us the results : 


сс оо Š 
If f «9 dz is convergent, so is fiw dz and if fiw da is 
a . a a 
со 
divergent, Јаз) is also divergent. 
a 


E co 
Thus subject to the conditions stated both f f(x) dx ana f #2) dz 
a a 


diverge together or converge together ; and since d(z) and f(x) have 
the same sign when 2 > &', the convergence is absolute. 


When J < 0, we take 1— —/ so that 1’ > 0. Now 


Li jf(z)-,2-, Lt fle) 
ge ay Ems Гоу сыз усы: Be 


Thus — f 79 dx and [ dz behave alike and therefore 
a 


a 
со со 
f Ха) dz and KO dæ behave alike. 
a a 4 


When 1-0, we сап find z' such that ML ee, i.e, | fix) | ^ 


< e, $x) when x 2 z'. Hence if Jio dz converges, fx) da 
a a 


converges absolutely. 
f(a) 
When l=, we can find M such that dz) > М or f(a) 


> Mé(z) whens > 2’. Hence fm) dz diverges if foe) dz 
а а 


diverges, 


Similarly when i > оо, 
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(d) E-test. 


со 


We know that ifa > Q and P > 1, j/ а converges absolutely 
a 


[Art. 194 (a). Let f(z) be integrable when s > а, In (c) take 


E dz)" 2“ f(a). If now 
DRM z^ f(z) ]=1(% = 0 or + oo) and P 1, 


then f F(a) da: converges absolutely. 
a 


1210. Test for convergence (Class II). 


We refer to the remark in Art. 19'6 that the tests for conver- 
Sence of improper inte 


&rals of Class IT are the same as those for 
Class I. 


We state here only two of these tests. 
(a) Let f(z) ana Ф 
and ¢(z) > 0 when z > 


Lt f(x) _ 
2 a0 ga) # 0), 
b 


X) be integrable funetins when a <a <b 
& ; then if 


b 
the integrals y f(a) de ana f #2) dx both converge absolutely 
а а 
or both diverge, 
b b 
It 1—0 and See) dt converges, then f £o dz converges 
a 
a 


absolutely. 


b b 
If |—-keo and [ee de diverges, then f F(x) dw also diverges. 
a 


a 


(b) Р-ев for infinity at the lower limit. 
It f(z) be an integrable function in (a+e, b), where 0 < е <b- q, 


IMPROPER INTEGRALS 185 


b 
then f f (x) dw converges absolutely if А ((z—a) f(a)] = 1 
а 


(22 Oor + co) and 0-< Р <1; it diverges when № 2 1. 
We have a similar P-test for infinity at the upper limit. 


1211. We give below without proof two tests which are some- 


‘times useful. 


(a) Abel's test : Let ¢(x) be bounded and monotonic in (a, ео) 


and let f f(x)dx be convergent; then f f(x) Ф) х is con- 
à n 


vergent. 
(b) Dirichlet’s test: Let 4(z) be bounded and monotoni in 


(а, ео) and let $lx) > 0 when т > 9 : further let if f(a) da be 


‘bounded when ë > a. Then f f(z) $lx) dx is convergent. 
a 


.Examples : 


1. Show that the following improper integrals are convergent. 


Find the value of each. 


(a) f T A (С. Н. 1956, 1959, 1963) 
1 A 

(b) J cul (C. H. 1960) 
а+1 

bp oec (0. Н, 1959) 


[ Hint. Find indefinite integrals and take limits. 
(a) 5, (b) л. (c) 0.1 
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2. Show that tae а= NEPI divergent. 


[ Hint. m the same method, ] 
3. Examine the convergence of 


ш fae 


в lta? 


(b) f £72? dy. 
0 


со 
reat) 
(c) f EET 
2 


3,2 
[ Hint. In (a) ana (b), use the P=test For (c) ees when 
а x 


2>2а> 0.1 
4. Use the P-test to show that the following integrals are 
convergent. 
а 1 
edax йж 
(a) Г (Fa) Q) E 


(с) f SUUM a) f? 


1 
4 ®(1—д)у% 


0 sin 2 
5. Apply the Same test to prove that the following integrals are 
non- convergent. 
со 1 
(айу жары 


a(o) " S x 2 пы FO Sone DTe- =)" 


6. Discuss the Convergence of 


22-1 


te 


(C. U. 1960) 
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[Ita > 1, the integral is proper. Ifa < l,thereis an infinity 
ab z—0 ; use the /-test taking s“ = 27“, It converges when 1 — a <1, 


ien @ 2 0.] 


nla 


7. Show that f z? cosec*z da is convergent if g < p +1. 
E : 


(C. H. 1961) 


a а 
(2 ) =*-6=(-2— ‚1. Abe=0. 


ЕЛИСЕ ee 
[e= 2 \sin x sing! c 


sin z) 
f(z) > Oitp—a > 0 and f(e) > e» ifp-4 < 0. Thus the integral 
а 2 0 and improper ifp—4@ < 0 ; and 2—0 is the 


is proper if p— 
Take Ё=@—р; the 


only point of discontinuity in the latter case. 
integral converges if 9-р < 1010 < р+1.] 


со 


8. Prove that fe ав cos bx dx is convergent. (C. Н. 1960) 
0 
Show also that fe sin bz dz is convergent. 
0 
(a > 0) ]. 


A а b 
[ Their values are respectively ae" ator 


9, Prove that f g^ dz is convergent and that its value 
0 


is less than a (C. H. 1960, '68) 


[ By the P-test, taking р=9, Lt [ғ E and as [^ —9 > 1, 
2 zt 
e =1+ш°+от +e > ltr? ; 


the integral converses. Now @ 


1 
1+2 


то 


со 


со 
a lum lm 
So fe тае 35 тоок | 
ie) 
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сс т 
10. Show that both f Tog c ds and f 05 
0 


—— diverge, 
l—cos g 
0 
(0. H. 1956) 
[ Hint. Find the indefinite integral in each case. | 
ll. та> 1, show that the integral 
da 
à allog g) *^ 


Converges if p > 0 


but diverges if p 
integial in the case 


<0. Find the value of the 
of convergence, 


(C. Н. 1964) 
12; Show that f RA is convergent, (C. H. 1964) 
г (a? +e JF 
[Hint, Put £-—a tan Ө, ] 
ос . 
13. Prove that f 2? dæ ig convergent. (C. Н. 1962) 
0 
оо 1 оо 1 
[fes 2° de= [соз z? de+ f cos 2° йл. now f cos z^ dz 
о о 1 


о 
is proper. For the other part 


» integrate by parts the integral 
x 


2 
fes 2? dx Writing it ag fest 22 dz, and take limits. 
T 
X 
E 


1 


f 2^ dz will be found to be convergent, | 


сс 


14. Show that IER z? da is convergent, 
0 


(C. Н. 1962) 
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? AEE En ces 3 
| Hint. sm p 2 * (14-677)7* ; expand, integrate, and 
put limits ; then use the result. i Ada ur 

Ў s 2з 7835 5 19 


: з 
The value is E ] 
12 


т 
7 


16. Prove that Ji sin x log sin 2 dz exists and find its value. 
(О. Н. 1962) 
[ The only infinity is аб z—0. Integrating by parts 
т т 
f sin v log sin z dz— | — cos 2 log sin z--log tan gt eos x 


€ 


€ 


€ 
= cos є log sin € — log tan z O08 €, 


1 л 
as the right side vanishes for «= P 


2 


F Lt € 
i. f sin 2108 sina dz— „у {cos € log sin є —log tan 5—сов <} 
о 


ved dyes € eL 
Lif eos efiog sin 51198 (2 cos 3 log sin gt los сов 5 — cos | 


€ € d 
uf- (1 — cos тов вїп gyn € log (2 cos 5) +108 сов 5 — cos Jj 


Now when € — 0 
. є]_ Lt 2 = 

Ea 1— cos ‹) log sin 2-5" log a) 0 

(where u=sin j 


т 
y 


Sis f sin 2 log sin 2 dv=log 2--1=log (8). ] 


а 


17. Evaluate f suf rs da. (C. H. 1966) 
в 
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| Put 2*=a? cos Ө; on integrating and putting limits, the 


2 
value is found to be (67 i). | 


2 


т 


m à 
18. Show that f (cos æ} (sin т)” dz is convergent if 1 > —1, 
о 


m –1. (0. Н. 1966) 
[ The tintegral is proper when Z > 0, m 


ım 2 0. Consider the case 
т 


1 < 0, т < 0. Expressing [| (cos ж) (sin x)” dx 
o 


т. 


E (cos 2)? (sin т)" dz f (eos 2) (sin æ)” dz 


T 
=U +e say. Uy has an infinity at z—0 and Ue at a= 
For 01, take f(z)— (cos 2) (sin x)” and #(ш)=х". 

Lt f(x) 
Then ESO o-u (cos 2} (sae e m 


т т т 


T 
Now fo da = f dz= a dz is convergent when 
@х 
° 


Шат Similarly for tta] 


19. Discuss the convergence of f тете (C. Н. 1961) 


2° gin*z 
[In the range az < ® < (n-F1) =, we have since the integrand 
is positive 
1 1 1 
l-(n--1)* x? sins © IE RS = 1-Fn?z* віца 
Now fim f dx seca da x 
1+4 sin*z сов°а-Е(1-_ A) sin?z 1+(1+ A) tan?z 


3 tan7* (ad tan z ie 


1 
“ata 
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Further 
(n+1) cs з 
da: f 
$ S) Era tting = 
1 I sin?z IFA sin?y (on putting z— nx 4-y) 
nz о 


т 


= dy dy cor’ 
| І+А sin?y 1+4 sin?y uus say. 


On putting 0=215, Ue transforms into 


7 


т 
f dz = de. 
5 1-ЕА cos?z J 1+4 sin?z 


3 т 
Thus Т=2 жыйа ж Ie fan * ( Л+А tan & 
J 1+4 віш „ЛЕА г, = 
Бла 
Ji+4 
Hence if J= Stine 
л л 
LL SS — >e 
2,2 i > 242 i 
[iota 1+п°я 


Thus J converges or diverges with A and by com- 
1+» 


| 


paring it with >> it is easily seen that J diverges. Hence the 


given integral is divergent. 
со 


Note, PA converges. :] 
1+2* sin x? 


o 


20. Prove that f (n > 1).- (0. H. 1964) 


E 
(2+ ae xs п*—1 
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[As ( Jz? +1+2)( Jz* --1—2)—1, we at once have 


from f r Eia 
J (Je FLF)" ) ма? +1- 0)" dz. 
We may put z—sinh Ө, or proceed as follows. 


Put Jz?--1—2— =y; the limits 0, сс are changed 


1 
Az? +1+2 
into 1, 0. 


Now from Jx?+1—2=y and Ма, 


1 1 
we get Jeri =) (0+1). 
1 dy = £ -—1) dg= — ——_!- ө 
Also (5 Зер, Т1 ДА 
тезү 1 ау 1 1 
or, de= 0+0=2 (12) dy. 


Sa f ( Jia dz is transformed into J [m dy 
0 


1 Lp 117 jott 473 | Ei 
==) (9^-v"-*)dy-- = 1 UV e 
a М) S il 2 mait 55-1 


co 


Та: 
Тв сканер»; 
f Ac? +1+a)” zs 


т 
* 
. 21. Show that f log sin 2 dz converges to-7 log 2. 
0 


т 


[ The only infinity is at 2—0. We know that Nae converges 
: n 
0 c 


if0 < Р <1. Take f(z)—log sin z and Ф) = (e < 1), we get 
c 


Ammon log sin. Now 
а 
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no " eos 2 
log sin = sin 2) = b sin 2 
edi Еи of form = > 0 а 
Lt ( 1 x )= 
= == ct -— 2) =0. 
т->0\ В" sinc oes 
T т 
5 т 
Апа af ds converges, it follows that f log sin 2 dz is con- 
0 d 0 
vergent. 
т 
т 3 7 
We have f log sin 2 dz = f log sin & às f log sin x dz. 
0 0 т 


т 
In ff log sin 2 da, put z—z—2; it transforms into 


T 
p 


T 


f log sin 2 da. 


Ü 
z 
: т z 
М; f log sin z dz —2 [ log sin 2 da. 55 (1) 
0 0 


; z 2 
Now sin 2=9 sin g 68 9' 


7 T T 
. QU 
om if log sin z dv=% log 2+ fis sing dz-- f log cos 5 de 
0 0 0 


т m9 


3 z 
= log 2+2 f log sin € dz+2 f log cos 2 da 
or by (1) 0 0 
E. M. A,—13 
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т т 
g 3 
9 f log sin z dz —2 log 2+4 AG log sin z dz 
0 0 
т 
whence log sin z dz— =; log 2. 
0 


т 


л? 
Сог. [ v log sin 2 ue log 2. ] 
0 


22. Evaluate 


(a) f log (1— cos 2) da. (C. H. 1966) 
0 

(0 f log (o+3) 22 (О. Н. 1964, 1966) 
0 


л 
[ (а) а 108 3. In(b), put z—tan Ө, the value is x log 2. ] 


со 


23. Prove that {fe z 
x 


dæ is convergent. 
o 
(C. Н. 1960, 1963, 1965, 1968) 


[ Since the integrand > 1 as z > 0, 0 is not a point of infinite 


discontinuity, 


We have seen that the necessary and sufficient condition for the 
ec 


eonvergence of f f(a) dz is that the corres 


ponding singular integral 
o 


" 


А 
f f(x) dz must tend to 0 аз ®', æ"! tend to infinity. [Art. 19'8 (a)] 


m 
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со on 


The singular integral corresponding to f = da is f AT ds 


о ær 
(0 « z' <a"). 


Taking X <a’ < z'" where X is arbitrarily large and applying 


a" 


the Second Mean Valuetheorem to Meg dz, we have 


a" Е К 
2 A > 
IE dx= | [эщ x dz i. sin x dz 

2 a’ 
wr w ig 
E 


where 0 < X < x' < < a. 


a" 
ana f sin z dz 
£ 


are each less than or equal 


But If sin 2 dc 
ut 


to 2. 


i aal 4 
[ims as| e al oe) <p 


w 


Thus PESI < c when 2” > д' > X, provided that 
a d 
Хх > =. 


Therefore fes in ® J converges. | 


24, Prove that f* pui 


dæ is not absolutely convergent. 


(C. H. 1962) 
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[we have to prove that {121 dz diverges. We first con- 


тт 


sider the integral f [апе | dz, where m is any positive integer. 
о 


тт т TT 
We have f Lsinel а. S аа. 
т x 
о 


1 (r=1)7 


su fie | sin е lis cene on putting z—(r—1)z--y; 
Ele 


and since rz is the maximum value of (r— 1)z4-y in (0, 


[ДЕП [ йш >21 ( sin y dy- 2. 
тл 


л), we get 


Tom. 
(r-1) 
уу = a 
1 sin 2 | 9 9 1 
о 1o > Ss = 
J 4 2i z p T 


"Воб since >: Т> 99 a8 n — co, we find that 
x 


na 


lsin z | 
o.  d& > ооу абл > оо, 
о 


If now X > nz where X is а real number, 


^ inal пт 

sin 2 1 
Stel aes ү sine Tse: 
o 2 


о 
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As X > оо, т also — œ. Thus 
x 


n dr > œ аз X > œ 


o 


со 
so that f dæ does not converge. | 


(0. H. 1968) 


15/8 


25. Show 


T 


я 
| Let „= f sin 9лт cot 2 da. 
о 


Since віп (Qn+1)e=sin 212 cos ateos 2ng sin х, we have 


т т т 
S. 4. u 
1 вїп (2% 1x 
f sin 9ле сов 2 gy f sin (9n--Dz 5, È соз Ina da 
sin 2 sin 2 
9 5 
о 
z 


7 
я: T 
2 sin (3n-F 1 dx as f eos 2nz da — 0. 


sin 2 
о о 


т 


Rae fae sin si (br чага ада |! 9 cos 2nz dz — 0. 
in 


T 


B ja sin (Qn+1)z 5, zi sin (2n — 1)2 gue =f a3 
вір 2 sinc 9 
o o о 
= 
Thus „= sin 2ng cot x dz—7. 
d б 


sin 2ng ПА 


Wext let ne f: Putting 9nz —z, we get 
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т 


nr 
sin 9а sin z 
f Sin dta, f - dz. 
c 
o о 


2 


со 
in т 
As n> оо, 9, > v= үче @ 


о 


z 
Now u,—v,— f sin 2nz (cot 2-1) dz and on putting 9лт= 
о 


тт | 2 
cos— 
we have а-ә f sin 2 аря йг 
v) sin 2 2n 
Pon 
пт 2 
sin 2 "n n 
f z cos — -i [de 
9 sin — 
Z Qn 
| : 
SA OU 
As n — co, | cos x =~ 230), Oa soy Sp 
L Sing 
2n 
Now Lt x 
n => eon 94) 2. 9-0. © =. 
оо 
о И СЕ д | 
o 2 2 
со 
Сог. f т=ш= da: =5, 0, or, -3 according as а > 0, =0, 
о 
ог < 0). 


& 
БИГ] 
26. (а) Show that f tin"? ae is convergent. 


(О. Н. 1963, 1965) 


the P-test for convergency at T= 0,1-р<1 


gency ab 2= 25, 2 
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(b) Prove nf s sin*z gy =: 


со 


23 
BITS Ey (C. H 1953) 
v 


(c) Evaluate 


—со 


+2 
Q Observe that E <= 


(b) mi P" parts. 


со 
(с) je gin? mz dz—2 feme sin*m? gy, The value is тя. ] 
0 


sin рл 


p—1 
27. Prove that fee -* it0<p <1. 
2 1+ 


[ Near z —0, the integrand may be written т 9 ; hence by 
огу р > 0. Near 


3 1 1 
д = оо, it may be written аз — -]' 73-0 ; hence as above for conver- 
dap 


=р > 1, ie, p < 1. Thus for сойуегбепсу аб 


both limits 0 < s < 1. 


Jiro zie fe a fE do -—u;-us вау. 


co 
20-1 


1. -Pp 
ing æ=- in We, we hav dx= ee 
Putinga—; in us we have Ju SG J PrE 


T 
DONEC PSI. 
i = f Eg T. 
Now ar ASE 1) a +(— DUI a 


k=0 
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but J otona ers a 


so ч 


= Sc Di (= 


1 
nri (С(а?-1--шл-?)„т+1 
k-+p "4c 1) f 1+2 Hd 


0 
Авт > co, the inte 


gral last written converges to 0, because it is 
legs than ү 


7 
D-1 0) El 9 ol. 1 il 
Је +a Jar da: wtp nap ta 


Hence = с —+ 
о 


riz; 
k--i-pl 


Now from any text-book on Higher Trigonometry, 
that 


Binz 2 NC DL 
Xe -D 


EFE] 
meris (n4-1)k—g]* 


it will be seen 


2—mnx tu 


Putting a 27 where p is а proper fraetion, we find 


co 


sin pa px Se vL 1 


HN 
ndal-p! 
Hence finally 
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28. Show that ifn > 3, the integral Т„= f 2. is conver- 
E cosh” & 
ПОЕТА and deduce tinis m e 
andis equal о 2—7 Jn-2 and deduce that Is= үс: , 
(C. H. 1964) 


[ A = f seoh 2 v gech?z dz 
—gech?-?z tanh e-f (n— 2) sech?-?a(—sech v tanh 2) tanh z dz 
= seeh"-?z tanh 2-+(n—2) f scott tanh?z da 
—gech?-?z tanh a+(n— 2) f sech”-*a(1 —sgech?z) dx 


—gech"-7?z tanh at(n—2) f sech"?-?z da—(n—2) fear da. 


n-2 
2. fecit as 8e æ tanh z422 =? (асе а 


n=l 


m-2 y tanh z 


n—1 


sech 


In-s anes In- 88 


Hence In= ADI 


o 


gech"~2 д tanh c vanishes for both limits. 


(i) Itm be odd, Zn can be made to Ue on Ту, and 


12} seeh 2 de= | 9 вацт? Б 


.. In converges when т is odd. 

(i) If be even, In can be made to depend on Is, and 
E 

tanh «| =} Ke 
о 


eet | — 
о 


1 —¢@ 2% 
le 
о 


оо 
1,7 f seoh*e aa = T 
o 
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7. In converges when n is even. 
Thus In converges for all positive integral values of л > 3. 


Also from n= In-2, we get 1,=21,=%. 1 I; 
n= 


42 
a3 Vee 8 | 
( з ру TG 
29. Use the relation 
sin sin 24 sin д n @=1)® 1z- x 
n n n n 9 


rj 
to prove that f log sin z dz — = log 2. 
о 


[ Divide the interval (б, z) 


ал (n=1) 
9» ' 9m 


into n parts by the points 0, ES 


9л... (2n—1)8.. 9n 
Now sin 2. Sin ++ gin SUT 1/5.. 2m _ whence 
2n 2n 2n ganca 


sin = sin 2... sin @—1)2_ Аў. an 


9n Qn 9n gpunw 


ri 
Now f log sin z dz 
о 


Lx iom . 9x Р: ; (n—1) а ete. | 
| log sin qs 108 sin Sn +log sin PTT TET i 


—À 


CHAPTER 13 
EULERIAN INTEGRALS 


1 
1391. The integral [т (1—х)”-* dz. 


L 
Then f 27 (L—2)"-* dz can be immediately calculated when 
о 


т and n are positive and опе of them is an integer. Let m be an 


integer ; then 


«6 А 
f 0-272 dim fe (1—2)?-3 dz 
о о 
1. 2. 3:-:(т = 1) 


E" (n4-1):-(4-m — 1) 
a a 
From the formula f f(a) й4а= f fla-2) dz, we at once have 
o о 


1 1 


f grt (1-2)"-* d= fant (eco) eae dc. 
o 5 


1 
Now integrating by parts the integral f/a*-* (1—2)"-* da, 
о 


we get 
Ја" 4в=©(1-)"=* 42 (an (1—2)"7* da. 


Аз n and m —1 are both positive, the term 2" (1—2)"-* vanishes 
for beth limits ; 


2 x 
4 27-* (1-2)"-1 d anms ha e = 
f ) iiec fe (1—»)”-* da. 


o 
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By a repeated application of this formmla, the integral can be 


1 


DENE 1 
made to depend on f amin dx, the value of which is Sacer 
о 
Hence we haye 


x 


fe (1-ayn-i do 115 
о 


When v is an integer, 
1 J 
form (1—)”"—® dz = far (1—2)-* da 
о о 
Legis (n i 
© mmF1) vlm+n=1) 
When neither m nor nis an integer, 
of the most important integrals in analy, 
Eulerian integral or the Beta Function, 


the aboye integral is one 
sis, and is called the First 


13'2. First Eulerian Integral of the Beta Function. 


1 
Consider the integral [ата (1-2) ds. 
о 


Itm 21 andn> 
discontinuity in (0, 1) 
integral, 

Itm <1, @=Oisa 
v-—1is a point of in 
the integral is an imp 

1 


> a 
) gmt (1—)"-® dac fa (1—х)”-1 da 
о 


o 


1, the integrand has no point of infinite 
and therefore the integral exists as a proper 


point of iefinite discontinuity and if n < 1, 


finite discontinuity. Thus form < 1,n «1, 
roper one. We write 


1 
fan (1—)°-* dg 


—4,--us. say, where 0 < a « 1. 
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We have to test, for convergence at z—0 and ws for convergence 
ab v=, 

Taki E. т-а п—1_(1—ж)”-ї 
aking u, and writing f(z)=a (i=a)"4= SST and 


Lt Ile) 


м8 Eu i we have 2-0 dz) jT 


a 
As (2% is convergent when 1—m < 1 or m > 0, we deduce 
2 


о 
that «4 is convergent at v=0 if, and only ifm > 0. 


m-1i 
Next taking и. and writing fG)- ca and 49) = rs 


we have Те an fe As n {т=ш= = is convergent when 
l-n <1 or » > 0, we find “that ta is convergent at v=1 if, and 
only if, n > 0. 


t 
Thus we find that f 2™-* (1—2)'— dz exists when m > 0 and 
о 


тп > 0. So for positive values of m and m, the integral defines а 
function of m and n and is known as the First Eulerian Integral 


or the Beta Function. 


f a dz (m > 0, n > 0)=B(m, n). 


о 


Obviously B(m, п) = В(п, т). 


We write 


1 


Again putting 2—sin?0 in Blm, n= | 27-!(1—2)^-* da(m > 0, 


° / 


n > 0), we see that 
т 
3 


B(m, n)=2 | sin*"-* 6 cos?"-* 6 do ; 
o 


if 2m —1 and 9n — 1 are positive integers, we have 
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— (2m — 9) (2m — 4)---(2n — 9) (Qn — 4)--- 
Б) (2m J-2n — 9) (дт®-Е9п—4)--—- 


multiplied wF if 2m —1, 2n—1 are both even positive integers. 


133. Transformations of B(m, n). 


The following transformations of B(m, ») are easily worked out. 


1 
(а) In B(m, n)=f y™—*(1—y)" dy, put у= ; then 
o 


а 
B (m, n) =т=т | a-a- g)” da, 
о 


(0) In the same put y= eee then 


ИГ аш (om dz 
B (m, n) lee fee о 


а a 1 
(c) B (m, n)= л dz= паа үт» iet [зен 


+a ) 
е a 
(a dz, put з= then 
1 
m Шау! P oye: 
таа = y A y Г 
| y. 
i (Gea) рар" Scar 
Р noi gni 
SO Bim, n)= {с = dz. 
х Ё 
EIS m= f vna gp SU. ay cob re 
о 


1+@ ata’ 


da. 


then 


EULERIAN INTEGRALS 207 


T 
B (m, n)=(1+a)"a" i) ale eme. ах. 
о 


(a-z)^*^ 
" hn (1-2): Bim, п) 
Henge (az) t? а= anat 


o 


mi 


(e) From (b), B (m, п) = m dy. In this put "ES then 


сс 
т-1 

zs "f 2 da | 

B (m, n)=a J (ас poj 


1 / 


m—1 (4 „үп-1 NO RR ш. 
(7) m fy (1-7 yY"-* dy, put i та ; then 


1 
п т ei тае 
В (m, n)=(a +b)” а fs da. 


A, (1-a) ay B (m, n) 
f (a--bz)"*" (a-4- 5) pu 


2. n-i. 
(9) Taking B(m, n= f age dy and transforming it by 
о 


b. 
putting у= 2, we get 


со 
a-t йт 
В (т, п)=а" b" d abc) 


Next putting д —tan?0, we have 
т 
й ов°"-10 sin??-*0 4б _ В(т, n) 
с) (a cos 20+ sin?9)"*^  9g"p" 
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3 
з f y"-* (1—y)"-* dy, we get, 


о 


(h) Putting =т= in B (m, n) 


b 
B (m, = gage (eo (Ь—)"-* da. 


Here the limits 0, 1 are changed into arbitrary numbers 
a, b (a < b). 


134. Second Eulerian Integral or the Gamma Function. 


Consider the integral 


f e-*g"7t da. 


ò 


It n > 1, the integrand is continuous at z—0 and ifn <1, 
ihe integrand has an infinite discontinuity at z— 0. 
We write 
со 


3 со 
7 
-T -1 = - — - 
f: 2353 ад fe 2 yt dat fe ?g^-* dy =, Hua say 
o ° 1 


We have to examine «, for convergence at 2=0 and ша for 
convergence af co. 
3 es EE 1 
Taking ш; and writing /(2) = е72%-1 = anand taking (a) = т 
we have 
1 f(x). 
$0 (ш)? 


1 


do , 
and as f& 18 convergent at 0, if and only if1—n < 1. 
[9 


1 

5-2 [EM - a 
f e x"-* dx is convergent if 
о 


ien n > 0), it follows that u, = 


n> 0. 
Next to establish the convergence of be at со, 
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We have 


2 
Pat ee pt 
2! r! 


y 
Thus when x > 0, e* > = (т any positive integer), 


т! 


mnt 


eee re ж 
But whatever n may Бе, we can choose r so that r--n+12> t, 
Also we know that 


со 


da 


gpr-»*i 


1 


is convergent ifr-n+1 > 1. It follows that 


оо 
fc 2"— dy <r! 
1 


is convergent whatever » may be. 


со 
А f e77 1" dz is convergent at со, 
Я) 


оо 
Thus f g-*a?^-* dx is convergent for all values of n greater 
0 
than 0. 
со 
The function f o7 a"-" dx has thus a meaning for all positive 
0 


values of т, and is known as the Gamma Function. We write 
со 
ro)- f e* a7 dz, 
0 


E. M. A—14 
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Cor. By integrating f € 7 a” da by parts, we easily get 
o 


Г(п+1)=ъ T(n) 
and if n be a positive integer, l'(n)—(n— 1)! 


135. Relation between Beta and Gamma functions. 
We have 


B(m, n)= f: m-1(1—4)^- ra [е утеп de. 


[Art. 13:3 (2)] 


со 


In Tim)= f ё-®д'"-1 da, put zz for œ where z does not contain 
o 


c; we get 


со 


со 
Г(т)= f е "%-1 = f е2 gmg m- dz ; 


o [] 


со 
yo uet -2(142) m4n— =: 
^s =f. 2( m+n 10-1 da. 


So Pim f « piu da a= {fs [7*0 342) mini m-i dolde! 
бб 
=f f emm às | gph-i da 


о 0 


Now putting (1+2)=y, we have 


со 


n 1 
f ette man- аге apes -u m+n-1 I(m+n) ү, 
$ cay J caue) dy— yn 


Hence TE am- дь = [ече 4 
Gay +» ub 


EULERIAN INTEGRALS 211 


=I(m+n) == (Irgpem em d ш, 
or, [(т)Г(п) = Г(т--т).Б(т, n), 
ie, Blm, n= 0), 


з 3 
Cor. 1. Since B(m, n)=2f sin?"—19 cos*"-*6 20, (Art. 133) 


° 
? 


т 
P(m)P(n)_ =a f He 2M-19 go52"-19 10. 
T(m-n) B (m, n) | sin e 


л 


nci 
Chon ТУЛИ T()Fü.-»)- f D. de= iy 
o 


(Ex. 97, Ch, 19) 


1*6. Duplication formula : (Legendre). 


We have 
т 
T(m)P() = 9 f: sin?"'-*0 соз2"—:0 40. - (1) 
Т(т+п) 5 
т . 
f do=z, .", Т(})= Je. ... (8) 
^ Е 
m=n in (1) gives a 
of 2 
Г(т)Г(т) — 9 TR gin27-10 cos?"-*0 de- gens f ва?" 20, 
Г(9т) о 
Lan КЕ d$ (20=¢). 


2m-1i 
2 о 
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T т 
bz 
Now Уз" йф= f cog?" d (by putting =) 
п о 
z 


Ee) Dm) ый». (95 uuu 
Гот) | 92"== ij sin Ф d$. EI (3) 


о 


In (1) taking n=} ; 


| 1 „2-1 
was | Sin ~"6 dé, we (4) 
From (2), (8), (4), 


Tom). 1 T(mrg) i 
Dlm) 92™=1' Ty a) 


T(m) Jx 
. Г(т-Е3) даті, T(m4-3) 


ore (а) агур), 
Examples : 


п 
pi 
l. Show that f sin" cos"@ gg—l p (e ы) 
5 2 DnB 


m> I,n>-1 


where 


EEEE 


T ELIT 


9 
Deduce the values of 


° z 
f Sin" cog?g 40, f віп”Ө 10 
о о 
when m and n are Positive integers, 

2. Show that 


(©) B (m, n] B (m--1, n)+B (m, n4-1), 
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lii) Pu n)_ Blm, n+1)_ Blm, n), 
n m+n 


[ For (2), use the identity : 2"-(1—2)"— 
zg-1(1—z)71(z4-1-— 2). 


1 
For (i) integrate, f z"(1—2)'-* dz by parts and use (3). ] 


о 


3. Prove that 


A 
IE m-1(1—4?P-t da= 1p(2,n). 
y p 
о 
[ Put «=z. ] 
4, Show that if a, b, m, n be all positive, 


^ b(n-1)+m 
fe =o)? dg-2— — = 8 (z, n). 


o 


а 


[f zw dz- =a?" b 


о 


ex 
a 
Т 
—_ 
Ex 
| 
R18 
Sus 
= 
s 
t 
Е 
a 
9 


EE ] 
now put E . 


5, Deduce from Ex. 4 or obtain directly the values of 


a IE d, (i) fe *(16-2*) * de. [; 1 


° 


6. Show that 


nin" 


- @\” mai OM = Ü 
í 3 q"-* dz n" B (m, n+1) m(m-F1)-(m-Fn) 


where т > Oandna positive integer. 


214 ELEMENTS OF MATHEMATICAL ANALYSIS 


[ Use Ex.4 to get the first part and Art. 13'1 to get the second 
part. ] 


F ein2™- 10 cos?”-10 dO. В (m, n) 
de коте that f (a sin*0-- b сов20)"+% олт" 


Г(т)Г (п) 


атаа), (m > 0, n > 0) 


T(m)I'(n) Log 
[ Тт) 20% п)= се yn ® 


Put s=% where a > 0, b > 0 ; then 


Г(т)Г(») ò _y™=* dy 
а7"Б"Г(т-Ет) 2 (ayant 


Now put y —tan?0 to Set the required result.) 


со 


8. Evaluate f an” dy, 


о 


(С. Н. 1962, 1968) 


со 


со 
[ Putting ®=а, fier” de=} f nox dz 
о о 


9. Discuss the convergence or divergence of 
1 


f "(log а)" ds, (0. H. 1963 ) 
о 


1 


| Put =e"; f ФТ (log а)" dz is transformed into 
о 
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em со 


fev. 67" 2” de=(— uy fom 2" dz; m must be > 0 so that. 


° 


the index of е in the integrand may be negative. On putting mz=y; 


со 


^ ^ А Г 
the integral is changed into ( y f x Др (-1)" sn 


o 


provided n+1 > 0. Thus the integral converges when m > 0, 
n> -1.] 


10. Show that 


со 


Jes (log a)” da 


1 


converges if m < 0 and n — —1. 
[ Put х=“. ] 


11. Show that (5) I($)— 7; 
12. Prove that 


E FEET Ti „(вір ж) dz —7. 


13. Show that 


14. Show that f c de 
о (1 e)z 


15. Show that 
(i) B (m, m)- 2" B (m, 4), (m > 0). 


(0) B (m m)B(m+} mH) 2, 2174", (m > 0). 


216 ELEMENTS OF MATHEMATIOAL ANALYSIS 


16. Prove that 


f in =a") 


[ The first part of the r 
For the second part, 


аан 
coe 


use the duplication formula, ] 
17. Show that 


1 


è (1-29 


esult is easily obtained by putting 2”=z. 


CHAPTER 14 
POWER SERIES 
141. Some Basic Concepts*. 


(a) Convergence of Infinite Series. 


The infinite series 01-0 Риз +: is convergent if 
Lt Sn=S where Sn=u tust: +un; this may be stated 


тоо 
ав 158-5 |< є forn >т, 
m depending ор є. 
Now 18-51 = | чаза Баана | = | Hal say, the 


above condition is then 
ІВ, |<<¢forn > m 


m depending on €. 


(b) Absolute Convergence. 


If the infinite series be 0. +из из * and if | u| +] usl 
+ | us | + is convergent, the series is said to be absolutely 


-convergent. 


We have the theorem: An absolutely convergent series i8 


convergent. 


If 5 ún be absolutely convergent, by definition X | un l is 


-convergent. 

Now, Un + | Un 
Therefore every term 0 
ponding term of 2 (| а 


{=i a, | or 0, according ав Un 20. 
t X(usd- |un |) > 0 and < the corres- 
|+] usd) ien of 25] un | which is 


convergent. 
So X (tn + | ún |) is convergent, te. Sunt S| ш] is 


conyergent. 
It follows that 2 Un is convergent. 
(с) Convergence of Series whose terms are functions of x. 


A series of the form I un (2) = wy (@)+ из (a) + + ún (a) 


++ +++ whose terms are functions of 2 is said to be convergent for the 


it a era 
* Chapter 21 may be consulted at this stage. 
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value z and to have § 
first inserted in the d 
number є having 


(z) for its sum, 


if this value of x having been 
ifferent terms 


of the series, and any positive 
been chosen, аз small as we 


please, there is а 
positive integer m such that 


| S(z)— S,(z) | € € when л > m. 
Here m depends upon є and the particular value of т chosen, 


(4) Uniform Convergence. 

Let the series шл{ж)-Еи„(ж)-Еиь()+Е.- converge for all values 
ovtinace, < b. Itis said to converge uniformly in the interval, 
if any positive number є having been 


chosen, however small, there 
is a positive integer m such that for all values of x in (a, b) 


| S(z)— Sala) | < € when à > 
ie, | R(z)| <e 
Here m depends on € only and not 


H . m € 
Thus for uniform convergence, any arbitrary positive number 
being chosen, the Same value of m is 


бо serve for all the values of # 
in the interval, 


> M, 
when n > m, 
on g, 


It is therefore true that if 5 Un (x) converges uniformly, 
| Rn (a) | <E 


for each value of z in (a, b) when n >т. 


142. Power Series, 


A series of the form 
со 


Dna" =a, Fayetage + + tao? em 
0 


in which the a's are real numbers for a real series and the exponents 
of 2 are positive integer, is called a Power series. 
A more general form 


(1) 


of а power series is 
> аһ (@~2.)"=a5+a, (z—295)--a5 (z-z)? +- 


Fanlo = ro)” eee (2) 

The form (2) can be reduced to 

and so we need consider only the fo 
power series. 


the form (1) by putting z—a,= 
tm (1) for a discussion of the 
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14:3. Three types of Power Series. 

divided into three classes accordi 
It should however be noled that there 
series is 


Power series can be ng to the 


nature of their convergence. 
is one value of v, viz., c—0 for which every power 


Convergent. 


(a) Power series convergent for As an example 


all values of 2. 


2 n 
: H a 2 
we consider the series : DN AN Here 
Li n: 
| ener] = 
Dus] n 


the ratio becomes «1itn be 


and whatever be the value of 2, 
for all values of 2. 


sufficiently large. Hence the series converges 


(b) Power series convergent for no value of x except 2=0. 
As an example we have the series : 1-z4-9! a 4n! ghe 
Here 
Инт жуд ў 
Un 


and if ғ 0, this ratio becomes > 1 for large n, showing that the 
т all values of & except z — 0. 


Series diverges fo 
some values of @ and divergent 


(c) Power series convergent for 
for other values. 
1- z-Ez iR 


An example is : 
1 


Neglecting the first term =a ; and so the series converges for 
—1 < а < 1 апа diverges for | x | > 1; it also diverges for c=+1. 
144. Determination of the region of convergence of a 
power series. 


The values of 2 for which а po 
Lt Аһ exists. 


wer series converges can be easily 


2470 the power series 


ansa | 
a» | 


converges absolutely, and therefore converges, for all values of cx 


if |s| < R ana diverges if 21 > B. 
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Neglecting the first term and using the ratio test, we have 


Lt Unter [| Lt аһ 4 |— lo | 
Со: тыс а k 


Hence the series converges absolutely if lel < lor|z]«E 


and.diverges if lel> Hon |а| = Р. 


Nothing is proved in this as to what happens when c=+R, 


Lhe 
It R=, t.e., Б 0, Lt 


Una 
Un 


suji, z]- Ls =0; and the 
аһ R 


Series converges for all values of x, 


If R=0, or LEa Lt | Mota 
R Ün 


=œ and the series diverges for all 
values of z, except ж=(0. 

145. Theorems on Power Series, 
(a) Theorem I. It the power series 


а аза asa? +. ада. 
converges for a particular value ao of a, 


all values of such that || «| Soles 
Since the series converges for 2 = 20, we must have 


Газ со" < e and зо las zo" | < M for all т, 
where M is a definite finite number. 


Now | ®|< |z] 


it converges absolutely for 


(Abel), 


Tes < 1. 
Zo 


Hence | aol + | @уш | + | aoa? | 4| ала" | + 


5l ao l+] aol | 2. | 


2 


| але? | [2 Te 
To 
m 
+ | Gn 20" | E: Te 
Vo 
= arr 90а "к e) 
20 20 Lo 


which is convergent. 


(b) Theorem П. Tf a power series 
then i& diverges for all values of æ for whic 


Hence the theorem, 


diverges for | «| =a, 
h || > |.|. 
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For if it converges when =, such that |2,| > |2,], it 
must converge absolutely when s=% (as |ao|<| zı | ) by 
theorem I, and this contradicts the hypothesis. 


Remark: These theorems show that the region of convergence 
cannot include a point where the series diverges, nor can the region 
of divergence include a point where the series converges. The 
greatest possible value R of v is called the radius of donvergence 
and the interval (— R, R) is called the interval of convergence. We 
shall now prove the existence of the number 2. 


Suppose that there isa value of т other than zero for which 
Sa,v” converges and that there is a value 2' of x for which 16 is 


non-convergent. 
Choose a positive number a greater than | 2’ | ; then by what 


has been proved above, the series is non-convergent for 2 =a. 


Divide the real numbers in (0, a) into two classes. The lower 
class is to contain every real number 7 such that Sane” is convergent 
if |o | —7. The upper class is to contain every real number 7” 
such that Sanz” does not converge if |e] =r’. Both classes exist 
and every 7 is less than any 7’. 

This division defines а real positive number Æ which separates 
the classes and may belong to either class. The number Z is such 
that Sanz” converges absolutely if | e |< Rand is non-convergent 
if del E. Nothing is proved about what happens when 


lz|2R. 
” the circle with centre at the origin 


For a complex series Sanz › 
and radius R is called the circle of convergence and Р is the 


radius of convergence. The series converges absolutely or is non- 


& according as the point 2 is inside or outside the circle. 


convergen 
the character of the series is not 


Tf z is on the circumference, 
determined. 

(c) Theorem III. If R Бе the radius of convergence of a power 
dng”, then the series is absolutely and uniformly convergent 


series X 
mber less than R. 


in (—7, r), where 7 is any nu 
In other words—A power series is absolutely and uniformly 


convergent in a range strictly within the interval of convergence 


(-R, Р). 
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Let zo be a number such that 7 < zo < R, then by theorem I, 
anz” is absolutely convergent. 
| anto” | + | ansatz"? | +++ < e when n > m. 
And if z be any point in (—7, r), ie. if -r < a <r, 
| аһа" [+ | аза" | +o 
«| @л®о” | + | Gunton | 2995 
< є 
when n > m and for every 2 such that -r <v <r. It follows 
that the series is uniformly convergent in the closed interval 


(—7, т); that it is absolutely convergent in (— r, 7) follows directly 
from theorem I. 


(d) Theorem IV. A power series represents a function which 
is continuous within the interval of convergence, 
In other words—For a power series, the sum- 


function is continu- 
ous within the interval of convergence. 


We have seen that a Dower series is a series of continuous 


funetions which converges uniformly within the interval of conver- 
gence (theorem III). 


Let S(z)=a, +a +9724... = ana”, Y? + (1) 
2 

Sn(z) =a taye+-+a, 2-1, nice ond (2) 

Ti(z) =n" Fa, um ape ga - (8) 


Since (1) converges uniformly, we know that however small the 


positive number є may be, there is a positive integer m such that 


| 8$(®)— S, (2) | < 5, when n 2 m, 


the same m Serving for all values of z wi 
gence. Choosing such a value of л, 


8(2)= S«(z)-- Rala) 


€ 
where | R,(a) | < g for all æ within the interval of convergence. 


Sn(z), being the sum of a finite numbe 
is continuous within the interval. 
n such that z' and ш being any two 


| Sala’) 


thin the interval of conver- 


T n of continuous functions, 
Thus there is а positive number 
values of z within the interval, 


—S,(z) | < 3 whenever |z'—z| < 7. 
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Now S(a')— S,(z^)-- Rale’) where | Ral’) | < E 
5` 


And S(z')— S(z)— 8„(ш')— 8ь(ж)-В®„(а')— Р, (к); 
ÁO 15(@')—5(ж) | < | S,(e')—S,(c)| +] Bale’) |+ l Rl) | 


€,€,€ 
< tst 
< є, 


Thus S(a) is continuous within the interval of convergence 


Note. e following examples will show that a series whose terms are 
« Th fon i x 1 ill show that ri hose t 
continuous functions of z need not necessarily have a continuous si 

um. 


(1) Consider the series 
2 2 


„2 
poan sy T 
ies ay nage 


ache 


When а # 0, it is a geometrical series with common ratio 1 
‘ 2 
<1. So the series is convergent and its sum p 


g? 


5$(в®)= —— —-1-te*(s я 0). 
ies 
1+2* 
z)- Lt OE 
Hence Lt | Sle) HM reg 1. But S(0)—0, as every 


term is 0 when 2=0. 
Thus Slæ) approaches а definite limi& 1 when z — 0, but this 
limit is different from the value of the function for z —0, which 


means that S(x) is not continuous ata = 0. 


(2) Again consider the series 


ieee DRL SER AG iss 
Zu ЕП" ge th 
\ 


1 1 i 
Ar с ерд (a) 1 
Here tn (2) (в=10)2+1 neti and Sa (2)1 at 
Thus when œ > 0, Lt S,(z)=S(a)=1. 

nrc 


When =0, Lh Sx (2)=0.since Sn (0)=0. 
п > со 


Thus S(z) is discontinuous at т= 0. 
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The sum-function is continuous in an interval only if the series 
is uniformly convergent therein. 

(e) Theorem V. A power series can be integrated term by 
term within the interval of convergence. 

We have S(x)=S,(x)+R,{z). 

Since a power series is uniformly convergent within the interval 
of convergence, for any 2 within the interval 

Ід, (a) | < € for n > т. 
If now cı and сз (c1 < сз) be two points within the interval, 


| fa. (2) dz | < fiz, (x) | йш < (ee dz —€ (cs — c). 


сл cy cz 
Now fs dx= f Salz) da + f Rn (x) da. 
cy с, с 


B | fixe dz— TE (=) dx |= fs. (£) da | 
< fl R, (a) | aw < € (cs — c,). 


п > co 


Ca [A 
So f S(c)de= , 1 f S5 (ж) dz 
ex €, 


Ca Ca с, 
= f а da+ f aye da+ f ast? dote 
€; €, [21 
(/) Theorem VI. А power series can be differentiated term 
by term within the interval of convergence. 
Let S(v)—aco-a2--asa? ++ Eas, - (1) 
and #2) — a. +200 +--+ (n+ 1)a,4 127 be, - (2) 
obtained by differentiating S(s) term by term. As (1) and (2) are 


both power series, they are both uniformly convergent within their 
respective intervals of convergence. 


POWER SERIES 995 


We shall first prove that (2) has the same interval of по 
аз (1). If R be tne radius of convergence of (1), then 
@п+т 
* аһ 
For the series (2), 


Lt 


=> (Art. 144). 


m | tner |=ть | tansa [=z | ы a eoe mete 
ake on " аһ E 


Hence the first derived series has the same interval of con- 
vergence as the original series. 

Now #(2) being а power series i& can be integrated term by term 
within the interval of convergence (— R, E) (Theorem V). If z bea 


point in this interval 


z © 
fee) dz=3 Јожа" daz — Xa5442"** — (ш). 
o о 
Again d(z) being the sum ofthe power series (2) is а continuous 
function of v in ( — E, R) and by a property of definite integrals, 
(а) =) =а -2as--3asz^ + (n+ 1)as a2" Hee 


which proves the theorem. 
Cor. A power series can be integrated of differentiated term by 
term within the interval convergence as often as we please, 


(g) Theorem VII. Uniqueness of Identity Theorem for 


power series : À 4 z 
fferent power series with the same interval 


There cannoti be two di i | 
having the same sum 1n the interval. 


of convergence and E й wak 
Sans” and Bhar be two power series satisfying 


If possible let vs 
= ae NE ; then 
the given condition 1n ( i A ae 


ао аз tast + 1 
Differentiating successively both sides term by term we have by 


I 
Theorem V po? + e =b 902213632 


а: +2003 
1.2a4 2.3 2,294242" 7 195, E230, 2-3 Abawt 


am E 


n these relations, we get successively 
Gn =... 


Putting v=0 i В 
ао = bos @1 701 аа Zber ез 


proving the identity of the two series, 


E. М. А.—15 
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(h) Theorem VIII. We state without proof the following 
properties of power series. 
1. Two power series as long as they converge may be added and 
subtracted term by term. 
Zant” + Ibar” = S(antby)x”. 


2. Two power series can be multiplied term by term for values 


of z within the common portion of their intervals of convergence. 
For such values of т, 


Жылу Бл ЭО abe +ал-10,-Еаһбео)®". 
о о D 


3. We may divide by а power в 
constant term is 74 0 and 
values of 2 (Knopp). 


14'6. We state without proof the following theorem due to 
Abel, 


n 


eries of positive radius if the 
provided we restrict ourselves to small 


If a power series con 
of convergence, the seri 
the continuity of the 
the point, 


Verges for either of the ends of the. interval 
es is uniformly Convergent at the point and 
sum of the series extends up to and includes 


Examples : 


1. From the expansion x =1-а-Еш°* —°-+...( е1 ) 
obtain the expansion of (Isi) КА IUIS tts, interval Odd 
convergence ? 


(C. H. 1965) 


2. From the Same expansion, obtain by integration, the series 


for log (1+2), viz., 


2 
M LL =н (-1<2 <1). 
and deduce log 2—1—3-Fi—1.... 


[ As loot ato? +... is absolutely and uniformly convergent 
when | zí <1, by integrating between the limits 0 and 4 


(| æl <1), we get log (+) о-оо 


ОЕ" 


This series is convergent When z—1 and non-convergent for 
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2= —1, and во by Abel's theorem (Art. 14:6), the interval of conver- 
gence extends up to and includes 1. Hence, 
2 8 4 
log (1ta)=e-S +5 7 l<e € 1). 
Putting 2=1, we get 
log 2=1-$+3-i+'". ] 


3. Obtain, by integration, from the identity 
P en 2_;8 -1 jn- de 
=1—t+t? -tHe (-1)7 v7 +(-1)” —_. 
) т) 1+2 


1+ 
the infinite series for log (1+2) in (—1, 1). 


Bas fant 
Е [те t” at= 27 овп] 


4. Find the power series for tan-'z and deduce the sum of 
lel ale. 
T 3*5 qt 


Й 
log (1+) ;, 1 1p L k 
5. show shat f xmi anl наре 


z 
6. Find the power series development of f Ex di in the 


о 


neighbourhood of zero. (0. Н. 1960) 
С Са ЗК 
[e-sratéts | 
7. From the equation 
z 
sin^^z =} dp 
Š „1-2 
(0. Н. 1986) 


obtain the power series for sin v. 
m 2° 18° 4185 2" ite |а 1 
| 2+ BL ше Т, Hades 


8 as the radius of convergence of а power series and explain 
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why it is so called. Obtain an expression for the radius of conver- 
gence of the power series 
&o-a42d-asz? + 


co 


Prove that if f(z)— D ang” for | «| < 1, then 


о 


со 


f'(a)= > тал? {ог | «| <1. 


1 
Show by an example that such differentiation is not always 
permissible for series in general, (C. Н. 1963) 


[ Consider the series for which Sule) =a (а > 0); 


then S,(0) —0, and also S(z)=0 ; во that S'(z) 0 (2 > 0). 


(UY Lig Sa(h) -= S,(0). it LE TES e 
Now $S,'(0) ЖЕЛТОЕ КАЛЕБ? ГҮ: һ->0 1-ca?A? 
Thus Lt $'(0)=со,&һоцаһ 8'(0) =0. 

т © 


=n 


Hence the relation 
d 

Fe n ce Sale) ]- — L4 в) 
is not alwaye true, ] 


9. Prove that under suitable conditions two power series may 
be multiplied together and the product expressed as а power series. 


з 8 
If febre et, prove by multiplication of the 


Dower series that 
Д#)х (2) = (а), (C. Н. 1962) 


" Gs 2 8 Ў 
10. Find the radius of convergence of 2-5 SE — +++ and discuss 


the case where z is on the circle 
E Jit The radius of convergence i; 
is the unit circle. When рг | 
when 2 is oa the circle of 
absolutely ard uniformly exeept 


of convergence, 

8 1 so that the circle of convergence 
=1, the series converges ; therefore 
Convergence, the geries converges 
when the amplitude of z is + m] 
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11. Show that if m > 0, 


1 
тө ВКТ dique n 
ie m т+1 m+2 m+3 


Hence deduce the value of the series 
aED Loe й 
gtg—at 
[ Follow Ex. 27, Chapter 12. J 
12. Ifm> 0, n > 0, show that 
git 1 1 i 1 
qe nce ЭШ ү m КЕ 
1+2" m mtn m+2n DUE TEE 


Deduce that 


ZEOUCATION А 


& 

Oo LIFA О, 
РАС AN 
2 Dap of Excanaen ) 2 
| SERVICE L 


2 
RS CALCUTT) S» 
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FOURIER SERIES 


15'l. Fourier's Series and Constants. 


Let f(s) be an arbitrary function define] in the interval (— m, л), 
If bounded, let i& be integrable in this interval. If unbounded, let 


т 
the improper integral frw dt be absolutely convergent, It can 
-r 
т т 
be proved that then f F(t) cos nt dt and f f(t) sin nt dt exist for 
=r -r 
all values of n. 
The trigonometrical series 
łao+(a, cos e-+b, sin ®)+(аз cos 2+ b, sin 92)4----, 


со 
or, + >" (an cos nz--b, sin nz) e Good li) 
1 


їз called the Fourier's series 


for f(c) when the constants Gos Gay 
binare given by 


T 
aL f f(t) con nt dt, bil 


-r 


S(t) sin nt dt, 


Ja 


when n=0, 1, 9,... The constants Qos Q1, bis. 
constants or Fourier's Coefficients for t 
The Fourier's Series for f(a) converge 


(—7, а) where f(z) 


- are called Fourier's 
he function f(z), 


8 to f(x) at every point in 


is continuous; it converges to 1 [f (a+0) 
+f(e-0)] at every point of ordinary 


and to H /(—2--0)4-/(«—0)] 


exist. 


discontinuity in the interval 


at 2=-л, provided these limits 
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Thus if S(x) be the sum-function of the series, 
S(x)= f(x) at a point in ( —27 x) where f(x) is continuous ; 
S(a)=5 [f(z4-0)2-f(z —0] at a point of ordinary disconti- 
nuity if the limits exist ; 
S(z) =} [/(—х--0)++/(х—0)] at == л, provided 
f(— 7+0) and f(z—0) exist; and as the series is periodie with a 
period 27, 
S(a+2mzx) = S(a). 


The last relation enables us to determine the value of the sum- 
function at a point outside the interval (— 2, x). 


152. А rough verification of the above results. (Euler) 


We assume that it is possible to expand the arbitrary function 
f(x) in a trigonometrical series of the form 


He) = ао + Den cos nv+b, sin тт); 


we assume further that the series may be integrated term by term 
after multiplying both sides by cos na or sin ng, (n=0, 1, 2, 3,...) 


Bearing in mind that if m and n be positive integers, 
T 


|| sin mz cos nz dz —0, 
— 
T 
т 
x, (т=п) 
i i dz= f COS ML COS NX dx =f р. 
and f sin mx sin nz 0; mAn) 
-r -т 
we have 


т 
т 
1 
Јо Ара f J(t) eos nt dt 


-r 
-r 


п т 
а а. 1 
су! a=} f di ; and similarly ъ= f Fesin nt dt. 


-r =y 
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Thus fi) 2. f f(t) a> {cos na fro cos nt dt 
Ls 1 ес, 


т 
+ зір nz f f(t) sin nt aca <r < m) 


—7 


Observation. In order that f(z) may be equal to the corres- 
ponding series, we have to assume that 


(i) the trigonometric series should be convergent ; 
(ii) it should admit of term by term integration, a sufficient 
condition for which is that the convergence should be uniform 3 
(iii) the series being trigonometric is periodic in = with the 
period 2% ; hence unless f(x) is itself periodic, the equality of f(x) 
with the series will be confined only to the interval (72, x). 
153. Special Cases : Cosine and Sine Series, 
(a) Cosine Series—It the arbitrary function f(z) given in 
\7%, л) is an even function ; i.e., if f(z)- f( x) when 0 <2 < л, 
the Fourier’s series for f(x) becomes the Cosine Series : 


т т 

1 2 

JEO dt 7 > cos na Г cos nt dt, (0<a < x). 
о 1 о 


For in this сазе 


a=} if f(t) dt leads to а=? f F(t) dt, 
о 


чы, 


7 


т 
1 
сас f F(t) cos nt dt leads to ay => f f(t) cos nt dt, 
— о 


т 
=1 : Я 
and == f F(t) sin në dt leads to 5, —0. 
cm 
(0) Sine Series—It the arbitrary function Ја) in (~x, x) be 


an odd function, ie. f(2)— —f(—5) when 0 <_< 7, the Fourier's 
series for f(x) becomes the Sine Series : 


s 
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со 


E p sin nz f f(t) sin nt dt; (0 < = <2). 
o 


X 


In this case 


7 т 
bn =1 f f(t) sin nt dt leads to b= 2 f f(t) sin ті dt, 
о 


-r 


and an=0 for n=0, 1, Oe 


154. Dirichlet's conditions. 

A function Дж) defined in the interval (a, b) will be said to satisfy 
Diriehlet's conditions in the interval when it satisfies one of the 
following conditions : 

(i) f(w)is bounded in (а, b) and the interval can be broken up 
into a finite number of open partial intervals in each of which f(a) is 
monotonic. 

(i) f(z) has a finite number of infinite discontinuities in the 
interval, but when arbitrarily small neighbourhoods of these points 
are excluded, f(a) is bounded in the rest of the interval, and this can 
be broken up into a finite number of open partial intervals in: 
each of which f(s) is monotonic. Further, the improper integral 


b 
f f(a) da is to be absolutely convergent. 
a 


It can be proved that when the arbitrary function f(x) satisfies 
Dirichlet’s conditions in the interval ( —7, x) and 


-т 


п т 
acl f f(t) eos nt dt, ),-lf f(t) sin nt dt, (n=0, 1, 9....), 
= 2 
-T 


the Fourier’s series 


о А 
2 (an cos n+ bn sin nz) 
ut 


converges to 1|7@+0)+/@—0) | at every point in —-* <% <T 
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where f(z+0) and f(z—0) exist; ab z—-Lx, it converges to 


i [л-а+о)+ла-0) | when /( —х-Е0) and f(x — 0) exist. 


155. Half-range series as a Cosine Series, 

Let f(x) be given in the interval (0, л) and satisfy Dirichlet’s 
conditions in that interval. Define f(z) in -x < z < 0 by the equa- 
tion f(—-z)—f(z). The function thus defined for (—z, л) satisfies 
Dirichlet’s conditions in this interval. On expanding f(z) in a 
Fourier's series, it would be seen that 

т т 
asi I(t) cos nt dt leads to a =2 if F(t) cos nt dt, 
o 


ar 


and „=? f f(t) ein nt dt leads to bn=0, (n=1, 9,--.), 


-т 


Hence Ње Еоптїет'в Series for f(x) takes the form 


if 5o @+2 D cos ng frw cos nt dt, (0 < x < x). 
о 1 о 


Also from the way in which f(x) is def 
have al Ло) о) ио) ana Al 


= f(* — 0), provided the limits f(+0) апа 


Tt follows that when f(a) 
Dirichlet's Conditions in (0, 


ned in -x <a <0, we 


fC- 0-0) ] 
f(x — 0) exist, 


is an arbitrary function satistyin 

л), the sum of the half-range cosine series 
is equal to 3 ИСС) 
where f(r--0) ana Хе —0) 
exist, the sum is /( 


at every point between 0 and x 


exist; and when J(+0) and f(z—0) 
+0) at z—0 and J(x—0) а=, 


156. Half-range series asa Si 

Let f(x) be given in the 
conditions in that interval. 

equation f(—2)— — f(z), 


ne Series, 
interval (0, 
Define f( 
The funetion 


7) and satisfy Dirichlet's 
z)in —х € x < 0 by the 


thus defined for (=z, x). 
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satisfies Dirichlet's conditions in this interval. And it may be easily 


seen that 


7 . 
һ=1 f(t) sin nt dt leads to „=? f f(t) sin nt dt, 
о 


ia 


and that an=0 (n=0, 1, 2,*--). 


Hence the Fourier's series for f(x) is now 


co т 
LN sin na fio sin nt dt. 
1 о 


Thus when / (х) is an arbitrary function satisfying Dirichlet’s 
conditions in (0, x), the sum of the half-range sine series equal to 
4] ror -0)] at every point between 0 and * where f(a+0) 
and f(#—0) exist ; and since all the terms of the series vanish when 
«=0 and v=x, the sum is zero at these ШОШ 


Note 1. It will be noticed that when f(x) is continuous at the end points 
2=0 and z—, the cosine series gives the value of the function at these points. 
The sine series gives the value of f(x) at these points if f(x) is zero there. 

Note 2. The sum functions of the half-range sine and cosine series are 


periodic with period 27. A 
Note 3. Consider the three cases : 
G) f(x) is defined in the interval (—7, т), 
(ii) fle) is defined in (0, т) and extended to (—7, 0) by the equation 
f(-2)=f(@), 
(iii) f(a) is defined іп (0, т) and extended to (—7, 0) by the equation 


fi-a)=- fl); 
whereas the Fourier’s series for f(x) in the above three cases have identica 
sums for values of z in the open interval (0, т), their sums are different for 


values of 2 in the open interval (— r, 0). 


157. Transformations. 
(a) To change the interval (— x, л) to (—J, 1). 
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Take the Fourier's series for Фу) in (— æ, x) in the form 


m f 7 m ny f «o cos nv dv 
ud =r 


+sin ny f $0) sin nv av} ; 


=r 


and put 52 апа „= the limits are thereby changed into — 1, 1. 


Now жо) = (22, =f(z) say and so $(v)= ШЕ ')= f(t). Also 


П ces ny jf $(v) cos nv dv is transformed into 
л 
-r 


l 
1 соз ue f e(z) cos = = cos —~ "72 [ T(t) cos = dt, 
1 


т 
and similarly 1 sin w f #v) sin 


-т 


nv dv is transformed into 
[А 


i sin 22 f F(t) sin *?* ay, 
l 3 1 


Thus a series is transformed a 
9] јл dit+-= 5 f сов 222 mE i f(t) cos = dt 


+sin 272 fm )sin ah (-1 <2 en 


The йд. I. cosine and sine ne are 


| ft) di 23 cos = zn Flt) cos = й„(0 <v <1) 
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со l 
2 nag + плі 
i 2 sin xU f (t) а == dt, (0 <=: < 1). 


It is to be understood that in all the three cases, f(a) must. 
satisfy Dirichlet's conditions in ( — 1, 1). 
(b) To change the interval (—7, л) into (0, 2x). 
Taking the Fourier's series for $(y) in (—7, x) as 


т со т 
т f #0) wti 2 { сов f фо) cos nv dv 
-r 1 Fe 


т 
+sin ny Јо sin mv dv | | 
ү 
we put y—2—2, v=t—2 ; the limits are at once changed into 0, 27. 


Now #0) = (2-2) =/ (0) say and so Ф(®)=Ф(Ф—х)=/(%). 


т 
Апа 1 cos ny f $(v) соз nv dv is changed into 
=r 
2r 


1 соз n(z — x) f Ф(@—х) cos n (t— x) dt 


2r 


z(- s cos na f (—1)” f(t) eos nt dt 
© 


20 
=t cos na f f(t) cos nt dt. 
о 


т 
Similarly H sin ny f d(v) sin nv dv is changed into 
=r 


ze uj 
=L sin nz | f(t) sin nt dt. 
о 


238 ELEMENTS OF MATHEMATICAL ANALYSIS 


Hence the Fourier's series for f(z) in the interval (0, 9x) takes 
the form 


2r со 


2т 
= f F(t) d. E { cos 12 f F(t) cos nt dt 
o zi z 


2r 
+sin nz f J(t) sin nt dt }, (0 < x < 27), 
o 


provided f(x) satisfies Dirichlet's conditions in (0, 9л). 
(c) To change the interval (— x, x) into (a, b), (a < b). 
Starting with the Fourier's series for Ф(у) in (— x, x) in the form, 


3 as f $(v) dv +1 > { cos ww f st) СОЗ ООУ 
ТП. 1 


=, 


+sin ny f $(v) sin nv dv |, 


y 
_9л(ж—@) a(t— 
we put у= hag -* and p= 2-2), ; then the limits 
a b-a Ч 
777, ? ате at once changed into a and b. 
Now du)=¢ (566-29 


b-a ^ 


j = f(x) say, and so d(v) —f(1). 


T 
1 
Also z cos ny f pv) cos nv dv 


БЕ, 


= cos { коше | fro cos [l-o na} dt 


b 
Р ый na(s — = 
бз peg) жик, 


т 
and similarly L sin ny ji $( 


=m 


v) sin nv dv 
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2 (z-a) à (t-a) 
= . Опт (r—a f ; 2nz (t—a 
=e ANTA Se t Sa) бу, | 
b—a Р b-a J 70 sin b—a 2 


y 
Again cos 2л (x —a) боз Ла) =a) dt 
b-a Р b-a 


a 


b 
‚_ 9nz (z — a) .. 9nz (t—a) 
+sin ars fro gin = сы dt 

a 


(2m 
SLE в 217 л (1-2) dt. 
Thus the Fourier's series for Фу in (—2, x) is transformed into 


Bs ce us 
i 2r 2nz (1-2) 
Fee J f(t) 202.00) f(t) cos 55, dt 


(a<a <b) 
on the nnderstendiag that f(x) satisfies Diriehlet's conditions in 
(a, b). 

15'8. Calculation of Fourier's coefficients 

The following examples will shcw the method of calculation of 
Fourier's coefficients for a given function. 

1. Find a series of sines and cosines of multiples of 2 which will 


represent v+% in the interval =% < т «a, 
(C. Н. 1960, '62, '64) 


т 
ere в=1 f внат fa dood [г d=, 


=r 

т т 
= m (4-23) cos nz a=? f 2° cos ng dz, 
л 235 


=T в 


А e М 
and after integration by parts, we find that аһ= == cos nT, 


940. ELEMENTS OF MATHEMATICAL ANALYSIS 
т т 
=i +r?) sin nz dz— 2 È x sin nz dz 
Also b- (z--z?) sin x 
o 
m 


which gives 55 —(— үк, 


Putting these values in 
ato tas cos +b, sin z)--(as cos 2240, sin 2z)4----, 


s с— 
we get atat = tal - cos 2+5 sin 2-42 воз an +t sin 22) 


+: when -% <a < л, 
At т=+л, jr 07-0] gives for 
f(z)—z-Fx* the value x?, 
= ere eae 


zi dee 1 
or —=14+54+=4+-, 

6 да Зө 
Кое, Since x, x cos nz, v? sin nx are odd functions, we can omit these in 
calculating ag, an, bn for 


T 


т т 
f c dy, if £ соз nz dz, fe sin nz dr all van‘sh 


=. =r =r 


2. Find a series of sines and cosines of multiples of z which will 
represent f(v) in the interval —z < д <x 


f(z)20,(-z <x <0) 


‚ when 


д; 
f(a)72, (0 € z < az), (C. H. 1968, 1964) 


We first observe that 


f /as- f Ha) &+ f. T = f то) dz, 


since f(z)—0 in (—2, 0). 


1 


mage 


| 
| 
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л 
Zin ns dx = —— cos па. 
4n 


7 sin 204e 


2 
Uo fa)=F, +3(-cos 2+9 sin a)-% 


when —-7<ш<лх, 


At т=+х, E [ f(—24-0)4-f(x — 0) |-= and во we get 


z 1 
келе (th Tl a) 


л? ПАЯ 
ог, в itgatgst 


3. Expand z? in Fourier’s series in —z < z < x, 


H з: H A 
Obviously x“ is an even function ofz. So the expansion will 
be in a cosine series, namely 


T со 


п 
1 fe? att di » сов na f t*cos nt dt. 
л л 
0 0 


Л! 


7 2 
E E, 
Now 1f ea $ 
0 


Also by integration by parts, f t? cos nt dt=(—1)" 28 
т 


0 
X. Á л? 8 Qn 
Sting fg Spe tga} ore md 


a A.—16 
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At x= + x, the sum of the series is 2° and we get the result 


Же est, Jl 1 8 
н 


4. Expand т in a Fourier’s seriesin —z < z < x, (C. Н. 1962) 
x being an odd function of =, the expansion will be in a sine 
series. It is 


т 


2 55 віп ns f t sin nt dt. 
1 


0 


чо 


By integration by parts, 


T 


n+l л 
/ t sin nt dt=(—1) = 


0 


. æ віп 92,8 
ipid (== mn. 


B 2 when —z < 2 < л, 


At 2= +7, Ње sum of Ње series is obviously 0. 


Putting = we get qul-gtg-ate. 


5. If f(z)—z in (0, x), expand f(x) in a cosine series. 


Defining f(x) in (-я, 0) by the equation f(—«)=f(), the 


required series is 
т со т 
+2 
ta m cos nz f t cos nt dt. 
0 1 


0 


Sim 


т 


Now fi cos nt a= Cay-i]: hence 
J n 


= *_4[ cose зде cos 52 
a= | 20524908 82 4 ооз бш eet.) 


Note. If f(z)=|e]in -r <2 <q, ave also 


get the same expansion. 
x=0 gives, 


та ШАО. 
ЭТК ра К 
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Examples. 
l. Find the Fourier's series for the function defined by 
J(z)21 for0 cc <7, 
=0 іог2=0, 
—-—1tfor —z « <0. 
Deduce the value of the series 


PD 
l-gtg-gt' 


[ The given function is an odd function and so expands into the 


sine series : 


со т 
5 5 sin nz f sin nt dt 
л 
1 0 
- 2y (2050р, 
л n 


So ме 
= =т= Лү 
Putting z— 7, "we get $71 1 +5-7+ Jl 


2. Expand in а series of sines and cosines of multiples of v, the 
function defined by 
f(a)=x-2 when 0 <v < z, 
=e—-% when —z < z <0, 
What is the value of the series for c=+% and z—0 ? 
(C. H. 1966) 


0 
[а= i f f(t) cos nt aif F(t) cos nt anf (t) cos nt dt 


0 т 
if (t— x) cos nt arts f (2—2) cos nt dt 
т 0 


2211 
ES 
-30- (09 (о); 


and  do— —7. 
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0 T 
Similarly 5-1 yo (t—2) sin nt й+1[(х—) sin nt di 
E 3 
0 


_0{1—(—1)"} 
Бе 


an and b; both vanish when т is even. Thus 


= 1,44 [cosg л віп т, cos 3x , л sin 2x T" 
/@)= laté (eos a.m eim а | сов So | пау...) 


1 155g 3 
= 1,44 (созт, сов Зва ii sin z , віп 32 =) 
= -leá (008 MOS) aea En g sin Be...) 


At а=0, the sum is 1 [feo -9-1 | (в)+(—х) [69 


At а= + x, the sum 


0) 0-а) ]=1 [ 09-22) ]=—х. | 


Putting any of these values, we get 
SEEN CT ] 
8 Та Кыа : 
3. Find the sine series which 


represents jf(z)—-z—z in 
0<ж<л, (О. Н. 1966) 


т 
[ һ=2 (%—t) sin nt й=3, 
0 n 


Since f(x) is continuous in 0 < z m 
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[ f(z) being continuous in 0 < z < 7, we get 


ас Ул oos na 
g* zn 
914 (сов $ соз З= L... 
=T (mte P ) 


The sum of the series аб 2 = 0 is IET and at w=, it is 


#(ж — 0)=0 whence we get +в ath zt" -] 


5. Show that if 0 <a < 7, then 
сс 
a-ac t > sin tne, 
2 "e. n 


Show that the equation does not hold for z—0 and v=x and 
explain why it does not hold. (С. Н. 1963) 


4r When the limits are changed to a, b, the Fourier’s series for 
f(x) in (a, b) is 


b b „Ээ 
1 Ky. Зо 9nz(a — a) я 9naz(t —a 
Го ace 2S cos MHA) ( у) cos 28900) ац 
a a 


- 6 
"X ^ = . 9naz(t — a) 
Momus TEE AS f(t) sin Ree dt. 
a 


ee 


[Art. 15°7 (c)] 


In Hs make a=0 and b—7. We sai get 


f 700) co в 29710-0) dt=0, fr0 fin E 


b 
and f f(t) = 


л sin 25, віп 4r ,sin 6r, 
Thus X UOTE T geni ug s i .| 
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1 л 
6. Given Ха)== Z2 when 0 < 2 < 2 


f(z)— 1 a(z- x) when ~ 5< v «m, 
find (i) a series of cosines of multi 
in the interval 0 < z < m: 


(28) a series of sines ' ‘of 
а) in the interval 0 < z $ л. 


ples 2 which will represent f(z) 


multiples of z which will represent 
(О. H. 1965) 


т 


[ ал= 2 i "iz cos nz dz ji a(x- v) cos nz dz 


SE] 


о = 
5 т 
=t fa cos nz dz-l if (x-2) cos na da, 
о т 
3 
which gives а= -zh[r-cs n — 9 cog mls cos gin? 27, 
2% 2J] n 2 
2 
oU 
sin — 
Also - 2 cos = sin? —=9 cog 2. eee ж ; 
пя | 16 
4 


л? 
a8 n 0), we get ба. 


а 
te == — af S28 22 4.008 62...) (0 < v < zx.) 


z 


(ii) bud fi ®2 sin nz da-+2 afi 


т 
y 


л(®—) sin nz da 


T 
x 


=} t sin nz йл-Е1 ife 


o 


—2) sin nz dz 
ж 
giving б„= 2. sin = Thus 


(o) RIA g Bin 8ш кше -] 
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7. Find the Fourier series for f(z) where 


f(a)= aCe 


2 GEE л 


in the interval —z < z < хл. What is the sum of the series for 
д=+л? (C. Н. 1965) 


п 
Ll 5.6 
а= fs sh z^ cos nt di 
-r 


es 
n 
1 f^ cos ni aa -1) 


~9 sinh л Tn’ 


т 
є 1 tet c e NI 1 = 
Ее f et sin nt йф=(—1) A also a9 —1. 


1 1 : 
: emo relire cos v+ sin a) 


il 
'* sinh 9 141* 


om sin a0) +++ (== <= <=), 


z cos 29 — 


i 
* (s 
At g— X, i L f(-2--0)-f(2-0]- a „erte 7 


== coth 7. ] 


8. Represent f(x) where f(a)=cos pz in —z <x < x (p not 
being an integer) in a Fourier Series. Deduce that 


т ЖҮ Aus T 1 : Р 
ae zal 1) ed (C. Н. 1965) 


[Since cos pris an even function, the expansion will bein a 


cosine series. 
т 


т 
1 
ъ=? f cos pt cos nt di —— f {eos (p +n)t+cos (p —n)i}dt 
0 


sin (ртт , sin (p—n) =, 
(n*m)* (р-п)х ' 
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whence a, —2. sin рл Now it is easy to gee that 
рл 


sin (р-Еп) z—sin (р-п) x—(— 1)" sin рл, 
А sin (p+n) z , sin (p— n) % (—1)" 9p.sin px 


` (Gn)s ^ (p-m)a — a руа" 
л 9, S Z , 2p сов Qa 
So cos pe = Sin pz жыш oe = т? vs 57 


—2Р сов b(n € < л), 
; p?=3 

Putting z—0, we get 

віш рай _ Arta ҮЙ 1 1 «s \ 
Wm ГР seas ы RUE 


at Шр IX vU n+l- э, 


Note. Putting %=7, we deduce т cot Pa= + 2py Z , ] 


9. When @ lies between + л, prove the relations : 


2 


5 кач sing ^ 9sin 9x 3 віп 3m _ =) 
sin ma=— sin ma (s22,- om stg mi ` 


2 Ds т соз 2: m cos 2x наа.) 
Оов mo sin ma "Mr 93 Qi + Рун 5 


Hence prove the relation 
2u 
cot u= TEE a Er ue es 


[ To prove the last relation, put v=x and mz —q, ] 


10, For all values of z between = = g 4-7 9 Prove that 


(віз 32, sin 5a “ 
27 [sn т из ge | 


[ From Ex. 5, Art. 15'8, we have, when x lies between 0 and =, 
4 


=7_ 4feosa сов Be cos 5z | 
UID ~ 31032 с фла раш: 


Now put «= zu ] 


Кекек 
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11. Find a function of z which has the value c when c lies 
between 0 and a, and the value 0 when z lies between a and J. 


[ Use the cosine series of Art. 15'7(a), 7 


сау сг. ха as, l 27a дл 
(a) is [ sin 7 99597 +5 sin pj ees 
+3 sin S76 eos 9 Зап... 7 


12. Find a function which shall be equal to cos 2 for all values 
cof x between 0 and %, and to —cos т for all values of х between 
— and 0. 

п 
[ We easily find f f(x) cos nz dz— 0, and we get 


-r 


=4/2 i Ali б 
cos = үт sin 22126 sin dat oa sin 624". J 


13. Prove that when -1<@ < 1, 


2 2 gu nc sin nx 

=$ (—1)” =й шш, 
ate?=142 > ) [ет вяз = 

[ Take the series in Art. 15'7 (c) and put a= —1, b=1. ] 


14. Find the Fourier series which represents | sin z | in 
—m «gem. 
[2-5 4 cos Ing ] 
л (4n? —1)* 


15. It f(z) equals т in (o. |, and equals 0 in (54). then 


prove that 


Qfsin € віп 3v» 27 . sin 5a 
fla)= | тз sin 22-35 -pintet 5 


+ вїп 62—--+- 


16. Prove that the equation, in rectangular coordinates, 


zz ]1 9zz 
g 99 008 +A cos 272 -...) 


y=gh+ 2 сов 
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represents a series of equal and similar parabolic ares of height h 
and span 2k standing in contact along the axis of z. 


[If P be the point (a, y) we have 22=2(h—y) as the equation. 
of the parabola. 


Also y=0 when х= ; 


ies а= 
2 
Hence в—у=®-= а, 


-k o +k X 


Fig. 17 
The Fourier series for this is, since it is an even function, 
k k 
l(h 9 
"n zfh 2 2 ne Ch nxt 
y h x atte 5 epe: 


— 12 — 
2 gi cos i dt. 


Evaluating the integrals, we get 
4h 


yale 4h Te, 1 9zy 1 
h-y 8 se Yt д cos 92 А, goal...) 


= 2h, 4h me l 272, 1 i 
ор э уа созд cos ed шла _ ]) 


——À lan 


CHAPTER 16 
FUNCTIONS OF SEVERAL VARIABLES 
(LIMIT & CONTINUITY ) 


161. A function of two variables. 

If corresponding to definite values of the variables z and y such 
thata < v < bande < y € d; the variable z has got a definite 
value, z is called a function of the two variables z and y, defined in 
the domain (a, b ; с, d). « and y are the independent variables and 2 
is the dependent variable and the relation between the variables 
а, y, 2 is expressed in the form а= f(x, y). 

As in the case of functions of one variable only, for functions of 
more than one independent variable, we say that а function is 
single-valued or many-valued according as the dependent variable 
takes one or more values for a given set of values of the independent 
yariables. And as before, we define polynomials, rational functions, 
explicit and implicit algebraical functions, transcendental functions, 
etc., in the same way. Again just as the explicit function y=f(x) 
of a single variable 2 may be looked upon as a particular case of the 
more general implicit relation f(z, y)=0, so the explicit function 
z=f(a,y) of the two variables v, у isa special case of the more 
general implicit relation fla, у, 2)=0. т, Y being independent 
variables and 2 dependent upon them. 

The domain (a, 0 ; c, d) in which œ and y vary is called the 
domain of existence of the function and the set of values of 2 is called 
the range of the function. 

Note. The set of all ordered number-pairs (т, y) of real numbers is called a 
space of two demensions and denoted by the symbol E,. The aggregate of 
ordered number-pairs which form the domain of f(x,y) isa sub-set S of Hy. 
We can now вау that f(x, y) is defined in the sub-set S of the set E. 


162. A function of several variables. 
A function u of several independent variables 2, Yı Zr... is defined 
xactly similar manner and is written 


in an € 
u-f(m Ys з...) or, $ Qs 2 v. 2:5.) 0. 


259 ELEMENTS OF MATHEMATICAL ANALYSIS 


163. Geometrical representation of a function of two 
variables. 


We can represent geometrically a function z of two variables, 
? and y, defined in the domain (a, b; c, d) by taking three axes 
OX, OY, OZ in three dimensional Space and defining a point 
(ш, y, 2) as a point in space of which the coordinates are a, y, 2. 
As z and y take different values in the plane XOY, z takes positions 
in space, the aggregate of such Positions being the locus gf (m, y). 
А set of. values of z and V gives a point in the plane XOY and if 
а<2<Ь and c< V S d, this. point lies on or within the 
parallelogram bounded by the lines =a, =b ; y=c, y=d; for 
every point in this domain, z has got a definite value. The domain, 


however, need not be a rectilineal figure. Those acquainted with the 
elements of solid geometry will easily see + 
is a surface. 


16'4, Simultaneous or Double Limit, 


The function f(x, у) is Said to tend the limit L as the point 


(v, y) tends to the point (a, b), that ig to say, as æ tends to a and 
y tob simultaneously and in any manner whatsover, 


to any arbitrary positive number є, however small, a positive number 
8 (lepending on є can be found such that 
Ife y)-, | << 


fcr values of z and Y satisfying |z—a| < 6, ly-b|<o, 
The limit Z, it it exists, is called the simultaneous or double limit 


of flw, y) as (ш, V) tends to (a, b). 


if corresponding 


T nu a je DEL, or Lt Ха, y)=L. 


hat the locus of z— f(z, y). 
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165. Repeated or Iterated Limits. 
Let f(v, y) be defined in a certain neighbourhood of (a, Ф). Then 


It f(x, y) 
TEDAN 


if it exists, is a function of y, say Ф(у). If now 


Lt (y) 
y >b 
exists and is equal to J, we write 

Lt Lt f(z, у)=1 

y>b 2 > а 
lis then called a repeated or iterated limit of f(a, y) as x — a and 
у = 0. On changing the order of passing to limits, ;.e., if first 
y — b and then z — a, we may have а different result, provided 
the limit exists. In other words, 
Lt . Lt f(a, y) may not be equal о Lt Lt f(x, у). 
y>b 2а т->ау-> 


_ For example 


Lt Lt e-y_ Lt SUNS 
y>O 250 zty yr0 y У 
„16 Lt ..@-y_ Lt ET 


bu; 9 y>0 ту c0 @ 


Observation: It сап be easily proved that if the double limit 
exists, the repeated limits exist and the three limits have the same 
value. If however the repeated limits exist and are unequal, the 
double limit cannot exist. Further even if the repeated limits exist 
and are equal, the double limit may or-may not exist, 


16:6. Necessary and sufficient condition for the existence 
of a limit. i-is 

It is easy to deduce from the definition of a limit that а necessary 
condition for the existence of the limit 


Lt fla, y 
(a, у) > (а, b) “р 


ig that corresponding to an arbitrarily chosen positive number є, 
however small, there is a positive number б such that 


| f(@1 v1) -J(z2: Ya) | < € 
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when (21, Y1) and (zs, Ya) are any two points in the ó-neighbourhood 
of (a, b) with the possible exception of the point (a, 5). 
The condition is also sufficient for the existence of a limit, 
167. Theorems on Limits. 
(a) Theorem I. 


Wi. 3g Јо, у)= А and Lt  $(v, у)= B, then 


2 >a 2 > а 
yb у 
S s fe. n+ (av) ]=л+в 
=> а 2 sy Р 
у—>Ъ 
As a L5 fle, y)=A, corresponding to a pre-assigned positive 
y>b 


©, there is a positive number бу such that 


|ie n-a] <$ when | al < an ивр сз...) 


у 
there is a positive number à, such that 
| Ф (0, y)- 2| < when | 2-а] <ða | у—Ь| < ôa, ...(2) 
If ô be smaller of 9, and бо, 
<ô, | y-b| <5. Now, 
| fen, у)+ (ж y) -(A--B) | = | flx, y)-A+¢ (a, 
< |f v)- |+| (е, у) | 


TE. Lt А 
j Similarly as а Sa Ф (a, y)=B, corresponding to the same є 


both (1) and (2) hold when | s-a | 


y)-B| 


€ € 
< aan. 
чо л. EC “+(e, y) |-4+в, 
y>b 
Сог. 1. 


Tt can be shown similarly that 

Lt 
prm [ /(s. V)—9 (ш, y) ]-4-5. 
y—b 


Cor.2. The theorem сап be proved to hold for any finite 
number of functions. 


р 
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(b) "Theorem II. 


Lt em Lt =n 
ul gil y)=Aand , S Ф (x, y) = B, then 
| у yb 
x: D E y). Ha, у) ]-45. 
y—b 


Using the relation .$— 48=(7— 4) (6— B)- 4(6— B)d- E(f— А) 
and following the method adopted in the case of functions of one 
variable, [Art. 58 (22)] the theorem is easily proved. 


(c) Theorem III. 
Under the same hypotheses as in (a) above, 
te [£s y) |=4: proved B #0. 


t>al\ gw, y) 
у> 
By following closely Art. 5'8 (iii) the theorem is easily 
established. 
Lt an È 
Cor. olin Sales unless B —0. 
у > а 


16'8. Continuity. 

Continuity at a point. 

A function f(a, y) is said to be continuous at the point (a, b) 
it (i) (a, b) exists, (ii) f(x, y) exists at all points of a certain 
neighbourhood of (a, b) and (iii) f(x, y) tends to f(a, b) as the 
point (т, y) tends to the point (a, b) in any manner. 

Alternatively, f(a, y) is continuous at (а, b), if corresponding to 
any preassigned positive number € however small, there is a positive 
number б depending on € such that 

| fla, y) fla, 9)] << 
whenever | 2-01< 5, [7-0 < 5. 

It should be observed that бо assert the continuity of a function 
of two variables is to assert more than its continuity with respect 
to each variable separately. If f(z, y) is a continuous function of 
two variables, it will be continuous with respect to each variable 
separately when any fixed value is given to the other. But 
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the converse is not necessarily true. The following example will 
make this clear. 


Consider the function 


f(a, Dro. when z ¥ 0, y 7 0, 


=0 when either т or y or both —0. 


Putting y—4, Ха, Baca is oontinuous for all values of z 
including == 0. 


Again putting v=p, flp, у= is continuous for all values 


of y including y=0. 


К г 2 : 
If z and y tend to0 along the line y— mz, F(a, та апа 
ШЫ, 0 Ҳа, n= 2%, which may have any value between =1 
y-0 


and 1 and is thus not necessarily equal to ХО, 0) 
definition, proving discontinuity at (0, 0). 

However it is contin 
the origin, 


which is zero by 


uous in any domain which does not include 


Continuity in a given domain. 


A function f(z, y) in continuous іва given domain if it is conti- 
nuous at every point of the domain, 


Continuity of composite functions, 

Applying the limit 
(2) the sum, difference 
at а given point or ina 
in the domain - 


theorems (Art, 16°7) it is easy бо prove that 
and product of two functions each continuous: 
given domain, is Continuous at the point or 


(ii) the quotient of two functions, 
point or in a given domai 


domain, except at points where the deno 
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16'9. Properties of a continuous function of two variables. 

We state below without proof some properties of a continuous 
function of two variables : 

(a) It the function f(x, y) is not bounded in a closed domain D, 
we can find a point (5, 7) in the domain where f(z, y) is not bounded. 
As a consequence f(a, y) is discontinuous at this point of domain. 

(b) A function continuous in a closed domain is bounded there- 
in and attains its bounds at least once in the domain. 

(c) It f(x,y) is continuous in a closed domain D; then it must 
assume at least once every value between its upper and lower bounds, 

(d) It f(v,v) is continuous at (a, b) and f(a, )¥0, then 
there exists a neighbourhood of (a, b) such that for every point of 
this neighbourhood f(x, y) has the same sign as f(a, b). 

(e) If f(a, y) is continuous in a closed domain D and € is any 
positive number, then the domain D сап be divided into a finite 
number of sub-domains such that 

(21, 01) f (2s; Ya) | < є 
where (21, yi) and (zs, Уз) are two points belonging to the same 
sub-domain. 

(f) It f(z, у) is continuous in a closed domain D, to every 
positive number € corresponds another positive number 6, such that 
the oscillation of f(x, у) is less than € in any portion of D which is 
less than 6 in all its dimensions. 

(g) A function continuous in a closed domain D is uniformly 


continuous in the domain. 


Examples. 
1. Show that the following double limits exist and thatthe 


value of each is zero. 


ay MB ушы уз. 2p Lt 2s eros na jf 
(КЁ oy ye О рУ вів 2). 
y-0 y>0 


а а y? 
[O [uz o| < || < lel оге 
when | z| < Je | y| < Je 

E. M. A.—17 


958 


eac 


of 
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If we take ô= "à we get 


lzy? E 


*-0] <€when Ja! <6, |у| <ô. 


В STEN 
(i) |zsin L--y sin tj € | zy |, as sin 1 and sinl ате 
y 2 x y 


hsil; 


< lol +17] << when |e l<5. 101 < 


Here бе | 


2. Show that the following double limits exist. Find the value 


each. 


a 2 
(i) 1% 234—7 (ii) E (150?) sin 2. 


20 145° ty? à 
y-0 y>0 


sn Lb zy, 

Gi) oa 
y>0 

[ Hints, For (i) 


ETET 


wimg? |< 


Find | а | and |y | to make 
For (ii), use sina < g. 


For (iii) note that us «1, nnn A 


oie ue (a? +y?).] 
3. Prove that 


Le Lt 22—02 Lt Lt z?—4? 
y>0 20 z3-Ey2^ a0 y>0 gy? 


а y? 
and that E тасы у? does not exist. 


y>0 


4, Show that for the function f(s, y)— 


c 


2% --y 
Han 


lies | $^ 


NET 


gy? 
—$—3 —5——— th 
sy Fay "o 
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2 


repeated limits exist and are equal but the simultaneous limit does 
not exist when (a, y) —- (0, 0). 
5. Show that the following limits do not exist : 
Qj Does @ yh cm. 
205945" a> 0227 
у > 0 у 0 
[ In (;) proceed along the curve z=my® ; in (ii) along z—my?, J 


6. Prove that the following functions are continuous at the 
origin. 


р gi-y? 
(3) f(a, y)=ay аруз when (e, y) = (0, 0) ana /(0, 0)=0, 
(ii) f(a, у)=а sin P sin 2 when (ш, y) ¥ (0, 0) and f(0, 0)=0, 


7. Examine the continuity of the following functions at the 

origin : 
, Cavi Mec n 2 
(i) f(a, y)=2 =", (wy? 5 0). (C. Н. 1961) 
vy 
2 

Gi) F(a = зоа (z*-Ey* = 0) i /(0, 0)=0. (0. Zr. 1962) 

8. Tixplain what you understand by the Statement that f(a, y, 2) 
tends to a limit 2 as (w, y, 2) tends to (a, b, c), (C. H, 1962) 

9, Prove that the function 

= |—у| [(* —2zy-r y?), 
f(x, у)=е 

when (2, y) ¥ (x, 2) and f (x, «)=0 
is continuous at the origin. 

10. (а, b)is a point in a region R in which f(a, y) is continuous, 


It f(a, b) # 0, then prove that f(a, y) has the same sign as f(a, b) in 
some neighbourhood of (a, 5). (0. H. 1963) 


[ Since f(a, y) is continuous at (а, b), we have 
| f(x, y)— fla, b) | < € 
when |a-a|]<46,] y-b| <6, 
F(a, })—є < f(a, у) < F(a, b)+e. 


Since f(a, b) 74 0, we can take є < | f(a, b)| . Then f(x, y) will 
have the same sign as f(a, b) in the Cexeighbourhood of (a, b). ] 


CHAPTER 17 
PARTIAL DIFFERENTIATION 
171. Partial Derivatives. 


If in a function u— f (2, y, z,...), the variables y, z,... are kept 


Lt  f(r-Azc. y, а... )—f(z, y. z...) 
fixed, then Az -> 0 Aa 
if 16 exists, is called the partial derivative of u with regard бо ж at the 
point (x, y. 2,...) and is denoted by 


ди 


ar 2 Dzu. fa! or fa. 


[ The first two notations were introduced by Legendre in 1786 
but used by Jacobi in 1841, The notation f'x is due to Lagrange. ] 


Similarly the partial derivative of u at (a, y, г) with regard 
to y, the other variables being held constant, is denoted by 


ди д 
a 2), Dyu, fu or fy. 


For a function f(x, y) of the two variables c and y, the partial 
derivatives at (а, b) are defined as 


27) = Lt flath, b)—(a, b) 
Oslas h —> 0 h Ы 
27) = bt jf(a.b--k)— fla, b) 
ду/аь Е > 0 k 


if these limits exist, 


Thus informing the partial derivatives of f(x, y) at (a, b), we 
vary = and y along the lines y=b and =a respectively and these 
depend upon the existence and values of f (m, 


У) аб points in the 
neighbourhood of (a, b) along the lines т=а,‚, and y=b, For 


continuity of s(x, y) at (a, b), we have to consider the existence and 
values of the function at every point in the neighbourhood of (a, 5). 
It is therefore just possible that the partial derivatives at (a, b) exist, 
although the function is not continuous there. 
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172. Geometrical meaning of the partial derivatives of 
f(z, y). 
Let 2=f(a, y); it represents a surface geometrically. Let N 


/ 
KET 
be a point (a, b) in the domain of definition of f(z, у). It NP be the 
normal to the plane XOY through (a, b) and P is the point where 
NP meets the surface, its coordinates are (a, b, f(a, 5)). If P moves 
on the surface such that y remains always equal tob, then the 
locus of the point P is the curve of intersection of the surface and 
the plane y=b. On this curve 2 and 2 vary according to the relation 


д : ле 
а=/(шт, b). And so 6 is the ordinary derivative of f(a, b) 


with regard to v, for «=a. 

It is thus the tangent of the angle which the tangent to the 
curve of intersection of the surface and the plane y=) makes with 
the z-axis. 


— 
Similarly for 271 ds: 
17:3. Successive Partial Derivatives of f(x, y). 
Consider a function z—J(z, y) which admits of (first) partial 
derivatives А 
z 
= (s, y) and 5 = (ж y). 


262 ELEMENTS OF MATHEMATIOAL ANALYSIS 
If these functions of z and y have further partial derivatives with 


respect to z and y, we may have partial derivatives of higher orders 
by repeating the process of derivation successively. Thus 

2 (22) _ д д (às ma 

92495) 35 = (^ 9. m 3475; ^ (a, у), 
and so on. 


We denote these higher partial derivatives by the following 
notations. 


Second Order : 
Су: Sf" ax — fas еза, 


1 
Ji !zu T fey = Zey 


2 
8 
D 

© 
ll 
c» 
E | 
D 
СУ 
Ш 


aa дуд2 9005 7 иа fue m а, 
2 (2) 9*s _9*у 
niles 9r ap Iw ff mi 


Oz 0g? даз zs Jezz = frs = zere, 
9 (072) әз; SNOET: 
па) а= еы 


and во on, 


mj д а 

i9 CAW д 
[ Observe, 5,155) 18 represented by 2:3 by French writers and 
ү. " Е 
their followers, The same is represented bree by English writers 


and their followers, In this hook we shall follow the first method. ] 


174. Order of successive derivation. 
The second КШ; отйег derivatives involve repeated 
Got PES z 
limiting processes, 2281 for example, із obtained by first forming 


the derivative of z with respect to 2—a limiting process, 


and then 
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forming the derivative of 02) vith regard to y—another limiting 


Oz 


process. Ап inversion of the order of procedure gives us the deriva- 


2 
tive = 255 and these being repeated limits there is no reason to 


suppose that the two will always be the same. 


An example to illustrate this is the following : 


т®—у 


КЕЕ (x, y both not zero), 


It f(v, y) ay 


7(0, 0)=0, 
о Засл 0а 
then at 2=7у=0, PERT ORES 


0f — Lt flh, y)—f(0. у)_ Lt 
Pox eom A0 h mh 10 n 
cU 
a'f — Lt «0, 5)— (0, 0) 
k 


Bo ign (25; (010) k-0 


lof, at = 
deus жат усе 

(@ ) = Lt fh 0)—f(0.0). It h-i 

whence 570210,0) 5 0) т h по: 


ath f o 103. 
Thus at 27970 575 yðr 


175. Inversion of derivation. 

The following theorem gives a sufficient condition for the equa- 
lity of the two derivatives. 

Theorem: It/f(z, y) be a function of the two variables æ and y 
defined in a domain D, such that f"; and f'y exist and аге conti- 
nuous in D, then f”y2=f" av in D. 


Let U= f(z--h, y+k)-f(@, y+k)—flæ+h, у) (о, y); 


also let 
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F(v)=flx+h, 7)— f(z, v), 

and G(u)—f(u, y--X) — f(u, y). 
Then U=Fly+k)— Е(у)= ЕЕ',(у-ЕӨ'), by the mean value 
theorem, 

— kf (oth, y T-6'5) — f^ (s, y+6'k)t 

=hkf" ys (z4-0h, y+6'k), by the mean value theorem, 
where both Ө and 6’ lie between 0 and 1, 


Again U—G(z-Fh) - G(z)—- hG'.(s4-0,n) by the mean value 
theorem, 
=". (2-+0;Љ, У+Ё)—/'«(ш-ЕӨ,һ, y)} 


Shk у" (2-0,1, у-ЕӨ!,}), by the mean value theorem 
where both Ө; and 6’; lie between 0 and 1, 


Equating the two values of U and dividing by hk, we have 
f ya Oh, Y+O'k)=f"'(c+0,h, y+6',k). 


Since the derivaties "ys and fly are supposed continuous, the 
two members of the equation approach /'' and fl ny respectively ag 
h and k approach Zero, and the theorem is proved. 


17'6. Theorem of Schwarz, 


The following more general theorem giving sufficient conditions 
for the equality of the two derivatives is due to Schwarz. 

Theorem: If (2, у) be a point in the domain of definition of 
f(x,y) such that (i) fila, y) ana fm. у) exist ina neighbourhood of 
(ш, у), апа (ii) Ааа, y) exists and is continuous at (v, y), then 
Уз, y) exists and is equal to fy; (x, y). 

Consider the expression 

U=fa+h, y+h)-fle+h, у) fs, V E) fia, y). 

Let #(y)= fla-+h, y)— fa, y), 

Then U=4(y+z) —Ф(у). 

Since f(a, у) exists in a 
is derivable in (y, 
(1), we get 


. en * (1) 
neighbourhood of (2, у), the function ШО) 
y -- k) and во applying the mean value theorem to 


U=kty(y+6k) 


Иле, u+6k)— fo, yo) 

Again fuz, y) exista in a nei 
Sule, y4-0k) is therefore deriva 
80 applying the mean value theor: 


(2) 
ghbourhood of (ш, y), the function 


ble with respect to z in (a, w+h) ; 
em to (2), we have 
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U —hkfys(x--0'h, y +h). 


. Lt " e Lt U 
^^ (m (0, 0) fr tom 0E) (s, ro, 0) (3) 
= Lt Р. flath, у+ЮЙ)—/(а, ut E) 
k->0 x Lh>0 h 
_ Lt f(z--h, у)—/(ш. w) 
h>0 h k 


Since /.(2, y) exists, this is equal to 
L& fele, УБК) Ја, ү) 
1-0 k 3 


уо, ye Mn YER) fans), y), 


since fyx(a, y) exists and is continuous. 


177. Boundedness of the partial derivatives implies 
continuity of the function. 

It has been remarked in Art. 17'1 that the partial derivatives of 
a function f(a, y) may exist at a point where the function is not 
continuous. If however the partial derivatives are bounded, the 
function must be continuous ; and we have the following theorem. 

Theorem : If a function f(z, y) defined in a domain D possesses 
partial derivatives fz and fy in D and they are bounded in the 
domain, then f(a, y) is continuous in D. 

Let (v, y) and (=+%, y+k) be two points in the domain D such 
that the line joining them lies wholly in the domain. We have 

flath y+k)- fle, y) Uf +h y+k)- fle, y+h)] 

+0, y+k)- fle, v). - (1) 

Since fz and fy ате bounded in D, they are finite in D and so 
f(a, y) is derivable with respect to both z and у. Hence applying the 
mean value theorem to (1), we get 

floth, y+k)—f(a, y)=hflat Oh, у) (а, y+o%) ++ (2) 
where both Ө and 6’ lie between 0 and 1. 

Since fz and fy are bounded in D, we may take 

| fe | < м. lful <M 


where M is a constant. Thus we have 
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(+, V E)— f(x, у)| < Vf (ж-ЕӨВ, 4-2) | 
+ | (е, y +6) | 
S M(|h]-4 ||), 
€ 
If h-and р are arbitrarily small, we may put |h] + lil < T 
and ,', 12+, yk) —(fz, 
of f(x, y) at the point (ш, y) in Р, 
Cor. It te and 
Continuous at (x, y). 


Examples A. 


y) <<, Proving the continuity 


ty are continuous at (2, у), then F(z, y) is also 


1. Given 1,—1og (z? tys 453 _ 
du дз 07% 


3vyz), show that 


Oz* Oy? ' 9,3 — (ey 
[ Hint, T? y pz? — 32у2 
аа E ojo aot) ] 
2. It f(a, y, 


2) satisfies the equation 
ð 22 д af h ð af 
(ОШ 


2187 951-0. 
9f ду oy Of, OF, 0f . 
th ef] TET atl X A — 
en Bx" By 9; and tty RE 2; all satisfy the ame 
„equation, 
3. If u= f(az* + Qhoy-+by2) and v= gas? + ohey-+by?), 
ау ару 
Prove that 5 us) =, ar 
Ка 
4. It O=t"e a find л which will make 
1 д дө) аө 
т* 071. д; ðt 
2845) 
LEE 
5! 


If =r cog Ө, y —r sin Ө, account for the results 


(0. H. 1964) 
Or 00 


[ See Hardy — Pure Mathematics, Examples LX, 2.) 


PARTIAL DIFFERENTIATION 267 


6.() 1t A¢= д, POET аа дф prove that 
y? д2 


A(ur)=u До+о Au? (б 90+ E: A gu. 2) 


(ii) It (а, у, 2) be a function such that A¢=0 
its yt at = nde, y. 2), 


and 


apply the above a al prove 
(и) ="? [m(m+1)+2mn] Ф(ш, v. 2), 


where тка and m, n are positive integers. — (C. H. 1960) 


[o We have Эс 2 (uy) cw Po эры А 
д 


. д? ?9 , O u оди Ov 
т (uo) = 9 ЭТ ir os 

ie a 0?» , 0?u , Ou Ov 
Similarly (ао) = =з ates a +98 op 
x 29, 0*u ди Ov 
ag? (wo) - 2A aUas +225. az 


Adding, 
ди до ,. ди Ov, ди Ov 
AN(uv) e u Avr v Aur 2 em S ERE v Lu zh 


(ii) By applying the above result 


ктоо ч а," 06 д" дф 
Ди") тА’ +a (5 de ду` ду о 


BA”) д(„т-* a) mr" mm a)r”, E 
T 


= mr™—2 --m(m — 9)“ z?. 


DESC V --m(m —9) т" =m(m-+1) 1^-*. 


à mia д ^s 
Again m. Pam rms Уатт 2ф (a, y. 2). 


Substituting values we get 
д) =" [m(m-+1)+2mn] He, у, 2] 
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7. If ua, y, 2, Dc teer) g(t—r), where T* oa? py? 23, 


prove that Rcg T ty + es ta, (0. Н. 1961) 


v 2 
[ From r =g" +y24 „а. тат ту=Ё, r=} 


r 


Also from u= fetr aen) 1.6. ти= Дат) д4), we get 


2 
Peete) ness (pa go 

"8 Tus — (f! —g! ц) Te, or, T us — (f! -g! — uy. ө (1) 
Differentiating With respect to fa 


2 
Brreus +1 ze — gt —g! pu (f Eg") gu. 


2 
Be, rtu = fl — g' та (regn. BTUs, 


Hence 7 (иаа Би) 3(7'– "д" 


—8(жиь-Куш,-Еаи), ө (2) 
2 
Now gus (prote Eu. Souy-f'L.gtLla, e. (3) 


Again from UES (t-+r)-+9(¢ 7), 
Tut — f^ gl рц, fip gt. 
Henoe Substituting in (2), 
rs ААСО 
te, A) 
2 2 2 
8. It Ps yt oni 


+ Where w ig а function of V, у, 2, 
Prove that (и) + (uy)? +(u,)2 = 2( 


Tat yiy + ац), 
(C. Н. 1966) 
9. Show that for f(a, y)= [222 | 


1 Sey (0, 0)= (0, 0). 
10. For the function 


f(a, y)= (a? 4-2) Sin 29 where 
and f(0, 0)— 0, 
show that fry (0, 0)—f,. (0, 0), 


—tan-i 7 
$-—tan A 
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11. For the function 


f(x, у) = zy ICD, (2% -- y? 0, and a¥1) 
and /(0, 0)=0, 
show that FeO, 0) ғ fus (0, 0). (C. Н, 1960) 
12. Examine whether 
fo (50 120и" 
is continuous at the origin. 


g ә? : а ы 
7-22 for this function at the origin? Give reasons 


for your answer. (C. H. 1963) 


13. For f(v,y)-2? tan 19 — y? tan^* E if 270, and is 0 else- 
where, show that fav (0, 0) 7 Љ (0, 0). 


Eris 
14, Let f(a, y) Say (2, y) #0 


=0 otherwise. 
Prove that /4(0,0) and Л (0, 0) both exist, but f(x,y) is 


discontinuous at (0, 0). (C. Н. 1966) 
_ Lt f(h.0)-f(0,0) тв 0—0.. 
[л0, = 159 h Uh h 


Similarly fy (0, 0)=0. 
To prove the discontinuity at (0, 0), let (a, y) approach (0, 0) 


along y -ma.] 


15. Given f(v, =e ("+y 40) 

{(0, 0)=0, 
prove that the function has partial derivatives everywhere. Is it 
continuous everywhere? (C. H. 1962) 


8 8 
2 аЛ when 2 7 y, 
2—1 


16. Itm у)= 


fle, y)=0. when z—y 
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show that (0, 0) and 7,(0, 0) both exist, but f(x, y) is discontinuous 
at the origin. 4 : 
[ То prove the discontinuity at the origin, put y=% 
178. Total Differential, 
Consider the function u=f(a, 
let z and y be given inerements A 


—mz?.] 


0) of the two variables z and y and 
t and Ay. Tet us put further 


= (Avail Sel) Aull Tondo Pe (Aa)? (Ay), 


The function is said to be differentiable at the point (x, y) if it ig 
well determined in the neighbourhood of this point and if its incre- 
ment Aw, corresponding to the incrementg Az and Ay of wand y, 
can be expressed in the form . 

Au=AAc+BAy+er, - 

А, B being independent of Ла and Ay and є tendi 
with P. ForcP we may as well wri 
€a both tend to zero with Az and Ay. 

When v is differentiable, the part 
and Ay, that is, the part AAz-- BAy, 
of u and represented by du, We haye + 


bog, fa) 


ng to zero 
te є. Az e, Ay Where є, and 


of Ди which is linear in Az 
is called the total differential 
herefore by definition 


du=AAZ+BAy, 
On putting Ay=0 in (1) ana making Az tend to Zero, we get 
du: Л RO ди _ 
Lt Kaas A; ley ee: 
_ ди ди 
Consequently чє Ay +. = (9) 


‘The partial differntials of t are defined by 


and y. It is clear from (2) that 
sum of its partial differentials. 


i = = ди. ð 
Putting u= f(a, y) 2, we haye de 19, =0 and so from (9) 


Yı we get dy— Лу, Hence 


we get dz — Az ; simil 


arly by putting u= 
(2) may be wriiten as 


PARTIAL DIFFERENTIATION 271 


ди ди 
-— — dy. 
du Эл aa y 
When the number of variables is greater than two, we shall 
similarly have ; 


_ ôu ди ди i: 
du—5 de T dy +x de B 


Note. A function having a total differential is said to be differentiable. 


Differentials of higher orders 


From во our pou dy, we have 
дт ду 


d*u-á(iu)-à | odas + Say) 
Oz ду 


_7 [дш ди ди ди 

а Pas 5и дь)+а[$®)ау+ , у) 
P uy ya д%% 
= 253000) Im dady+ 


07% ĉu з, 0% а 

tagos tays (dy)? + ду а?у, 
| Writing (dz)? = da, (dy)? =dy? and noting that if z and y are 
independent variables, dx, dy are constants so that d(dx)=d*z=0, 

d(dy)=d*y=0, we get 

du , зо 0?u GT c 

2 =~” 13535.15 е кө 2 

4 u— 25 da (25505 dedy + оз ау", 


дш уа 
857 c 


This is usually written as 


(аа) 
а (ext ave и, 


(т) 
Similarly = (62 уд \ 
v 


ay) v. 
For a function of more than two variables 
(2) 
d*u- (22. cay 2 над +) t, ete, 
да ду да 


179. A sufficient condition for differentiability, 
Theorem. If (x,y) bea point in the domain of definition of 


Ха, y) and if (i) fz and fy exist at (x, y) and are both finite, (i) one 
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at least of the partial derivatives, say fy, exists everywhere ina 
certain neighbourhood of (a, y) and is further continuous at (2, y), 
then f(z, y) is differentiable at (x, y). 

By hypothesis fy exists in a certain neighbourhood of (a, y). Let 
(e+h, y+k) be a point of this neighbourhood. We have 

flath, y+k)—f(x, y) 9 f(e 4-h, y+k)- fle+h y)+fla+h, v) 
Zi COM Sen) 
fy being continuous at (a, y) it exists finitely in the neighbourhood 
and во Ње function f(r--h, y) is derivable with respect to y in the 
interval (y, y+k); therefore by the mean value theorem 
fa+h, y+k)—fle+h, у) = (ол, y+Ok) 

where Ө lies between 0 and 1 and depends upon h and k. 

It € be a function of h and k so that с > Q as (h, k) — 0, we can 
write — kfjz--h, y+Ok)=hfla, y)+ko zs (8) 

Again because f; exists finitely, we have when h > 0, 


Lt fla-+h, Ла, AEA DE 


and so we can write 


fées y) fn, y) e Mele, yhe Bo00 
where P > 0 with h, 


«e from (1), (2), (3), we get 


Keth, y+k)—fiz, у) fae, у) е, у) hohe. 
showing that f(z, y) is dfferentiable at (v, y). 


Cor. 1. If f(a, y) is differentiable at (ш, y), it is necessarily 
continuous at (c, у). 


For as (h, k) > 0, [fla-+h, yk) Ла, y)] 0; 
s be Tu fle+h, y+k)= fla, y). 
(h, 0) > (0, 0) 
The converse of this result is not true. 


Cor. 2. It f (z, у) is differentiable at 


4 (с, y) then it also necessarily 
possesses the partial derivatives Jel 


& у), files y) at (æ, y). 
Putting k=0 and making h — 0, we have from (3) 


f(z--h, у)– 
аЛа), 


Lt 
h —>0 
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Similarly putting h=0 and making k — 0, we get from (3) 
ЫЛА аа ШИК 7i) 


Here again the converse is not true. : 


1710. Differentiation їп а given direction. Space 
derivatives. 

An important property of differentiable functions is that they not 
only possess partial derivatives with respect to wand y › Or, aS we also 
say, in the w- and y- directions, but they also have derivatives in 
any other direction. By derivative in the direction X, we mean the 
following. 

We let the point (+h, y+k) approach the point (æ, y) so that 
it is always on the line through (=, y) which makes the constant 
angle X with the positive direction of the z-axis. In other words, 
h and k do not tend to zero independently of one another, but 
satisfy the relations 

h=P cos X, K=P sin x, 
where Р is the distance „/(Л°-Е°) of the point (z-I- 7, у-Е%) from 
the point (v, y) and tends to zero as h and bdo. If we now form 
the difference f(e-+h, y+k)—f(a, y) and divide by P, we call the 
limit of the expression 
D е cos x, de sin X)— f(z, y) 


D f(a, ”)=p 


the derivative of the function f(z, y) at the point (v, y) in the 
direction «<, provided the limit exists. «-—0 gives the derivative 


21 апа х= the derivative z 
Now if f(a, y) is differentiable, we have 
9 9 
/(@+%, y E) Хе, v) LE ter 
=o Z cos «+7 sin «+є |. 


As Р — 0, so does € and for the derivative in the direction €, we 
obtain the expression 


_of Ses 
Dia) fn, 0) = = соз CES, sin i 


E. M. A.—18 
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С) А gt 
it is thus a linear function of the derivatives of and 9f in the z- and 


д2 ду 
y- directions, with the coefficients cos X, sin X. The result always 
holds good provided " maf exist and are continuous. 


In the same way, a differentiable function f(a, y, 2) of three 
variables can be differentiated in any direction. If x, 7 be the 
direction angles and h=P cos <, k=P cos f, 1=P cos У, then just as 
above we get the expression 


Of of 9f 
Эш C% PRIM сов В+ сов 7 
for the derivative in the direction (x, В, 7). 


Tf the direction 7 has direction cosines (1, m, m), the space 
derivative in the direction 7 is 


Of ,0f, df, Әу 
m орн top itas 
Observation : 


(1) f(a, у) possesses the directional derivative Dia fla, y) if 


(C. Н. 1969) 


Lt fla+P oos X, y+? sin «)— f(x, y) 
p-—0 р 


exists whether f(z, y) be differentiable or not. 


i It however f(a, y) 
be differentiable, Day f(z, 


y) can be exhibited in the simple form 
ду ОЛЕ м 
Эш 005 aay sin X, 


(2) The derivatives fa and f, in the s- and y- directions are 
partial, 


(3) 


А funetion of more than one variable is derivable if the 
directio 


nal derivatives as. well as t 
whether finite or not. A necessary condition for the differentiability 


of such 2 function is that all directional derivatives ag also the 
трага ‘derivatives should exist finitely. 


he partial derivatives exist 


1711. Function of functions, 


Let 2=/,(, n) апа у= ў, 


i RUE (& 7) be two functions having conti” 
nuous partial derivatives with 


regard to € and 7 and let u=F(x, y) 
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be a function of and y having continuous partial derivatives with 
respect to and y, w is then a function £, 7. For 
wu Е[7,(, n), Fal, 2)]- (6. 1). 
Theorem: The function u=¢(& n) admits of partial deriva- 
tives with regard to ё and 7 and the derivatives are given by 
ди Ou дх | Ou ду 
22 Ox OE ду OF 
Qu. Ou да | Ou ду 
Әп Oz On Oy Ow 
Let receive an increment Л, then corresponding to it, z and y 
will receive increments Az and Ay where 
Az =f (f+ AE n) =7.(, 9). 
Ay — fel, 1+ An)—fa(€, m). 


Since the partial derivatives of f,(É, n) are supposed to exist, 


Lt Ле Lt f.(é+Aé.n)—f,(& т). Oa 
we have, Аё >0 AE ЛЕО 1 me E 
Au ду 


and similarly Lt De oe 


Again as Aw and Ay are increments of z and y corresponding 
to the increment Лё of £, u will receive an increment Au given by 
Au=F(a2+ Av, y+ Ay)—Fla, y) 
= F(s+ Ах, y Ay)- F(z, y+ Ay)+ Fle, y+ Av)— Fle, v). 
= Fa(a--0i Ae, yd Ay). Лаа, y+0,.Ay)Ay, ~ (1) 
by the mean value theorem, where 0 < 01, Ө, < 1. 
Au 
М по. Ax, y+ A т ) Аа 
^t Fel +0, Ax, y+ Ay) —%+-Еу(ш, y 0s Ay) AE (2) 
Now when АЁ — 0, Az and Ay e — 0, so that 
Felu +0, Ax, y+ Ay) > Falt, y), 
and F(a, y+O2Ay) > Еа, y), 
Fz and Fy being continuous. Hence proceeding to the limit when 
Лё — 0, we have from p. 


go — Fr, DE: gt ho, n= 


дё 
TX ди Ou " ди ду 
Similarly Бас an ООРУ 


ди дв ди ay 
Ou’ дё ду дё 
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More generally; if u= F(a, y, z,...) and 
2= (8, т, C. ym fs (E, n, C) 2=fol& т}, Ё,...\... 
ди Ou дж , ди дуу Au да, . 
then BE Өш Ot ay 2 52 ET з 
ди Ou Oz , Ou ду 4 Ou Oz 
дт Oz д Oy д Oz On 


Ou ди Oz , Ou Oy ди Oz, 
at Or OL By Ob Or att 


Se 


1712. Theorem of the total differential co-efficient. 


Let fls, у) be а function of the two variables a and y haying 
continuous partial derivatives. Suppose further that c and y are 
both functions of a third variable £, that is z=u(t), y=v(t), both 


possessing continuous differential coefficients а, dy with respect to 


dt 
t. Then f(x, y)=f{u(t), (t) and is thus a composite function of t 
—say F(t). We proceed to find F'(t). 
Let At be an increment of t, corresponding to .which the 
increments of v and у are Ac and Ay respectively. Then 
=, Li  ffult+ At), oft-+ Ast —ffu(t), at) 
FQ) ~ At>0 At 


— Le fe@tAg, vt ANan — fla, y) 
At > 


0 At 
Em К Ae, п Ay)= fir у Ау) Ax 
At>0 Аа N) 
+ fla u+ Ло) (о, y) 27 
Ay YG 


ке ый; 
ENEN [He+toAs, y Лу), ла 


"fie, y+0" Ay). AL (0 <6, 6' <1), 
As At > 0, Az, Ay both tend to 0 and 


Ar _, dx Ay dy 
At ears AUN tar: 
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Also /.(=+0Ат, y+ Лу) ә Ў.) and F(a, у+0' Ay) 


Ж (a, у) as these derivatives are supposed to be continuous. Hence 
Е' (0 fans у) 2+ fle, y) 9, 


df. 0f. Fer 


GQ Tea ДЕ ONT 


More generally for a function of several variables f(z, y, 2...) 


df. of dx, 0f dy, 0fds 
di Oa di Oydt dz dt 


Ti Y, 2,... being all functions of t. 


Note 1, ‘Chis result may be considered asa generalisation of the ordinary 
rules for differentiation of the sum, product, otc., of several functions of a 


single variable. 


(i) If y=u+v+w, 


dy _ ду du , ðy dv , dydw_du dw 
dx “би dz до de aw dx -u e dr 


(ii) Ify-uv, 


dy _ ду du , dy 0v „Чч dv 
do 9445 Ovós dz dz 


(t) If v=5 =uv-1, 


dx 7Qudz vda ал v! dz 


Note 2. If in u=f (=, y), y be a function of x, then vu is a function of 2, 
du_dudz, ди dy ди, du dy 


da ords 3y dæ ðm Oxdz 


du 
In particular if f(x, y)=0, then nm =0 and we get 


ди 
айгай 
dz ди 
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1713. Homogeneous functions. 
Definition (1). 


If the function f(z, y,z,...) be such that a 
substitution ta, ty, tz, 


- for, y, Z,..., has the effect of multiplying 
the original function by 1", i.e. it Fec ty, tz, ... ) 91? fle, у, 2,...), 


then f(z,y,2,...) is a homogeneous function 


in D у, гу. 108 
degree л, 


Definition (2). Putting t=} in the above, we find 


af (1% £-) =/(ж, y. а...) 


© cr 
Thus f(z, y, z,...) is a homogeneous function in 2, yY, Z... of 


E 
degree n, if it is expressible as mf. (Eee being any of the 
variables occurring in the function. 


1714. Euler's theorem 


It f(z, y, z,... ) bea homogeneous function in a, 


V. 2... of degree 
т, having continuous partial derivatives, then 


ar 0+2 3. = пук, у, Ze). 

As f(z, y, 2....) is a homogeneous function of degree n, 
Sta, ty, tz,...) =a, г Л 

Differentiating both sides with respect to t, we have 


9. д. 
аш] + +з = nt f(a, у, а,...). 
Putting £—1 in this, we get 


д д 
eo ty z ++ nf(z, y, а...) 


Сот. 1. Differentiating this again with respect to t, we get 


NON. i OPE El of 9f 
ау ди (60707 +) 
=n(n—1) "2 Ха, у, з,...), 

Putting 1—1, 


д @ (2) 
(sz tv)" mu) 
= n(n—1) fle, y, 2,...), 
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More generally 
(22+ en J^ fis eme 
v 
—n(n—1)-(n—r-4-1)f(z, v. 2 +). 


Cor. 2. Let w=f/(Hn), where Hn isa homogeneous function of 
degree n. Suppose we obtain from this the relation Н„= F(u). Then 


22Р ara = - = nH,=nF(u), 


or, F'(u) t a ар! \=nFlw) 
Qu дш... = EQ, 
2.6., lu T9aj t т Pu) 


1715. Converse to Euler's theorem. 
Tf 28 +107 +25 2i =nf (x, y, 2), to prove that f(x, y, г) is 


homogeneous and a ТРЕЕ т. 
Replacing the variables 2, y, 2 by é n, С, we are given 


Of иШ 1 Of _ 
ex ila +07 ans (S, т, 0). 


Now putting $= іт, n = й, {= 12, we get 


PET m z +255 elis, t ty, t2). UTE) 


Tes i” fla, у, 2) St ty, t2) — 4 (t) ; m 
Ф) уба, v2) (3E PE +297 


zt f (vs 7, = fte, ty, tz), by (1) 


This gives Ht) 

Integrating $ d(t)=ct”. But.$(1)—0, giving с=0. 
$t) — 0. 

4.0. ` Him ty, t2) C fos y, 2) 


showing that f(a, y, 2) is homogeneous and of degree n. 
( See Ex. 18 for an alternative treatment.] 
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| Examples B 
1. Show that the function 
f у) = || + [y] 
is continuous but not differentiable at (0, 0). (C. H. 1965) 


E Since 7 (0, 0)=0, | fle, y) (0, 0) | 
AS кты ele 


Now fe (æ, 0) at (0, 9), OEN. 0) 
=p oL = +-1 or —1 авс. ash = 0. 


As fe (0,0) ana similarly f(0, 0) do not exist, f(z, y) is not 
differentiable. ] 


2. Examine whether Ха, y)= J | ay | 


is totally differentiable 
at the origin, 


(C. Н. 1963) 


0, 0)= J |Ak |. To be differen- 
hould be expressible in the form 


Af= [hfe Ас), vzo. 


[Afat the origin = f(h, k)-f( 
tiable at the origin, Af s 


= Lt f(h.0)—5y(0, 0) Lt 0—0 
Now fe (0, 0)= REO cr, ee 5 


fu (0, 0)= eat £(0, Hf. 05 Lt 0—0 


Af at the origin= ,/ |hk 


We shall prove that „/ 
manner. 


| should be equal to ЛР с; 
i hk | р-ро ash, tend to 0 in any 
Put h=r cos 0, k=r sin Ө, then we have to show that as r => 0), 
* J |(cos 0 sin 9) | = r (р cos 9+0 sin Ө) 

ien N |созӨвїп 9 |Æ P eos Oto sin 0, 
Now as r > 0, P and o & 


but J [соз 6 sin Ө | does 
differentiable at the origin. ] 


end to zero and 80 P еб 


8 0+0 sin 8 — 0 ; 
not tend to Zero. 


So J [оу | is not 
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3. Examine VASE 
(w®-+y? 40) and /(0, 0)=0 


Ха, и)= =з 7 à 
is differentiable at the origin. 
4. It u—f(z, y) and z—7 cos Ө, y=r sin Ө, then if the variables 
are changed from V, y to 7, 9, Rn that 
: ou Qu- Ley 
G) Is Ww 2) } 
d u R n 1 07u 
(4) $8 ays 573 rar 7180" 0. Н. 1958) 
get 7? —2?-- y? and tan 0=7, 


| From z=r cos Ө, y=7 sin 0, we 


віп Ө 00_cos Ө 


2 072 Or _ у. 90 
s. #=®=возө, == [LOB _зшҗ =ч 
ðs r ров ду т sin 6 д2 T ду T 
Now Ou. dur | дид0_ вө o Qu _sin 6 n ‚ди 
Эл йтдш 000z: 2 06 
T 9 sin e LM 
= (02. CS 2 (1) 
Qu, ди дт 9u00.. cos Өд% 
ay Or By 8009 ay and cu eee’ r 00 
2 ооз. a bs 
(sin ө2.+ 56 ш. (9) 
Squaring (1) and (2) and adding, we get 
ди +(ф = = (4) + Ly. dore 
9u oy (2). 


a2u_ 0 Ou. _sin 0 0 ди sin Өдш 
(209, 5 a) (cos 


Again as? = oe On 51 T OG 


3 ù sin 6 cos Ө ди sin Ө cos Ө дш 
ND BINDS CODES in Ө сове 
=сов°Ө да+ 90 т 8120 
sadi m Ө cos Ө 07% . Sin Ө cos Ө ди 
pr or дтдӨ 7? 00 
sin*0 0° 
an T oe” 
024 0 a д ,cos0 ð ( ðu , cos бош) 
as Op dy 020977. 29181503228 — 55 
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T T 0r00 r ðr 


48in 0 cos Ө 0° _ sin Ө cos ди сов?9д?ш 
т "20 ТЭМЕ 0g ro 0g? 


2 i д. in 0 cos Ө д?ш | соз°Өдъ f 
=sin29 ovsin Ө сов ө sate cos чь | 


Adding 
du 07 Әә? 10u,1 0?u DIE 
20% oy дуз +, бу ooe CN 

5. Show that the above result (25) 


can be put in the form | 


Vos Etym T 2 (та) о } (C. Н. 1962) 
6. If V=f(a, y, 


2) and z—P cog Ф, y=P sin ф, 
expression 


transform the 
əy дү әү 
amt ayr ous 
by changing the variables z, y, z to Р.ф, z. 
aY |0?y Q*y тәр 1 077 
Бух EY а App tee Б С” 
\ Í Ur On? ay apa ts др р? 9g? 
el д?р д?р Q?y loy, 10?y ay 
531. 0p ap^ др? "5 apt pe dp? 195° 
* are called the cylindric coor 
coordinates aro 2, у, z] 


( Note. p, 9, ‘dinates of a point whose Cartesian 


mele V=f(a, y, 2) and z—z sin Ө cos $, y=r sin Ө sin $, 
2=7 cos Ө, show that on changing the variables 2, y, z to 7, 0, $, 
*V д?р , 027 9*Y |10Y І əy tO OV 
Саи y 1 i co 
дд? ip 922 Brains 9; p gos т? 9g 


NOS 
T” sin®@ Op 
[In Ex. 3, put z—r cos 0, p= 


oY p oiy Lay 18у 1 0?y 


op? д5 дуз T Or r? 00° ' 
9V „ед cos 09y ;, 10V_1 07 cot 90V 
and 3B piis T. 9g 5^ ESTA а> D 36 


Put these in the result of Ex, 6.] 
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8. If w=f(x, у) and the variables 2 and y are changed to £ and 7 


by the substitutions £*—(z— a)? +y? and 7°=2°+(y—b)*, show 


that 


д Ou, 3u ди | 0*u uf +#—а5%—Ь°% 0*u 11 дш 1 ди 
os? oy? OP Ow ën 989) EOE пот 


9. Ifthe independent variables are changed from u,v to v, y 


and then to р, а, prove that 


du ди | | dn Əz | _ | Ou ди 
Эв ду | [Op a | др дд |. 
до Qv. ду ду | Qv 0v (C. H. 1953) 
Oa ду др да | др да 
[ We have 
диди dx, Ou ду Ou Ou дх | Ou ду. 
‘Bp Ow Op Oy др да Әх да Oy Oq' 
Qv. Ov ах | 0v ду Ov. Ov дш | Ov ду. 
Әр дш Op dy др да Ox да Oy Og 
à ди ди | _ ди 0x , Ou ду ди дш ди ay | 
"* | 0p да д2 др ду 9р дда Oy да 
Qv до до Oa Ov dy ду Ov, до ду lj 
др да da др ду 9р дт да Ay да 
| ди ди Oa ду | _ ди ди Oz 0c 
дж dy | | др др oz Oy. "| др og | 
до дь | | Oe Ou д» әр | | av ду 
Ox ду да да Oz ду др да 


y having continuous partial deriva- 


10, Ifwisa function of 2, 
d the variables т, y are changed to 


tives up to the second order ап 


£, 7 by the transformation 
у (En) o u= Eni 


prove that 


en ше n) (60—90). (0. HL 1962) 


ди_ Qu Ox ди ди ду 
| We have 3g ðs 06 Ov By o£ whence 
ди д°т р u Әх ,0*u ду 
Эт 0ё* 05\00° oÈ Axdy 9 


дш 
ag 
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+ Ou 9*y. 9y[ 9°. Oru о; 27), 
ду ðE дё dxdy 05 dy? QE 


4 ди Ou да ди ди 

Again from EET p 8m mp 27 ‚ we geti k 
9?u ди “ OMe | Oe (ee U да, du ĉn) 
an” да On? ' dy dr 01 ðn dzxdy 0n 


(1) 


ду On? * 900505 0m ду? On 
_д° | 0°. 9? O°) | Ou [0? д°у_9° 2-2) 
Се, = бищ Az AL 
9£* On 518) 
+9% 


ди aa + Ou д? да Ә?и u 2 (9) 
Ox\ 92° On? dy dE дд? 


t5) - pug (к-к 


uno -( ele ee pr vs (3) | 


Now from et+y=(€+n)", ang € — 3 —(E— 2)", we get 


S ic УНЕ 2], ana v= qd En - e-n] 
2E ү" - P 
= п 


PT ete (gna 


F TRA 


D 
>= 


MO) (dono apa]; 


BCD yes ы Е ајр wa dae 


д 
peng Etat ap 
suc eta (в „ушу 


u лу" (ерау 
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whence we find 
0*z д?л: 0?y д? Ox Oy Om dy 
oE On" OE? On" OE OE An дт 


Also (2) )-G ei —g*(£* —52)-1, 
н 


Substituting these values in (3), we have 


au _ 07% _ n3(£2 —g3y-1(9 € 9 и 
ЭР ap 76 0) = =), 


Les O*u 0? »[0*u. 0*u 
Ay P -1 (5 ЫЕ Gon lags -$p) 


SS peus) ex шд 24 ] 


11. If w=c cosh £ cos 7, y —c sinh £ sin 7, show that 
2 
as otek c*(cosh 9£—cos 91) = i OE 2). 
(0. Н. 1965) 


[Adding relations (1) and (2) of Ex. 7, we get 
0?u ,0?u, Qu[0*c | 0?c 019° Ә?у | 0?y puf да Oa 
ae ежа |; ae SEA) + j j 
0?u |да дуу дт ду a ду dy) l... 
+292200989291 о +(e) he 0 
And from y=c sinh 8 sin 7 


From 2=0с cosh £ cos 1 
Sg sinh § cos 1, a cosh § sin 1] 
game cosh § cos 1} ap sinh § sin 7] 
gu. e cosh £ sin 1, alae sinh cos 7 
a = с cosh 5 cos 1, oy —c sinh 5 sin 7 
935,032, Oy O7 -0 е OU oe 02 


Hence -ggs star =0, без + 
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2 
Also (29 (Sy =н cos^7-Fc?cosh*£ віп? 
=c*(cosh*§—1) cos "qo cosh?&(1— cos?) 
=в%(созҺ*ё— соз) = (cosh 95 – сов 21), 


(+ a =c*cosh*é sin? --c?sinh?£ cos? 


te 


(cosh 25 — cos 27). 


Substituting these values in (1), we get 


2 
cite tak 5 C'(eosh 9$— cos an) (5-5 


92 "uy д? М] 
tay 
12. A function f(z, y) when expressed in terms of the new 
variables %, v defined by the equations 2=1 (u+v), y2=uv becomes 
glu, v) ; prove that 


8% _ с: ош у 1027 
дидо 4 log? 20 Baby ду? y Oy!" 


Oe 1 Or М l.0y 1 v Oy 1 
[We have ди 2'0» 2’ du a Ov 2 


Now Og Әу Oa, OF Oy_10f,1 /v Of 


ди Oz Ou ду ди 905 9 u Oy 


д? ра 1 22 
Budo 2019 95 2 У ш dy 


= N E 
91922 dy даду дъ) ' 4 m ду 


+ Jz (pe ү E 
2 2 
shear ens Pf 
«eite 
ADAE EAE 2] | 


(C. Н, 1965) 
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13. Тїш be a homogeneous function in 2, y, 2 of degree л, prove 


ди Әди ди 
that aes 2021159 эр ore each а homongeneous function ір 2, y, z of 
degree 1 — 1. 


14. If % is a homogeneous function of the mth degree in 2, y, 5 
and if u= fl, n, ©) where 5, 7, Ё are the partial derivatives of ù with 


regard to z, y, z respectively. prove that 


ðu , Ou 
oe Tan Htc us 


ә 2н 
[ Since 6-557 =o = 2 ёт, Ё are homogeneous functions 


of degree n — 1. 
By Euler's theorem 
ди vtta nu, ie. 284-74-20 = nu. 


Since each ofa, y, 2 is a function of §, 7, 6, 
ga Ou Ou d$ | Ou on, Ou of 
Ou 0£' = On ðs OL' Oz! 
_ Qu, Ou ag Ou On, ди Ot 
"eo ТО: КӨ o O OD Ob 


_ди_д% 9£,0u. an, Ou 96 
oe naan OE MOE Әп dz 06° Oz 


nu=xetynt zb 
apt ды uh 


DE) Ox 
КЕЕ 


д 
=(n-1)( Ei Hp) 
д Qu , уди 
Hence ara "9, L7 cd ET 


15. Ita*-ww, y2=wu, 2° =w and fi y, 2)=9(u, v, w), then 


af, tyfu efe= ubt vv Pw. (Math. Tripos 1983) 
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[ From the given relations we get 
2 2: 27) 
wat ›=+ Z, w = +®У, 
T y 2 
8o that each of u, v, w is a homogeneous function of degree 1. 
Ve сиу 2и: =, cva+yvy+202=0, тш уру Беша. 


Now Јо = Фиша Фра Фао, Йу = Фаш tory БФ wy, 
NS, Фи = Potz + фало. 


we Rfac ufu b afe Фаиг yuyt zuz)H- (moa уо 20.) 


"F$u(zwa-- ywy-- zw) 
=Ubutvdr+whr. | 


3 
16. и а= cogo Sa / E tu" +y? ‚ then 
sity 


220% z 20%и usc "E [13 | tan?! 
D 207928 0%9-8= (gt zt 


4, 4 
[ We have coseo*y = 2. tu a homogeneous function of degree ы 


PUE 


© д 3 
o Top созге tu) (овес?) d овака 


е e, ac Yad ou 19“ Ки БЕСЕ 2) tm a 


Ou ,—90 0? 
On c 85 Уу tO 8р1 a д? 


sec uf Ou, д 
ien 95 14 P 


or, PM Oru 29° Ub ee а 
да? дхду ^ Jy? -( = "s - itn u) 


= +з ale —tan TERN qu 
19 "Hab 12 
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3 8 
17. It w=tan-? ZH", show that 
2—0 


g* z u д? 20 u 
эр ow У 33 SU т 4 sin^u) sin 2u. 


18  Itz-—r sin Ө cos A y=r sin Ө sin $, 2—7 соз Ө, then 


д 
Meal sin 6, 
where dlam zl |e ду да 
д (7, Ө, Ф) 2708073857. 
да ду Oz 
29 дө 00 
às Әу Ps 
{ дф 0$ 06 
19. Itz-AdHh +Y, y—2?-E B? -Ev*, з= 25 +*+, prove that 
902 Ba(v — p) 


Os -Pev A) 
sm GE. 07 
also find ОЕР 
| Differentiate the three equations with respect to v; 
ðk д» | 


eliminate =, —. 
Or Ox 


It P dz4Q dy E dz can be made a perfect differential of 
а by multiplying each term by a common 


20. 


some function of 2, V 
factor, show that 

0Q OR OR у +n (22 3P 0Q 
p (20-32) +0 52 ато) 0 


rential Equations, Art. 102. ] 


(C. H. 1954) 


[See Murray, Diffe 
rove the converse of Euler's theorem on homogeneous 


PR Ne 
2 д 
functions, that їз, given 2 ass ate Fen ith prove that wis a 
of & > nin T, Ys 2. (C. Н. 1960, 1962) 


homogeneous function 
^ t On _ Fe 
И at =nv, where u (v, y, 2)=” (8 n, B We have 


E. M. A.—19 
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ди _ „ [0v д5, 0v On, Ov OL\_, Ov. 
а tee azon ozi o ee o£ 


ди . [0v д5 , Av On , Ov ә Qv. 
7 9 vio By 25 oy OL a 1 21 


ди _„ (0v дЕ, 0v dn, dv Ot] „до, дәу Ov 

я Qs los Oz 0m 0s ð 2) £ дё 0 дт] Д4 
„ду Qu, | Ou. 3 BO o 
Thus aut o7 ЕРШШ transforms into bar тл) 


v=" wherec is constant with respect to ¢ but may 
involve & 7 Роб c—4(& n), we get v—£"4(£ n)=2%b (© zl 


showing that v and therefore u is a homogeneous function of degree 
nin 2, Y z. 


This is an alternative treatment of the theorem of Art, 17°14. ] 


CHAPTER 18 
MISCELLANEOUS THEOREMS 
181. Implicit Functions. 


Given a relation of the form f(x, y)=0 it is not always possible 
to obtain from this a relation of the form у= (2), as the following 
examples will show. c 

Ex, 1. 2"-"—0 can never be solved for y in terms of 2. 

Ex.2. «*+y?+1=0 does not give a value of y corresponding to 
any value of z. 

Ex. 3. From z?--y?—0, y can be determined only forz—0 
and for no other values of z. 

The existence of an explicit function y=f(x) corresponding to the 
implicit relation (v, у)= 0 is given by the following theorem. 

Theorem: If #(2, y) be continuous together with its first 
partial derivatives in the neighbourhood of a point (zo, yo) where 
(2:0. уо)=0 and Фу(шо, yo)7£0, then there exists afunction у=/(ш) 
continuous in the neighbourhood of zo, satisfying yo— (vo) such 
that Ф{т, f (a) —0. 

[ We state the theorem without proof. For an interesting 
discussion of implicit functions, the student is referred to Hardy, 
Pure Mathematics, Art. 109. ] 

182. Mean Value Theorem for a function of two variables. 

Let f(a, y) be a differentiable function of the two variables 2 
and y defined in a domain containing the points (a, b), (а-л, b+k), 
such that the line joining them lies wholly in the domain, Then 


flath, b--k) - fla, b)- hf (a 0h, b-- 0k) - kf (a-- 0h, 4-01), 
where 0 « 0 « 1. 
Let us write 


b+kt)=¢lt), a function of t. 
the function ¢(t) of the single variable ¢ in (0, 2), we get 
e(t) - $(0)=1" (6t), (0 < @ < 1). 

Now by the theorem of the total differential coefficien 


w=atht, y=b+kt, so that f(z, у)=/(а+М, 
Applying the mean value theorem to 


t 
(Art. 1712) 


_ of dx, dof dy 
9) —3.- ar Oy” dt 


=hfelatht, 03- kt) (ажи, 24-08) 
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Ht) #00) =t{hf(a+Oht, b+Okt)+kf,(at+Oht, b+6kt)} 
On putting #=1, we get the mean value theorem, viz., 
fiath, 2+1) — fla, b) - hf (a-4- 0h, b--0E)- kfi(a 4- 0h, b-- 0L). 


Cor. If the partial derivatives fz, fy of a function exist and 
have the value 0 at.every point of the domain, then f(a, y) is a 
constant. 


Note. The theorem admits of easy generalisation to functions of any 
number of variables. 


183. A Lemma. 


Let @=atht, y=b+kt, then fla, y)=fla+ht, b+kt) is a 
composite function of the single variable £. By Art. 17:19, 

df Of dx: Of dy _, 0f | V Of. 

di Ox di Әу di "95 “dy 
Ef 30h nt (20 0/90 

ar ^ dia "aja; veces 

O*f dy , 0?f dy df do ,0?f dy 
E „1274 д al al ee of a 

Oa" di 8:8; ai" lózoy dt ду? di 

0^ f Of 2927 a ә \? 

=n 2 -E one DEES SiG 2) : 
xr 9s9y ^" By asta) fen 


Tt follows by induction that 
d'f [, 0 


HON : 
f os ^ 2) f(z, y) 


184. Taylor's theorem for a function of two variables. 


Let f(a, y) be a differentiable function of the two variables т and 
y having differentials up to the mth order for all values of z between 
æ and a+h and for all values of y between band b--k. Lett be a 
new independent variable and let us put 

v-—a-- ht, y —b-- fit. 

f(a, у) is then a Composite function of t 
derivatives up to the nth order and these der 
up бо the (n—1)th order inclusive in 
the Maclaurin formula to the functio 
with Lagrange's form of the remainder. 


‚ say Ф(Ф), which has 
ivatives are continuous 
the interval (0,1). Applying 
n #(t) of the single variable Ё 
> we get 
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#0= ао) о) #7 O) +з "О 


-1)! 
+2 60X00), 0<0<1. 
On putting £—1, we AS 
$1) 9(0)4-?(0)- 7 Ae O+ К; a= ‚ф@-(0)+ sexe) 
^ (1) 


By the above lemma 
d^ f_ уо) =| A 0\7, 
О т: А fv, y). 
Putting = 0, we have == а, y=0 and we get 
$70) =+ 2). f(a, b). 
For t=0, c=at+Oh, y= b4-0k and so 
д 
(0) А 
4" 9)- d PH A) flat Oh, b-+6k). 


Putting these values in (1), we have the formula of Taylor, 012.4 
flath, +10) = а, o+ 2 Ө 2) f(a, b) 
+3 Du 2 41 2)" fla d+ 


+ лу, 2) f(a, b) 


(% xD Eu 
+4 Ih? Buy ay flat Oh, b+6h), 
(2) 


the formula may be written in the 


where 0 <9 <1. 

Replacing @ and b by w and y. 
form 
+ y) fos fi 1) +(e 19 2) f. y) 

SEN 202 2+2) f(a, y) 


1 te) 
к= uar) " fes 9) 


+H; _д` n 
n ++) F(a+On, y 0b), 


heu) сен (3) 
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The formula assumes the differentiability and therefore the 
continuity of the derivatives up to the (n—1)th order, but not the 
continuity of the derivative of the nth order. 


The formula can be easily 


extended to functions of any number 
of variables, 


Thus for a function of three variables 


Jeth Yh, 2-1) Да, у, a+(n2 +12 +12) Де, у, 2) 


а? аз tay, ae 
MU EAE TTE 
1 д ә д\”-1 
єт iias tg, LT) урш 
1 д „ð а n 
MP tig +1) fle+6h, y+6k, 2+61), 
(0 <6 — 1). 


185. Maclaarin formula for а function of two variables. 
Putting a=b=0, һ=л and = in formula (2) of the preceding 
article, we get; 


Kæ, у)=/ (0, +(x 2+2) ji "abe ee) s. En 
1 n-i 


д д 
Mice (oz) Foro 


all 2 4 д n 
| es. 090) Fox, oy, (0 < 0 <1). 
Phe Sub-scripts of f in the different terms of the above mean 
that after calculating the partial derivatives of f (x, у), we have to 


values indieated by the sub-seripts. 
of easy 


put for $ and y in them 
The formula admits 


extension to functions of more than 
two variables, 


The function f(a, 


V) of the two inde 
maximum at the poin 


t (a, y) it 
Math, y+h)~ f(s, y) 

and a minimum it 
Fla+h, y+k) 


pendent variables a and уза 


S0for |а| <в, lk| <6; 


ТУ y) > 0 for I| «8, k| «s. 


M ——À 


— 


E an c 
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у Since т and y сап be made to vary independently, it is clear that 
4f f(z, y) has an extremum at (x, y) when both т and y vary, it must 
have an extremum а& the same point when only one of v and y is 


made to vary ; we must therefore have for a maximum at (v, y) 


fle-+h, 0) —f(e, v) € 0,| h| < 6, 
(а, yk) - F(a, у) < 0, ]z| «5; 


and for a minimum at the point 
(+, э)—Л(ж y) > 0,| hl < б, 
f(a, uk) fle, 9) > 0,| E] <ô; 


in other words, for an extremum at (z, y), we must have 


OE кй. 
с =н? 


Now just as a function У (а) ean have an extremum at а point 
where f'() does not exist (See Ex. 1, p. 183), во а function f(a, у) of 
two independent variables v and y may have an extremum at a point 
where fx and fu do not exist. Бог example the function f(a, y) 
—|zl- |y [has a minimum at (0, 0), although fz and fy do 
not exist at the point. We thus have the following necessary 
condition for an extremum of f(z, у). 
points where the function f(a, у) can have an extremum 


The only 
1 derivatives fa amd fy vanish or 


are those where each of the partia 
cease to exist. 
Теб us nex 
solying the simultaneous 
a number of solutions. 
remains to see if ШО) 
merely stationary at the point 


t suppose that fs and fy exist at the point (v, y). On 
equations fz=0, fy=0, we generally find 
Let «=a, y=b be one of them. It now 
is really a maximum or a minimum or 


(a, b). 
For an extremum at (a, b), flath b+%)—f(a, b) must maintain 
a constant sign for sufficiently small values of | b | and | & |. 


Supposing the first 


point (a, b) ‘and consequen 
we have by the mean value theorem (Art. 182) 


point, 
flath 2+0) — Fla b)=hfx(at+Oh, b--0k)-- kfi(a-- 0h, 04-01). 


partial derivatives to be differentiable at the 
tly existent in a neighbourhood ot the 


We put 
p= „24-18, h=P sin 4, Б=Р cos %, 
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so that P is an indefinitely small positive quantity tending to ge 
with h and k and X an arbitrary angle depending on h and k which 


are arbitrary. 
We further write 


= 0) „08а, b) , .0* f(a, Б) 
олок Ый иа" 0b? c 


The first partial derivatives being supposed differentiable, we 
have (Art. 17:8) 


fa (a-- 0h, b-- 6k) fa (a, b)= fe (a+ 0h. b+6k) as fe (a, b)=0, 
=O(rh-+sk-+-€,P), 
and similarly 
fy (a+Oh, b+0k)=6 (sh+th+e, р), 


where є; and €, tend to zero with P, 


Substituting these values, we 
geb 


f (a--h, b4-2)— f(a, b)— Olrh? + 9shk-+th® He Pht e, PI) 


=6P* (r sin?«J-9s sin < cog «-Fteos?4-be) — ++(1) 


where є=є, sin X+€s cos « so that є-> 0 as 61,6. —> 0, z.e., as P—>0. 


Now Ө being positive, we have the following cases to consider : 


(a) Suppose the espression 7 
not vanish. As it 


definite sign and its 
number m. So the 
of (1) from a sufficien 
In this case therefo 
according as the sign 


sin"X+2s sin x cos <-+t cos* does 
is a continuous function of X, it will bave a 
absolute value:shall be greater than a positive 
sign of the expression will be the same as that 
tly small value of Р since we can make | e| «m. 
re there will be а maximum or 2 minimum 
of the expression is negative or positive. 


(b) Tf the expression changes sign, 
ваше аз that of this ex 


there will be neither a m 


ав the sign of (1) is still the 
pression from a sufficiently small value of Р, 
aximum nor a minimum, 

(c) Lastly it the expression witho 
certain values of X, then the si 
on that of €, which being unkno 

From the above discussions 


extremum of f(z, y) when rsin 
vanish, 


ut changing its sign vanish for 
En of (1) for such values of x depends 
Wn, we cannot conclude anything. 

it is clear that there is surely an 
*4+-98 sin « сов <-t cos?« does not 


ee — 
— — —— 
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rh? 4- 9shlc-- tk 
рана 


Now т sin*«--2s sin < cos «+1 cos = 


Omitting a positive multiplier, 
hr -- Es)? - E (rt — 5° 
a rapa е сес zm 2 (ris) 

the numerator would be positive if 
)—fla, b) would be positive if ris posi- 
Therefore if rt > s? and ris 
b) while if rt > s^ and T is 


Since (hr+ks)? is positive, 
vt > s? and then f(ath, b+k 
tive and negative if 7 is negative. 
negative, f(a, b) is maximum at (a, 
positive, f(a, 5) is minimum at (а, b). 

By rewriting the expression with ¢ in the denominator, it can be 
seen that if rt > s? and ї is negative, 


positive, we get a minimum. 
Itri—s!, the case is a doubtful опе; 


we get a maximum, and if ¢ is 


for (hr+ks)? vanishes if 


s 
may not be an exteremum at (a, b). 


t> =p and in this case f(a, b) 
It rt < s?, the expression has different signs under the two 
hypotheses k=0 and Ar+ks=0, and cannot therefore maintain the 
same sign for all values of h and k such that | h| < ô, |к|<46. 
Hence there is no extremum at (a, 5). 
A set of sufficient conditions for an extrem 
ЭР але eu CHE ARN 
95-0, Lao, 5 ER 
y of the last condition was first established by 
condition. 
y < (fay)? is a sufficient condition 
mum at a point where 


um at (2, y) is: 


The necessiti 
Lagrange and is known as Lagrange's 

Note. Lagrange's condition, viz. хх. 
but not a necessary 000, I(x, y) may bave an exire 
fowfun=(fou)?- See Ex. 5(i) below. 


теша of a function of several variables under 


187. Ext 
subsidiary conditions. Lagrange’s method of undetermined 
multipliers. 
Let U=], Y, 2 w), 
where #2, y, 2, w)=0, A 
Wa, Y, #› PEN ^ ue (1) 


For an extremum du=0 ; hence 


9f gap?! dy T. аг 
A ders duty, det 


Of НЫ cd 
aa dw=0. (2) 
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28 95428 NE NE gig. бу 
Also age a dit db dw=0, 

ду aw 9v 9v, de 

ae P P — dw=0. (4) 

om бана. яр Жарар. dw 


Multiplying (3) апа (4) by the arbitrary quantities 2 and # and 
adding (2), (3), (4), we get 
Of Әф, aw af 29%, av) 5 
(25 +29229) de + (р ien | y 
d ene Pas OL 4224 u Ohayo, (5) 
«(e +5 КЁ o) de + (07 +) ste 2. tw ‚ (5) 


As 2 and № аге arbitrary, we may Suppose them so determined ag 


to make 

Qf дФ av 
az ^3, th 990, © 
ӘР |,дФ, Әр. ay ыў 
dw ^ as 5 =0. | 

We thus get 

Of 09 99) 5. + (OF aa BY) E 

(E +19 +n") dz + (E +% Hy dy=0. (7) 


Now since the four variables z, 
equations (1) 


Say@and y. As these can be 


other, it follows that for an extremum, the coefficients of dz and dy 
in (7) must vanish Separately. We thus have 


0f |,09 | Әр 

EE Ас лс = р 
ССА m 

Әр E бу ©. (8) 


Егош (6), 
eee | De | |, | 1 
Vefw— wf, fw — fobs PV — Фр 
Hence in order that 2 and W may be determinate 


Ф.Ф, F? Фф. zx 0, 
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Ф. Vz #0, 
$w Vu 


alp, V) 
ER Alzw) a 


The equations (1) (6) ара (8) are theoretically sufficient to 
determine 2, у, 2, 10, А, №, and thus to furnish a solution of the 
problem in general. 

Hence we have the following theorem : 

It f(w, y, 2, w) has an extreme value at (£, 17, & P) subject to the 
subsidiary conditions 

glz, y, 2, w)=0, W(x, y, 2,w)=0, 


and if at that point 2 


alg, Фф) 
9(2, ш) А 


then two numbers А and № exist such that at the point (§, m, бур), 


the equations 
Ја + Abe + PW, = 0, 
Áy + Ady + Ау = 0, 
te + АФ + PY, = 0, 
to + Ady + Аъ 0, 


and also the subsidiary conditions are satisfied. 


Note 1. If we put F=f+d\o+uy where z, y, 2, w are considered as 
independent variables and A, аз constants, the equations (8) and (6) are 


easily obtained as Z'z «0, Fy=0, Fz=0, Fw=0. 

F is sometimes called the Lagrangian function. 

Note2. The consideration of the function Ё is also convenient for the 
discussion of the sign of d'f. In fact we have f=F by virtue of the equations 
(1), whence we get d*f -d* P. Replaciog 2° Р by its expression 


(2 aes 0+2 erra о + таза Phu 


E] 
where the terms involving d?z, d?w disappear by virtue ofthe equations (6), 


what remains is 
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а DN? 
а= (2. 4в1-#-ду+ dde d dw) Р. 


We сап thus replace df by d?F and calculate d?F as if the variables 2, y: 
2, w were independent and А, д constants. It is to be understood that for 
the discussion of the sign of df, it may perhaps be necessary to eliminate the 
first differentials dz, dw of the dependent variables; but the introduction of 
F has the advantage of eliminating immediately their second differentials. 


Examples А. 


1. If the partial derivatives fe, fy of a function fia, y) are 
continuous in E, prove that 


Math, y+k)— fiz, y) = (5, n)3-kfy (E, л) 


where (2, y) and (x+h, y-- X) and the line-segment joining them lie 
in E and (5, 7) is an intermediate point on the line-segment. 


If the partial derivatives fz, fy ofa function exist and have the 
value 0 at every point of R, prove that f(a, y) is a constant. 


(C. H. 1961) 


2. Establish Taylor's theorem in finite form for a function 
i(z, y) of two variables, stating the condition imposed upon f(a, y). 


(C. Н. 1963) 
З. Apply the Maclaurin formula to expand f(x, у) ina finite 
Series of four terms when 
li) f(a, у) = с соз by, 
lii) Ла, y) = е sin by. ( C. н. 1964 ) 
; l,.s CaL JP 3 8 2, 8 
| (à) Lose (a z5—p*y2)4- 3 BU v —8ab*xy*) cos bOy 


(аху — 535) sin 50y], 
arg . 
(ii) byt abu 5 -(3a*ba*y — by?) cos 20у 
-F(a?z* —3ab*zy?) sin 50y]] 
4. (i) Find the minimum value of s? ty? (e -y4-1)*. 


(C. 1. 1966) 
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(ii) Find the maximum or minimum value of 
fla, y) 5a? zy y^ d az by, 
and determine whether the value you get is maximum or minimum. 
(C. H. 1964) 


[(Z) minimum valued at (-2.-2). 


cse sl 


(22) minimum at ( 3 

5. (i) Show that f(a, y)=y°+2x°y +z" has a minimum at (0, 0) 
where fez fuu — (fav) =0. 

(ii) The equation to a surface is z—ay!—a? ; show that the 
ordinate 2 of the surface is stationary at a point but is neither a 
maximum nor a minimum there. (О. Н. 1965) 

6. If two variables т and y are connected by the relation 
av? Ьу? = аф, show that the maximum and minimum values of the 
function z?--zy--y? will be the values of u given by the equation 
4(u — @)(и — 5) — ab. ? 

[Неге Poa? tayty?2+2av®+by* — ab). 

Fa-—92--y- 20412 —0, Fy-—c--2y-- 90523 — 0. 
А 0+0 жау sh аин? оа. 
Јах 9by ab ab’ 


+ 2 2 
where 1 is an extreme value of z^ +ay+y~. 


From Fe —0, 2% (ed —y ; from Fy=0, ay(1-") aS 
whence 4(u— au — 5) — ab. ] 

7. Ina triangle the area A and the semi-perimeter s are fixed. 
Show that any maximum ої minimum of one of the sides is a root of 
the equation s(a—s) 2° +4 (06 (C. Н. 1966) 

[ Let т, y, 2 be the sides of the triangle. We have v+y+tz=2s 
and s(s—a\(s—y(s—2)=A*, $e. 108 (s—a)+log (s—y)+log (8—2) 


—9 log a — log 8. 


Any side 2 ma 


two sides y and 2 
two relations. Now these two re 


y be taken as the independent variable ; the other 
are then dependent upon it by virtue of the above 
lations give on differentiating, dz -- dy 
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+dz=0 and de, dy, dz .g For an extremum of a, dz—0 
5—2 s—y s—z 


and so dy+dz=0, dy , de —0. Eliminating dy, dz, we get 
з—у s-z 


= 1 2 огз-у=2, з—га=® Putting these values in 
#—[] 2 


s(s—a)(s—y)(s—z)= A?, we get s(z—s)z*+4A*=0, ] 


8. Show that the maximum and minimum values of 


2290, E pt 
ae (eg+f? > 0) are the roots of the equation in ш: 
u^ (eg — 9°) —ulag — 9bf--ec)--ac — b? =0. (C. Н. 1962) 


[ Find the extreme values of ar? +2bry+cy? subject to the 
condition ez*--9fzyy--gy* —1. ] 


9. Show that the maximum and minimum values of 7? where 
T? —a?z? Eb? y? +6222, д? ру? E22 2 and le+my+nz=0 are given 
by 

2 2 2 
Pap tat a et. 
[ Pa ata tby? 4072? E 3(s3 узр зз —1)H- (lo A- my - nz). 
м. Fy-9a*z4-9324-81— 0, Fy =2b*y+2y+hm, 
= 90*24-922-- In — 0, 
Multiplying these by 2, 


Y, 2 respectively and adding, we geb 42 —7? 
where 7° is an extreme value of ax? 4-5? y? +6222, Putting this 
; Anem on 1 ду _ т, 
value of 2 in eget 0, we have TUS DEEST "pU S myer 
2 OR 
№ Er 


Multiplying respectively by J, m, n and adding, 


15 2 2 
cop pat a o] 


а —r* + 


we have 


10. Find the minimum value of s? y? 422 


Subject to condi- 
tions az --by--oz— 1, a/z --b'y 4-c'z — 1, 


(0.H. 1956) 
| The minimum value is a root of 
А 1 ih =i), 
1 5а? Xaa' 


1 Уа” Уа? 
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11. Divide the positive number a into three parts 2, y, z such 
that f—2""z" may be a maximum, (m, n, p being positive) 


[We fiers таат а-Е®ау+-Рав=0, 


and from P ha dz+dy+dz=0. 
(x@+1)a0+(x2-+1)ay+(2+1)a2=0 3 
2 y 2 
giving 2, y, 2 for an extremum, 


а 
=Й == == = ше 5 
whence uED = 


Jonatas df= (агау?) 
27=4/ (пачата) 1 аз аз) Bla) } 
2 y 2 @ y 2 


=~ [am + Tidy)? + Iz (dz)"}f <0, since df=0 at an 


extremum, 
Hence the extremum is a maximum. | 


12. Find the volume of the greatest cups parallelopiped 


that can be inscribed in the ellipsoid ЕЕЕ +3= il, 
(О. Н. 1962, 1963) 


| Here we have to find the greatest value of V —8zyz, where 
2 


SUI 
2, Y, 2 are all positive, subject to the condition +, rte 


dx dy, d. 
From V —8zyz, we get 7 е is wie Z= 


and from eto 1, we have a ‚не 
(2+ 2) do+(4+ B are (s E у, 
whence зо. С. p Jg у= Ta z= RES 
Thus the extreme value of V is е: 
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Now ay - (02-0 4d z 
v y г 


Bos all | 
= RNC) } a 


extremum, Hence 800 Te is a maximum value. ] 


13. Find the maximum value oi соз z соз y cos 2, where 


@, y, 2 are the angles of a plane triangle. Е] (0. Н. 1959) 


14. Find the maximum value of the function f(a, y, 2) =02222° 


6 
pubyect tolthelcondition, аз узо cs [7| (0. H. 1960) 


15. Determine the conditions which the angles 2, y, 2 of a plane 
triangle should fulfil in order that 


sin'z sin"y sin"z 


may be a maximum. (C. H. 1955) 
[= v tan y. tanz .] 
1 т n 


16. A and В are fixed points and P is a variable point on a fixed 
straight line; show that 2AP+/BP will be a minimum if А cos Ө 
= eos Ф; Ө and Ф being the angles which AP and BP make with 
the fixed line. (О. Н. 1953) 


17. Itu-a^a*-Fb*y*-Ec?z? where EH, find the maxis 
2 у 
mum or minimum value of u. (0. Н. 1964) 


188. Differentiation under the sign of integration. . 
Leibnitz's Rule. 


If f(z, X) be a function of the two independent variables т and <, 
such that in the finite region (ло «c < X ; «, <4 < xı) 
(i) it is bounded, 
(ti) it is continuous with respect to both variables, 
(iii) it possesses a derivative with respect to «, 
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(?v) the derivative 2 ie, X) is continuous in'the region, 
then will 


x x 
ie J fn) ae = fÈ fe, dart 3X yx, q- e Hao, €). 
o 


To 
x . 
Suppose  F(«)— file, x) dz, 
To 
Х+АХ 
Hen (Л) fila, «+Дх)а, 
Tot Аж 


where it is supposed that both X and Zo depend upon 4, 


Х+АХ 
 к«+Л«)-к(«) = | fe, <+A«) de- f He, <) da, 
Tot AX, To 


Х+АХ 
= fre, <+A) dot Si (v. 4+ A3) de 


+f F(a, + Ax) af Fle, «) da, 


Tod Amo 
Х+АХ Tot 420 
de Ax) dz — | flo, <+As) de 
To 


х 
+ f Ule, «++Д«)—Да, as. 


To 
Since f(x, <) is continuous in (zo, X) we have by the first mean 
value theorem for integrals 
Х+АХ 
f (e «+ AX) du=AX f(X-F0AX, «+ Ax) 
X 


E. M. A.—20 
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Tot Ато 
F(a, 4+ Ax) dz= Azo f(zo +0' Azo, 5 Ах), 
To 
where 0<6<1,0<6' <1. 
46 F&+A4)—-F(X)=AXS(X+OAX, «+ Ax) 
720 fleo +0' Azo, «+ Ax) 
x 


+f Ue, «4- Ax)—f(a, «)} da. 


Now by the mean value theorem of the differential caleulus 


fle, «+ A) (ш, X) Дх Деле, &--0" Ax), 


(0 < 0" < 1), it f(a, x) possesses a derivative with respect to «<. 
РКД) (к) AX, 
авла Дд 


IA x (X+0AX, a+ Ax) 
= сле Хао +0' Аа, «+ Ax) 
х 

0 

+ fÈ He, torn av. 
To 
С] : : 

If further aa f(x, x) is continuous, 


Lt а 9 
А <> 0 ag fl «*+0”А«) = = f(a, «), 


Thus finally 


x x 
9 ах т 
3 S f 4) da = ga 7\® x) — oe F(a, «)+ Јале, «) ae. 


Vo 
Cor. 


dX dz 7 
de “ae vanish and the formula takes the simple form 


To 
If the limits of integration vo and X be independent of <, 


x 5 
2. f F(a, 4) dz = (2. F(x, «) dz. 


xo To 
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Examples В: On Differentiation under the sign of 
Integration. 
1. Evaluate 


ес (14-а cos т) ЖУЙ сал 
сов & 


Here the integrand is a continuous function of а in (0, a) and of 
д in (0, л) ; also its partial derivative with respect to a exists and is 
continuous in the same region. Therefore by Leibnitz's rule 


ou -fè flea! 1+a cos 2) }а= f 
да cos & J 1+0 совт 
т 
РЕГ: -1 /1-a 2 x 
= fan =e H= . 
М =а? E Send eat 


л anan 
d а= f da — 2 gin^*a4-c. 
Ni-a? 


Now when a=0, we have u=0 and so c=0. Thus 


cos % 


т 
u= [і (1--а сов x) еч 
о 


2. Find the value of 


M (1-- соз < сов 2) da. 
8 сов & 


The integrand is a continuous function of € in (0, x) and of x in 


(o. z) ; its partial derivative with respect to < exists and is continu- 


ous in the same region. Hence 


u fest E cos D) as 
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sin 4 
2 1+cos X cos 2 
т 
Е, т 
9 вір x 1— cos 4 Slc 
= – = tan pe COP inne 
N'1— cos?« 1+cos 4 
JS. u—— fx dx=——+e 
Now <=5 gives u=0 and во c— —. Therefore 
т 
z 29 
[== (1 — cos € cos z) 1 Е -«). 
2 cos & 2\4 
3. Show that - 
т 
uz (198 (1+sin € сов 2) dots 
3 cos z 
It is pal seen that Leibnitz's rule is applicable to the integral 
т 
* ы. log (1+sin € cos z cos < 
Ou d= | —————__ 
2% -f2 cos & £ P ERO 
т 
=2 | tan l-sin4 ban 2 ]s* 
1+sin < 2 
So u- f л dX-—7zX-rc. «-—0 gives u=0, and therefore c=0. 
Thus : 


jare) (1+sin « сов 2) а 
соз 2 


4, Find the уең of 


my Tee (2226 вїп ath sin Ө) 46 


a—bsin Ө ge 7 2). 
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2 
Put z=% then 


= Ene) dé EET 
E I (ane X sin Ө TEN } 


Differentiating with respect to <, we have 


т 


л 
ди ( д 1+%sin Ө} 40 
д« 2 A log GE sin Ө! sin 5) 


3 
> do do 
j Ls sin 9 i-« sin j 


dé cpt 
...d6-  pib0—---6$; 
ъ f TES А gn $ 


т 


eun n d 4 
it is transformed into fm Somit 


л 


е 20 EP ANT 
again n f 154 88. put 0— Ф g' 


it b f zx 
it becomes’ ) 7+ cos $ 
т 
z 


т 
Ou _ do . 29 тйлге 
ĝa ЕЯ cos Ф е tan дү 


So uaa f 2 =x sin +o. 
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On Bp b—0, ie, X—0, we find c—0. 


a — b sin Ө/ sin Ө 


E Ae (sine sin 0) d6 =z sin (b), 
5. Evaluate 


f ee OF) gy, 


Deduce that f ton ke) dr=7 5198 9. 


In 4, the upper limit is a function of x 


‚ and so by Leibnitz’s rule 


ou д [1 1+5; 2 
-[{ 2 (08 (oe) еш p+, (lts ) 


lta? (Art. 18'6) 
ч 

= @ log (14-«2) 

Af (Fa) asy te 


2 E v+ “th x 
OF) (Fe) (HE) (1923) (144°) (1-42) 


ч * 
T f 2 do= |219 Coro) 
ч J (1+9) (13-22) 2 1+4? 


L4 
+| _ | log U+) |. 


x -1 
ETE tan ^c lie 


Ec e cius ed 2 
тарса aF) 196 (1-9). 
Substituting, 


ди =1 log (144?) А a 
0« 2 IF "jpg бапак 
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Integrating with respect to <, 


=1 lot tlga f tan 
=) ae a лы 


es А E -f 24 La, f x <i, 
ales (144°) tan ^« ie tan «ae ppan x dx 


=} log (1+?) tan-*«-Fc. 


Now =O givesw=0 and soc=0. Thus finally 


« 
= (log (1-00 5, 1 een 
D" f TEL dx 2108 (1+ ). tan-*«. 


Putting «X-1 in this, we deduce 


1 
log (1-2), т 
12° da 8 log 2. 


Note. An investigation of the conditions under which Leibnitz's rule can be 
extended to improper integrals is beyond the scope of this elementary book. 
We shall therefore assume that tho necessary conditions are satisfied by the 
improper integrals which occur in the examples that follow. 


6. Prove that 


= e Bin у игу (B 
c e dz —tan (£). (0. H. 1962) 


and deduce the value of 


со 


sin 2 
f 52 as. 
@ 


о 


Asguming the validity of differentiation under the integral sign, 
we have, on differentiating with respect to Ё, 


Ou C Ek -ag Bin Be 
08 al’ Е c ) а 
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Je ** сов fy dz; — eae 


she um f A89. врз бап” *() +0. ~ 


Now w vanishes when £—0, this gives c—0. Therefore 


со 


fe 4а 5ір sin Be hein 0). 


о 


In this put B=1 and make X tend to 0 ; We then Һауе 


со 


f sing T, 
2 


о 


7, Show that 


со 
az ( tanc (az) ay 


all Fa?) 4 2 == log (1+a), (a > 0). 


epa that the а 


pplication of Leibnitz's rule ig valid, we 
have 


со 


п) шш 
fu 


512 


Ee} d de fastest 


cim пан) % 


tan-* (az) 


o 
л 
pc эш. 


Gu 2(1+а) 
327 


а 
Ја оваа 
=0 


1 
gives ~=0, whence c=0, 


— 
—— 


MISCELLANEOUS THEOREMS 


i $ап (ат) =5 
276 Ја dz == log (1+a).. 
8. Prove that 
— (log (1-+a* E 2) ү: a+b 
om fene Nro tog (553). 


Under the usual assumption, we have 
boss 2ax* da 
(1--a?z*1--b*z Fat ato) 


со со 
ree А [ 2a da . Заз | 
аЬ? 1+6°° J 1-Ға?д* 


wa. ELTE 
sip ja blatb) ' 
D л ( da 


л 
з= ЕЕ 198 (at) +e. 


To determine c, put a=0, then 4—0 во that c=— 


б los(1-Fa*2*) _% ан) 
ci 1- ba? dz=5 toe (55 à 


о 


9. Evaluate 


E 
f log (x° cos?@+8? sin®@) 20, (x, 8 > 0). 
о 


“log (1-Eaz?) _7 a+b 
za CEP | ) 


14072" 


1, 


1 
pub а=» b-5i ; we then have 


p SS due log (4? +g?)—2 log ° TL 2108 < j, —ap lop С E 


b 


log b; 
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«pa F log («*-+-°) 2 
v. p Ugo dt 


—98? log os part) log ХЕР “te 


=лВ log (x+8), 


log (x° +7?) 
В+? 


$.6., 


dz-^ log (+8). 


Next put а= tan Ө, then 
zy В) m (x? -- 8? tan?8) 
g log (<+8) = Í a 


т 
y 


or, я log («+6)= f log (x? cog?9-1-p* sin*@) dO 


т 


=f, log cos*0 20. 


о 


т о 
Now (ie cos*0 d0—9 if log cos Ө 20 
о о 


т 


=2 f log sin Ө d0—z log (5) 


o 


T 


E: jf asi (x? сов?0-+в* sin?6) 20 
о 


— log (4+8)+2 log ()= x log (БЕР). 


MISOELLANEOUS THEOREMS 


10. Show that 


oc 


(i) f py reno di i 


* dz я, 1.9.5--(9n-1) 1 
(i) Sw 2 2.4.6.-- (95) ined 


For (i) start with the equation 


-am 7,—1 
f e de= 


o 


and differentiate n times with respect to a. 


For (ii), start with 


after n differentiations with respect to a, we get the result (ii) 
11. Starting with the integrals 


со 


EL a 
67% cos ma dx= 
f a +m” 


со 
с т 
67% gin mz de=- a 
f a? +m” 
о 


prove by differentiation that 


со 
-az „т =” 1 cos (n+1) Ө ж 
f 67% ш? cos mau dx T Um SD 
5 (aè +m?) 2 
Г (+1) 
z н —% 1 вір (в+1) 6 
f 679% 2" gin mz dz— — рр 
3 (a?-+m?) 2 — 


"where 9=tan* 2). 
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12. con that 


cos ma t sin mz ü T oom 
ORME TEn 6", 
fs -fang КЕРЕН sg 


— (( sin mz 
Let v= fisso. 


Assuming the validity of differentiation under the integral sign, 
we haye 


со 


dv _ (` cos mz 
T Tq? (9—u вау, 


= ies mo sin зїп mz, sin mz. 
Е d. SH 


1+2? a(l +s?) 
= -3t 
a? 
ср 


Solving y= Ae™ + Be-™ 4. А 


Now m=0 in v gives v=0; ,", A+B+5=0 Res - (1) 
umo Amn рат 
dm 
m= 0 in u gives w=", so that 4— B-7. °. se (д) 


From (1) and (2), we get 4=0, and B= -5, 


Е u= d da Tarn, 
у © 
w 2 Sin m: 
and dm al 1059. ӣах= —2 е", 
E H 
4.64 а а= em. 


CHAPTER 19 
DOUBLE INTEGRATION 
191. Infinitesimal Region. 


Let А bea given region bounded by a curve C and ® the area 
enclosed by C. Ав tends to zero, О may dwindle to а point or 
may become a finite length of а curve. When C dwindles toa 
point, the region А is said to be infinitesimal in all its directions. 


19'2, Double Integration. 


Let the region A of the plane, in which the bounded function 
f(a, у) is defined, be divided in any manner into sub-regions €, Xar.. 
< and let % be the area of the sub-region X, and My, m. be the 
bounds of f(a, y) in Xv. Consider the two sums 


n 


s= > o, БРА 
1 1 


each of which has а definite value for any particular subdivision: 
of A. None of the sums Sis less than m2 where © is the area of 
the region A and m the lower bound of f(v, y) in A; hence these 
gums have a lower bound I. Likewise none of the sums з is greater 
than МО where Mis the upper bound of f(#, y) in A; hence the 
gums s have an upper bound T’. It can moreover be shown that any 
of the sums S is greater than or equal to any of the sums з. Нерсе: 
it follows that 
SB 

Tt fora function f(v, y) І=1' ie, Sands tend to the same 
limit Z when the sub-regions X, are infinitesimal in all their 
у) is said to possess a double integral extended over 


directions, f(a: 
the region A and represented by the symbol 


ffe y) GA, of f (x, y) da dy, 


A being called the field of integration of the double integral. 
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19'3. Continuous Functions. 

A function f (v, у), continuous in а region 4, possesses a double 
integral in that region. 

If the function f(a, у) is continuous, the sums S and s approach 
a common limit as each of the sub-regions approaches zero in all its 
dimensions. For suppose dis a positive number such that the 
oscillation of the function is less than € in any portion of A which 
is less than ô in all its dimensions. Given e, we can find such a 6 
as f(z, y) is a continuous function. If each of the sub-regions 
Kis Kas a.a, Xn be less than ô in all its dimensions, each of the 
difference M,—m, will be less than є and hence S—s will be less 
than «0 where 9 denotes the total area of 4. But we 

S-—s=S—-I+I-I'+]'-s; 

where none of 8—7, ТЕТ I’=s can be negative. Hence, in 
Particular, 7 —7' < eù, and as є is arbitrary, it follows that TETN 
Moreover each of S—I and I—s can be made less than any pre- 
assigned number by a proper choice of €, Hence the sums Sands 


havea common limit I and so f(x, y) has a double integral over the 
field A and denoted by 


S fre y) dA or Јуле y) dx dy. 


19'4. Mean Value T 

Tf ($n, 1) be any point 
<r, itis easy to See that th 
sums 8 and s, or is equal to one of them, 
the double integral as its limit whatever be the method of choice of 
the point (£,. Ny). 

Let f(a, y) be a function which is continuous in А and let 
#(ш, y) be another function which is continuous and has the same 


sign throughout A, If M and m be the bounds of f(z, y) in A and 


We suppose for definiteness that $lx, y) is positive in A, it is clear 
that 


Me (êr, Ny) о, > flé,, 1.) $ (Èr, 
Adding all these inequalities 
limit, we get 


f fre. V) $ (ш, y) da mE ff (x, y) da dy 
4 : А 


have 


heorem for Double Integrals. 

inside or on the boundary of the region 
e sum Zf(5, 7,) о, lies between the two 
It therefore approaches 


tr) > m$ (fri 7,) Op, 
forr-1,9,... and passing to the 
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where № lies between M and m. Since the continuous function 
f(z, у) assumes the value № ata point (Å, 1) inside the contour of 
the region A, we may write the above in the form 


f f Ха, у) $lx, у) dz dy — f(& »f foe, y) da dy, 
А А 
svhich is the Mean Value Theorem for double integrals. 


In particular, if $(v, y)=1, f fae dy —9, the area of the region 
А 


А. and the above formula reduces to 


Í f fla, y) dz dy=OF(E, n). 
A 


195. Geometrical meaning of a double integral. 


Suppose f(z, у) is defined in the region А and it possesses а 
double integral over the field 4. Let the region A be sub-divided 
in any manner into sub-regions “у, Xs, ...%;, ...«, and let 9,, be the 
area of the sub-region X, and M,, my are the upper and lower 
pounds of flx, y)in 9,. Let the prism, erected on €, as base and 
with sides parallel to the z-axis, cut off from the surface z—7 (m, v) 
cim area op. Then if V, be the volume of this prism, we have 


о, mr < V, € oM, ; 


т 


ог, S от © > Y.« Xen. 


1 1 
Since the double integral f fv V) dA exists, it is equal to 
i S Ас 


Lt 3o,M,=Lt Xo,m,-ZXV,. 


i ff f(a, y) de dy=3V,=V 


where V is the volume of the portion of the three-dimensional space 
generated by the motion of a line parallel to the z-axis, moving along 
the contour of the region A and bounded below by the field A and 


above by the surface =} (x, y) 
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19'6. Evaluation of double integrals, 


Let f(z, у) be а continuous function defined in the region A and 
having a double integral over the field А. We proceed to show 
that the evaluation of the double integral can be reduced to the 
Successive evaluation of two simple integrals. 


Case I. We first consider the case where the field А is a 
rectangle R bounded by t=, т= Х and y=yo, у= Y. Suppose 
this rectangle is divided by parallels to the two axes =з Y=Yn 


ВЕЛО Wi; Б=1,9,...\ т). The area of the small rectangle Ry, 
bounded by z—2,-,, c=2; ; У= 06-1, У — yi is 


(ж —аң- yx — yx-1)— 0%, say. 


Now it (& wx) bea point Ry. and М, 


Mir ате the upper and: 
lower bounds of f(x, y) in it, we have 


Mir On < (ёп, Mr) On < My. Oik, 


= p: Š na eR < DS (фк, па) On < 2X. Oy, 


Since by supposition, 
integral, 


nn m n m 
1 1 1 T 
Therefore it is sufficient for us to calculate the limiting value of 


в= Ss Nik) Oir 


= DS її) (аң — 2.) (уь —Yr-1). 


Now the portion of the sum § which ariges from the row of 
rectangles between €-—40;-, and =a; is 


the function F(z, у) possesses a double 


(== 24.) LB, L'T9 UP —1/o)-- f(&s, iadya =Y) 
fen. 1а: иь ye.) H----]. 
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Let us choose £j, =§=-+:=£m=a;-1 and then choose Nias Nas... 
in such a way that the sum 
а, ti yx — Yo) +4 (а-л, Nia (Ya =n) Fe 
Ya 
is equal to the integral fr. у) dy where zj-, is to be treated 
Уо 
as constant, 


If we do the same for each of the rows of rectangles bounded by 
consecutive parallels to the y-axis, we finally find that 


Y Y 
S=(e1-20) f f(to. y) dy+(a2—23) files, y) dyt, 
Yo Yo 


Y 
or putting Ф) = f f (e, y) dy, 
Уо 


5= 6,00 — жо)+Ф(ш (жа а.) (аа 3) (а), 
The function #(«), defined by a definite integral where z is taken 


to be a parameter, is a continuous function of z, a result which we 
assume. Ав all the intervals (2: —2:-1) approach zero, the series 


d(vo ax —29)-- 9 (zi (s UE +9 osi X, Een) 


x 
tends to the integral KO dæ as n tends to infinity. 


To 


Hence the double integral is given by 


x Y 
: - (2, ; 
f [tenia Jeu y) dy 


Thus to evaluate the double integral f(x, y) should first be 
integrated with respect to y between ube limits Уо and Y treating œ 
as a constant ; the resulting function Which RON a function of д 
alone should be integrated again between the limits zo and X. 


If we proceed in the reverse order, ĉe., first evaluate the 


Cor. 
Е, М. А.—21 
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portion of S which comes from rows of rectangles lying between 
consecutive parallels to the z-axis, we find the analogous formula 


ff f(x, у) dx Bef dy fe y) da, 
Е Yo To 


It follows at once that 


5% Y YR 
f dz f (т, y) dy= уре. y) dx а= f dy f fle, y) dz. 
R 


To Yo Yo To 
This furnishes a proof of the formula for integration under the 
Sign of integration. Ап essential presupposition in the proof is that 
the limits £o, X, уо, Y are constants and f(z, y) is continuous in 4. 


Case п. We now consider the case of any field whatever 
Suppose the area A is bounded by @=2,c=X ; у=%,(2), y — $«(«). 
and that any line parallel to the y-axis meets the 
two points; further $,(zx) and $,(z) 
(zo, X) and $3() < $4(z), 


bounding curves in 
are continuous functions of z in 
Any other case can be reduced to this. 


Draw two lines parallel 
to the a-axis such that the 
region А is entirely included 
in the rectangle (т=то, 
t=X; y=yo, y=Y). Let 
this rectangle R be 

R=A,+A+A, 
(see diagram). 

Let a new function ¥(a, y) 
be defined thus : 


£ 
Fig. 19 

G) (а, 

(ii) Wa, 

(liii) (а, 

Тһеп 


y)=0 for any point in 4,, 


0) = (=, У) for any point in A ог on its contour, 
0) =0 for any point in A,, 


f f» (x, y) dx dy= ffe (ж, y) da dy 
A? 


R 
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«ff V(z, y) dz ay* f f V(x, y) de dy 
A A, 

- f fre, у) dx dy, 
A 


x Y 
or, f fre = f f f(a, у) dz dy. 
To Yo А 


Y у= 18) ENS) 
Now f V (x, y) ày- f V (v, y) ày* f V (x, y) dy 
Vo Vo Ф\(ж) 
Yi alx) 
+f V (2, y) ày- f f (x,y) dy, 
$3(z) blz) 
x Y X g(x) 
f da f V (z, v) dy= f dz ji W (a, y) dy 
To Yo To Yo 
X — $a) х Y, 
+f da f Y (a, у) dy f dr f V (v, y) dy 
Xo $ (a) es a(x) 
x $3(2) 
= | dz || f(x, y) dy. 
т byl) 
x dela) 
Hence ff feu)dzdu=f mof fma 
А Vo (z) 


19'7. Triple Integrals or Volume Integrals. 

Let f (т, y, 2) be a bounded function of three variables 2, y, 2, 
defined in the three dimensional region R [a < œ < b,c < y <d, 
e<z<f]. 

Divide the intervals (а, b), (c, @), (e, f) as under : 

(a Etor tire br- Brosa £m = b), 
(c=Yo; Viris Vois Ys.. Yn=d) 
(820, 215 26-1» #б.-+›®р = Sf). 

These give rise to a division of the region R into mnp sub- 
regions [25-11 £r; Ys-is Уз; 22-1. 21), 7,8, t varying from 1 to m, 
1 to n and 1 to v respectively. 
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We write 
Orst=(£7— ®у—1)(уз —}з- 10: Y 21-1) 
which is the volume of the sub-region [2,-1, £r ; Ys-1 Ys ; 20-23 22]. 
Let Wrst, mrst be the upper and lower bounds of /(z, y, г) in the 
above sub-region. We write 


D n m 


s= > 223 pre 


i-i 821 т=1 


D n m 


s= > > > Mrst Orst, 


t=1 jeni iran 


It (ш, y, z) be any point in Orsi, then 
Mrst < f (a, У, z) < Mrs; 


D n m 


Sue <> > anne гага, 


isi 8-21 T-21 


The lower bound of the sums S and the upper bound of the 
sums 5 are respectively called the u 
Ја, у, г) over R and denoted br 


Sf fre. 7, 2) ах dy dz, И f(a, у, г) de dy аг. 
Е R 


If these two are equal, f(z, y, z) is said to be integrable over R 
and the common value is expressed as 


fff Kæ, у, г) dæ dy dz. 
R 


Cor, It f(a, y, 2) is continuous over R, we have 


ff Ја, y, г) dz see f dz j dy Í I(x, y, г) da 


in which the order of integration with 
interchanged in any manner we please, 
Examples. 

1. Evaluate: 


pper and lower integrals of 


respect to ш, y, z may be 


(a) ff = dy over (t < ш < X y, ey <y, 


[зг - ny 1 
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(b) f fein (x+y) dz dy over (o <= <j 0<у< j [2] 
R 


a b 
(c) dz fav (a? —y*) dy. [2 аьа 57) 
(à) f {cos (x+y) dy da. [2 
(в) f à; dy da [1og 2] 


(h) ү F dy da. lis ] 


2. Evaluate ffe dx dy 
(i) over the region 2 > 0, y > 0,2*49* <1; [ ] 
(ii) over the circle 2%+у%<1. (ОН. 1964) [ | 
f 


3. It a continuous function f(z,y)asct«bocsysd beo 
the form f(a, y)=4(z). Vly), then prove that 


ff f(a, y) dx av= ўа az. fv) dy. 
R E о 


(C.H. 1960) 
4. Show that 


a b оа 1 
(a) fff c ?y?z da dy dz — za^b'(a* =), 
боа 
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any a? 

9,2 =o 

(0) Sf | агаа 90 
ооо 


1 1 i-z 


(c) [|] 2 de de dy. 


о v? o 


2 z 243 


x ж 
(a) Asse dy dz ds 7. 


л mr &+у 


4 
(e) SSS et! da dy da et eo B. 


5. Show that the volume bet 


ween the zy plane and the 
paraboloid z=2—a°—y? is 9л, 


(4) by double integration, and 


also 
(4i) by triple integration. 
V2 У2-23 
| Votume= f da f (2-2? - y?) dy 
-42 7N3-z2 


У2 Joma 2-a1—y? 


У: 
=4 fas Гау f dz. | 
Ay *0. о ò 
6. Show that the volu 


me bounded by the elliptic paraboloid 
42—16 —4g*—y? and Ње XOY plane is 162. 


A 2 2 A 1 2 2 
7. Byaluate Ја (gw f f2 0 đe 
F z) ау dy and shcw that | Rs at py? 
has the same value, 


1 1 1 1 
8. Show that f az UAM e 2—0 
: Sas y g but that fay f act dz 


- = (Hardy) 
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is a bounded function of y and if 2—0, 


a 
[112260 2 T 


then y=0 is a point of infinite discontinuity. 


1 3h 
“-y A 0л: me 
If 7X0, а) ean dy Jie» (+y)? ja 


; and Ф(0) does not exist. 


21. 
1 
Now LOT tae ere А 1+2 
о є 


— En -1)=1. 
e>0\i+e 3! 9 


p 1 
Се д E = ЛЕР. 720 
Again it 7^0, #00) uo > Лез compl ag 


= C TETTE and V(0) does not exist. 


1. 
As above f» dy= - ] 
o 


9. Show that 


Je felgen] u fete 


а) 
| Note that gy КЕТ z*-cy* (e ty 


dic а ПО ыры | 
10. Calculate by double integration the portion of the aren aboye 
the @-axis bounded by the semi-cubical parabola y*=a° and the 


straight line y —7. 


328 


[ The points where y=% meets y? 


Fig. 26 
Otol, 
1 x 1 
КЭА Atea= fas [а= f (o-a?) 
о E o 


@-axi 


[The Coordinates of the point p 
Where "93; meets z*-Ly?—10 
are easily found to be (1, 8). 

The area required ig 


S fe dy, 


E being the 


Shaded portion. If 
we first 


integrate with respeet to 
2, 2 varies from the parabola to the 


2 
circle, t.e., from gto 410—533 ; 


and y varies from 0 to 8. 


3 1б=у13 


ЕТЕМЕХТ5 ОЕ МАТВЕМАТІСАТ, AN 


ll. Show that the area in the first quadrant pounded by the 
is and the euryeg z^ +y?=10, y? =9л is 2+5 вїп-®—=—— 


10° 


ALYSIS 
—2? are given by 


$^ =19, or р? (1-2)=0, 
. i.e., 2=0, 2=1. 
<=0 corresponds to the 
origin, z—1 gives the abscissa 


of Р. Thus Р is the point 
ШЕЛ) 


Area= f f dz dy where 2 
R 


is the shaded portion. For 
any v, y varies from the arc 
ОР to the line OP, i.e, from 


з 
€? {о æ and æ varies from 


1 А 
dz — — sq. units, ] 
AE 


„ 


Required area= fay fas f { /їб=ү*—°} dy 


0 y 0 
9 
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=| 7020502 410-7 5 sini c 
5 ; 


8 
A10 2 A10 
If we integrate first with respect to y, the area required is the 


sum of the areas OPN and NPA ; and so 
1 3Ja — 410 0-2% 


Area required c [ ах f dy+ f dz f dy 
о о F о 
giving the same result as before. ] 
12. Find the area bounded by the following curves : 
vy 


=2+5 sip 1—3-—1-1-.5 sin 


1 1 1 
q3--y3 —a?, =+у=а. 
1 2l 1 
qe is a parabola 
touching the axes of тапа y at 


Р (a, 0) and @ (0, а) respectively. Q 
The area in question is 


Ше 


where R is the shaded portion. 
For any 2, 7 varies from the Fig. 22 


1 
parabola to the line PQ, i.e., from ыш 


o P ES 
T 2 
to a—-a whereas д 


yaries from 0 to a. 
a a-t 
* Area reguired= f da f dy 


9) 
{(a-2)- (3-4) da 


{а—2—(а--)+9 Jaz} da 


a 
тл а 
=f (2 Jat —9z) dz —9 | 3 Ма 5 c* 
3 2 
0 


CHAPTER 90 
EVALUATION OF DOUBLE INTEGRALS 
201. Jacobians. 


(0). 355 ig уау е Ty functions of шу, шә,... 


1 Un, the 

determinant | 

д2. 0m. ! dan 

би, дш, du, 

дау Әль Onn 

Dua дш» диз 

02, дла. Om, 

ди, Ou, ди ! 


is called the Jacobian of 73, 2@е,...‚ &n with regard Бо 13, ware Un. 
This determinant is often denoted by 


(шз, Bori Zn) 
Olta, tases Un) erphortlysby J. 
(2) Ite—f(u, v), у=Ф(и, о), 


у-| 22 av | (ә) 
. Ou Qu O(u, v) 
Oz ду 
ðv dv 
(3) Itz—f(£ n, O, y— (6, m D; 2=0 v 0), 


J= Or ду Oz | A(z, y, г) 
95 д5 06 dlé, m, E)" 


дв ду д 
дт ду On 
дш ду a2 
9L д at 


202. Change of variables (A Lemma without proof) 


(1) Let (x, y) be a point in a region A bounded by a contour C, \ 
and let 2, y be transformed by the substitutions | 


x=4(u, v), y=V(u, v). оч = (1) 
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Corresponding to every pair of values of z, y, there are definite 
values of 2, v, so that as @ and y are confined to the region A in the 
а-у plane, ш and v are confined to a region A! in the u-v plane, 


bounded by a contour 0’. 


In this connection we assume without proof the following lemma : 


We suppose that 
(i) the two functions € and y of 4 and v possess continuous 
first order partial derivatives at all points of A’ and С’; 
(ii) the equations (1) transform the region A’ bounded by C" 


into a region A of the т-у plane bounded by a curve C in such a 
way that a one-to-one correspondence exists between points in the 


two regions and their contours ; 


дши, 
(ги) the Jacobian Ке а does not change sign at any point of 


A!, though it may vanish at certain points of О', 


then 


J fr y) dz: a= f [унш v), lu, v) p | du dv. 


(2) This method of transformation is also applicable to a triple 


integral. If the triple integral fff F(x, y, 2z) dx dy dz be trans- 
A 


formed by the substitutions 
w=f(§ т, ©), y=H§, n, t), z=V(a, у, 2), 


then Sf Sze. y, 2) dz dy dz 
A Е 


= Fi (Ё, n, 0), mul ( O(a, y. z 
f jr [FUE m 0. вет ©, n, 0) е 


d£ dn d£. 


2033. Evaluation of double and tri k 
of variables. and triple integrals by change 


The method will be best illustrated by the examples that foll. 
ollow. 
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Examples А. 


1. Evaluate the integral уй (4a? — a? — y?) йш dy taken over 
the upper half of the circle z? +y? — 2az —0. 


(C. H. 1966) 
[Transform the integral by the substitutions z —rcos Ө, y —r вір Ө. 
: Ox ду д =r, 
OC | 9r àr cos 0,  sinO 
dar 6) Ox ду| = 
n 26 86 —rsin Ө, r cos Ө 


The field А is x 2 +у? 94: = 0; 


i it is transformed into A’ where 
A’ is r— 9g сов Ө, which is the same 


circle as 4. In the upper half 


of this, for апу Ө, r varies from 0 to 2a сов Ө; and Ө varies from 0 
to F 


. 


ff (4a? —z? – у?) dz а= [| Al(4a? — 7?) r dr do 
A At 


g 2а cos 9 


= faf N(4a2~ r?) r dy 


° 


2а cos 9 
(4a? see 


т 
ч 
== || 
3 
о 


т 
T 
8a? ( eg 
0 =—— } (1—sin®@) do 
sS 
а 
_ 82° y Ў 2 
E (1—sin 6+sin Ө cos 6) аө 
о 


= 52 | o teos 0- 


E (8x — 4)a?. ] 


2. Evaluate je: su dz dy where R consists of points 


2 2 
in the positive quadrant of the ellipse ANT . (0. H. 1963) 
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[Put z—a£, y—b» J= Ke з 


R is transformed into R’ where R’ is the positive quadrant of the 
circle £?--53 —1. In R’, £ varies from 0 to 1 and 7 from 0 to ASS, 


e jj (1-5-2) dz dy- f fa-£ 12) ab d£ an 
R Fi 


д Ji-B 
—ab if d£ f (1-2% —n") ап 
3 үле |, Ў 
=a {| а-л [а= 2-7-0) dt. 


E 
E 8 
=2ab { (1 -£) а= zab (on putting §=sin Ө). | 
о 


Буи нхаіцаіе ДУ, да® – 9a(s--y) -*4-v*)] dz dy, the regiom 
of integration being the circle 2? +y? --9a(z4-y) — 9°. 
(C.H. 1962, 1963) 
[ The equation of the circle can be expressed as CEN 
—4a? ; on putting v=- a, y="—a, it is transformed into §*+n* 
=(2a)*. 17 | for the substitutions is 1. 


d f fee = 9a(z 4-y) — (a? --y?)] dx dy 
А 


= f fae = — n?) d£ dn 


At 
2a Јада‘ = 


-a f a J e-e- an, 


(for as the integrand is symmetrical in ë, 7, the integral over the 
whole circle is 4 times the integral over a quadrant), 
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т 


2a т 

Efe a автав, ' ' 

==) (ба =) S=- a" J соз“Ө d0 (on putting £—9a sin 6), Р 
o о 

=8ла*. 


We may also put а-Еа=7 cos 0, y+a=r sin Ө. | 


da dy 
E f f mts 
Evaluate ETET t3] 


(a) over a loop of the lemniscate (z*-Ey*)* —(@* —y7)=0 ; 
(b) over a triangle whose vertices are (0, 0), (2, 0), (1, „/3). 
(C. H. 1962) 


з тат 10 
[ (a) Changing to polars, уте haye to evaluate f ү 


over a loop of r* —cos 20, since | J | =r. For half the loop, @ varies 


from 0 to T and for any 0, r varies from 0 to „/соз 20. 


dx dy =й ШО 
[жу (La? +y) ej o Ја 


on account of symmetry, 
„сов 20 т 


do= ji (i-o аө 
J l-Feos 20 


т 
T 
=| 9-1 tang [2—1 
2 4 2 
o 
€(i, уз) (0) The triangle which is. the field 
of integration is unchanged by 
transformation to polars. In the triangle 
Р, which is equilateral with side 2, Ө varies 
Sa from 0 to s 2nd r varies from 0 to AP. 
bs Y 
А (o5) B(20) Now 
AU ам О VAT Др. бааа. 
эш О sin АРО'° Sinx sin(a+3) f 
3 


`. AP= 


3 
A ey Ti 
The integral=5 f asf 
т о 


5. Show 
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9 sin Z 
3 


CN ‚ where $045, 


PF л in $ 
sin (3) P. 


зт уз 
ДЕЯ 2r dr 
(ШЕ ЫГЫ 
з 
Qn J3 
82 Я віп ф 
т. 
2. > 
з 
2n 
is: 
=i f fi- L—ye 
A 1+- 
вїп?ф 
Qa 2r 


ал ETE] аф 
=if Sr sin? 7? zS 4—cos*¢ 
т 
y 


E 
2a 
=. 
3 1 1 
zl ix СУШ ЕДА: | 
5 


ы Ф\, 2 e 
J tan ©) 5 tan ^/8 tan 2) 


1 

38—--c 
um. ott Tete 3 un 
“oe Tgp’ gl c ten 3 


that ii N[a(2a-2)+y(2b-y)] а: dy taken over the 
в 


т 
circle 2° +y" – 2az —9by — 0 is a (“+и) | 
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7,9 299 — 3.3 
6. Evaluate f SE EET dz dy, 
Ala*b* ъа --а?у® 
the area of integration being the positive quadrant of the ellipse 


2 а 
+= ІА (C. Н. 1961, '68) 


[86-0 


y-z 
yz 
7. Evaluate SS e  dzdy over a triangle with vertices 
(0, 0), (0, 1), (1, 0). 


ШУ ЧАР 

[ile е | 
8. Evaluate f fe dz dy over the region enclosed by the 
triangle having its vertices at (0, 0), (1, 0), (1, 1). (C. H. 1965) 


1 n 
[s] 
9. Evaluate f f Seve dz dy dz over the region defined by 


2 2 
220,0 20,22 0, 2.4 42 е |, 
a” b c 


[ Putting z—a£, y=bn, z=cl, the field of integration is trans- , 


formed into the positive octant of the sphere €*+7*+¢*=1. Also 
| J| =abe. 


^. the integral (1) is transformed into 
S fati et ate аз an atate? f f ftn t ag anat. 


In the positive octant of the sphere 


Ji-B- 


L varies from 0 to 


УТЕ 


1o f f & dE dn f ac 


=, а??? f fe (1—£ —n?) dé ds. 


Transforming to polars, 


T=" ate? f fr*sin Ө cos 0 (1—r*) 7 dr d0, 


| 
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To cover the field, т must vary from 0 to 1 and Ө from 0 to a 
т 


3 1 
acm Ila f sin 0 cos Ө 10 f (r? 275) dr 
"o o 


25262 = a?b?c? 
st f sin дө d0— =, 
48 J 48 


Note. We might also use the substitutions 
w=ar sin 0 cos ф, y =br sin 0 sin ©, z=cr cos 0. 1 


а 
НЕА уи f f f / 2 gua UE os — n= the integral being 
taken over all positive values of 2, y, 2 for which the expression 
is real. 
[ Transform the integral by the substitutions 
z=r sin 0 cos $, y=r sin Ө sin $, z—r cos Ө. 
| J| =r? sin Ө, The field of integration is 7 > 0, у> 0, 
z 2 0, anda*+y*+z2* < 1, i.e, the positive octant of the sphere 
240° 2° =1. In the transformed field, r varies from 0 to 1, 


0 from 0 to $ $ from 0 to > = 


ЕЕ. сес E faf ioa [1 ar. 


т 
3 


1 
d 
Now f Pd 2 ze sin?^u du— HO: putting r=sin ш); 
o =r? 


it OM Haak erie —a*b*2?) dz dy dz 
taken throughout the region £n um т il; 


[i Transform by the NES 


%=ar sin Ө cos Ф, y= br sin Ө sin Ф,г= =cr cos Ө. 
E. M, A.—22 
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- In the transformed field, r varies from 0 to 1, Ө from 0 to % and 


$ from 0 to 2%. The value of the integral is I a?b?c?z?, ] 


12. Evaluate | f f 654742) zyz dx dy dz taken throughout 


the sphere z?-4-y?--z? < 1! (C. Н. 1964) 
[0] 


СЫГЫ 
Ме ый uet 
13. Show that fff: айык ке, da dy dz taken throughout 
2 з 2 
the region EUER Wis < 1 is 4% abc (e — 2). 


14. Find the volume of the solid bounded by the paraboloid of 
revolution z?--y?-az, the z-y plane and the cylinder z?--jy? 
-—9azc. 


2 3 
| y= Sf fa dy dz. The limits of z are 0 and EH, 
2 2 
Du v=ff 2H д, dz where R is the area of the circle 
R 


2 sg 1 
z^--y^ —2az. «Changing to polars, we have, on account of symmetry; 
2a cos 0 


B 
2 

7=9 f a f 7 dr=Sna°. | 

о o a 2 


15. Show that the volume common to the sphere z? 4- y? +z? 
=a" and the cylinder z?--y?— az is (2-8) a’, 

16. Show that the volume included between the elliptic 
paraboloid 22=a@°-+y*, the cylinder z?--y? —a? and the а-у plane 
3 EZ! 
xps? 385 


4 t 

17. The sphere 2*+y*-+z2?=a? is pierced by the cylinder 
(w®+-y?)? —a*(z? —y?). Find the volume of the portion of the sphere 
inside the cylinder. (C. H. 1961) 


| we (32--90 —16 J2). | 
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18. Show that the volume included between the sphere 
2? +y? +z a, ar z-y plane and the cylinder z'(z?-4-y?) 


—a*(z? —y?)-0 = 5 “(Z-1+108-2): 


20:4, Change in the order of integration. 

We have seen (Art. 19°6, Cor.) that for a continuous function if 
the limits are constants, the integration may be performed in any 
order. When the limits are поб constants, we may change the order 
of integration provided new limits are chosen to cover the entire 
field of integration. This is illustrated in the examples that follow. 
It will be seen that for this purpose, the field has sometimes to be 
divided into suitable parts. 


Examples B. 
1. Change the order of integration in 


[к i =e 


3 4 N(a=a)(z—y) 


and hence show that it has the valus xffla)— /(0)}. 


af(u)du __ : ; 
U= | a , = =a; 
[ In j 2 f ао) =) y varies from y=0 to Y=% ; 


and x varies from 2 —0 to z—a. The Y 
field is thus the triangle АОВ where 
ОА=АВ=а. Init for any v=0N, 
y varies from 0 to NP, i.e, from 
Обо = and vc varies from 0 to a 
Reversing the order, for апу 7, 2 
varies from HM to HQ, ie. from y 
£o a and y varies from 0 to a. 


PS 24 
о us ^ f f'(y) dy s 
л U=f a [аса (улда _ 
fe, Ма-а) (е0) у 53 Да-аа) 


=f гш | Пе; 


340 


Now Safe? | sin vien] 
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a 

| —9 sin-? 1—7. 

y 
v 


U-a f fy) dy — 2 f(a) – f (0))- ] 


ж Prove that 


fee fs 


кїї. hence find the y, © 


/(2аа—) a+Ja?—y? 


Хе, у) dy fav ўя DET 


a- Ја у? 


J(2az—z?) ) 


- (ш) (a? by? a LI. 
e fs = ае (299), ^U 


[ The field of integration is 


Y the area bounded by wy? 
B —2azs, y=0, 2—0, w=2a; 
it is the area covered by the 
semi-circle АОВ. Now from 
&^-Ry*—9az, we get v=o 
o c IN. x + J@7=y? : thus for any 7, 
Fig. 95 € varies {тош а— „/а%—у° to 
a+ Ja*—y* and y varies 
from 0 to a, 
“ 2a y (2az—23) a a+ Jay? 
f dx C y) dy= fa vf f(a, у) da. 
S 9 1 а- Јатуз 
d wh ato „учы 
Hence U= f dx f йаа? —(a* Fy} j 9 
a+ Jays (s? Ss d 
2 c z da 
“f SU MEE 
a-—Jqre 
a+ J a3 —y* 
To evaluate if , (a^ y?) © de 


„а?а? —(a* --y*)*) 


a-ya’ 


put z?--y*—2, where is rm fixed. 
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(a? = dz z dz 
Now J ылу s - Y A 3) uer 8а) 
— 9(z — 2a*) — 4a? 
1 Jia la” = у#)—(а—9а®)*} 


da 


1202—94? 
9a Ja? =y? 

=I, +I; say. 

2-а 


-4 Vaa*ta* 09) (690—249) +a" sin 


— 


Also I, vanishes for both limits and 757a sin ^ ——— —. 
X Alas =y? 


а+ уаз ух 


Thus О=ла* f $y) = лаа) - 40}. | 


о 


3, Change the order of integration in the integral 
J 1-2? 


1 EEN PAUSA IE 
OF fef CRE 


and find the value of U. 
[ The field is the positive quadrant of the unit circle, 
AJ 1—2? 


1 
d f ЖУК а F 
Да) ркт 


The yalue of U is easily found to be 5108 zu. | 
{ 15е: 
1 


a v 
4. Prove that | dz E  ydy — .x-1 
J Sarar $y) д. (0. H. 1965) 
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[The field of integration is the 
area bounded by y-—z, 27=1, 
2= 0, 2=1. Itistheinfinite region 
ROPQ where Р(1, 1) is the ' point 
where zy=1 and x=y meet. Now 
area ПОР) = Л, + As, where Ax 
is the triangle LOP and Л з is the 
infinite region ELPQ. 

In Ay, foranyy,« varies from 
0 to y and y varies from Otol. In 
Aa for constant y, « varies from 0 


to t and y varies from 1 бо ее. 
y 


Fig. 26 


1 
Z x 
f 2f. y dy (зау (е йт 
E. J Gay) (+y?) J ir-9*4 (cy 


1 
+f i] 
2 147 @ Posey 
1 a Y y 
g- f 2 y f as -fri жайы. d 
ә ity y (Fay lty*! 1+ey t 
> 2 
= y pips! = 
aa W=5-; (put y=tan Ө). 
Z Gc) 8 4 
a 
ec 5 ы 
Cis dy. ду, zi dy 
Lty'| lay 2J 1+0? 
Ч) n 
=! Lt dy _1 КЖ 
ор ор epoca] e | 
ii 1 
= alt [варт 7—tan-? 11-1 (6-1 => 


UND UMES Шш 
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5. Establish Dirichlet’s formula - 


f dx fie y) Ha us (КА y) dx. 


[ This follows at once from Example 1. ] 


6. Prove that 


z 


f if f(t) dt Jau=f fto (z—«) du, 


where f(x) is a continuous function. (C. Н. 1965) 


[ Since f(t) isa continuous function of £, the double integral 


ЕЯ vw 
f f ддаи di exists and is equal to f du f f(t) dt. 
R 0 о 


Let OA and ОВ Бе two perpendicular lines ; taking OA as the 
qaxis and OB as the t-axis, les N bea point on OA such that ON=a. 
Let the line ф#= meet u=a at P. Then the triangle OPN is the 
field of integration R of the double integral, since u varies from 


О toc, and for апу t t varies from Oto ш. Changing the order, 
we find that as t varies from 0 to v, for any £, % varies from ¢ to a; 
z u © z а 2 
C f du f 10 а= f dt f WOME f (o En f du 
6 o о t о i 


LÀ 


© 
=) (2-00 = f (z—w) f(a) du, 
c о 
py changing the variable from t to w, as such a change does not affect 
a definite intergal. ] 


7. By changing the order of integration, evaluate the integral 
L 


ЕЯ 


x 
f БАД (LE GE a 
5 2 (=+и)* Jü-Fv*y 


E 
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8. By calculating the double integral 


co} © 
f f € 7" sin az dy dz 
о о 


in two different ways, show that 
co 


f sin Ce 
x 2 


о 


- — = iy 


provided that æ is not zero. ( Goursat )} 


Y Y 
БЕР} p = Dé аш MED рев 
[ fie CYS чш ишке сы E 
о о о 
zona 
Y>colz ay c 
e 
со со со 
л; = f jJ e~*" sin aw dy а= f sin ай йш. с (1) 
о о о 2 
d Z 
Again f €" sin ag dz — ELE. f € 7" sin ag dæ 
о о 
x 
= Dt | *"(-y sin az—a cos aa) 
Х->со ау? | 
о 
AL [2 l sin aX —a соз aX), a Е Giles 
Х->со a +y? ау? ау? | 
со сс со ; 
ou Wi f f € *" sin az dæ dy= f adil A 
l o o цр? 
M ve 
— P3075 ady _ Lt tan 17. 
Ү->оо j a” Fy? Y-co an a 
mee Lit Ra's л 
тузо апо = a according as а > 0 or < 0. -++() 
From (1) and (2) 
cs 
f = +% according asa > 0 or < o. | 
0 


CHAPTER 21 
INFINITE SERIES & INFINITE PRODUCTS 


211. Definitions. 
Let иһ be a function of n which has a definite value for all 
positive integral values of n. An expression of the form 
ші ша Ttg Fo Hunt: 


in which every term is followed by another term is called an infinite 


со 
series. This series will be denoted by Sus ог simply Sun, and the 


sum of its first n terms by Sn. Sn is sometimes called the nth partial 
sum. 

As n tends to infinity, there are four distinct possibilities : Sn 
may tend to а definite finite limit, to plus infinity, to minus infinity 
or it may do none of these things. 

If Sp tends to a definite limit S, the series is said to be convergent 
and S is called its зит to infinity or simply its sum. Thus S is 
defined by Lt S,=S. This is also expressed by writing wi+we+ws 
e+ to co=S, or Eun =S. 

If Sn tends to +°° or to — co, the series is said to be divergent. 

If S, does not tend to a limit, finite or infinite, the series is said 
to oscillate. The series oscillates finitely or infinitely according as 
Sp oscillates between finite limits or between --co and — ее. 


Illustrations : 


(i) Eun where D=) is тодуг and its sum is 1. 


(ii) Stn where 0, = т is divergent and Sn > co. 
(iii) Eun where un = — n is divergent and Sn > — eo. 
(iv) (a) Eün where un=(— 1)*** oscillates between 1 and 0. 


(b) Eun where u,—(—1)'**.n oscillates between — ce 
and +°°. 


` functions of a variable 2, Sun is an infinite seri 
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Note 1. If Uy, Ча, Чу, 


series of constant terms. 


", Uns: are constants, real ог complex, Sun із & 


If however u,, u;, Ust, Una, are variables, say 


es whose terms аге functions of 
2. A special type of this kind of series; 


discussed in Chapter 14, 

Note2. S,8,, S 
{Sn} converges to S, 
oscillates, 


8 а ‘power series’ which has been 


ay S». form an infinite sequence. If the sequence 
Xun is convergent and its sum is S. If {Sn} diverges or 
Zun also diverges or oscillates, 

Note3 The sum to infinit; 


y of an infinite series is not a ‘sum’ in the ordinary 
sense of tho word, because thi 


; the successive sum 
not а ‘sum’ but ‘the limit of a su) 
to convergent series, 


sum to infinity is 
m’. The phrase ‘sum to infinity’ is restricted 
We are therefore not justified in assuming that the sum 
of an infinite series is not altered by changing tho order of the terms or 
introduction or removal of brackets. In fact, changes of this kind may al 
the sum, or may transform a conver; 

oscillates. Thus the series (1—1 
is zero ; but the series 1-14+1- 


by 
ter 
gent series into one which diverges or 


)#(L=1)+(1—1) +... ів convergent and its sum 
1+1-1+... oscillates, 
Note 4, Rules of algebra cannot a 


lways be applied to infinite series. For 
example, let 8=1--2+-4--8--16-.... 


; then 2S=2+44+8416+..., whence 25-5 
2-1 ùe, S-—]1 which is absurd, as all the terms in S are positive. If 
however a series is Convergent, itisequal to a finite quantity and we can 
handle it as such, 


212. The Geometric Series : 


The series a-Far ar? +. от... (a > 0) ө (1) 
is an infinite geometric progression with common ratio 7. 


G) It |r| <1, it is convergent and its sum ig ^. 


= 
xn: 
For s= and as no, р>), and so 5 =, 
=F 
Gi) Ifr=1, the Series 18 actacaceaqee se. (2) 
Here 8, 


—"4 and however small the fixed number a may be, 
Ма co азу» oo, Phe Series in this case is divergent. 


(ii) Yt v2 1, àny term of the series (1) is greater than the 
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corresponding term of series (2); hence forr > 1, the series is @ 
fortiori divergent. 

(iv) It r=—1, the series is a-atatat:: which oscillates 
between @ and 0. 

(v) Шт < — 1, the terms of (1) numerically increase beyond 
limit. Hence the series oscillates between--ce and — °°. 

213. Theorems: (1). It m is a given positive integer, the series 
Uy tte Usb" and Um maa mes both converge, both 
diverge or both oscilla te. 

For let S, = thy Биз Hus + HUn, 

and Cn — Umi КИт+а mist dmi 
then 95 = Sman — 8m and Sm isa fixed number; hence it (2) Smen 
tends to a finite limit or to +оо, so will 95; (ii) Smin tends to 
no limit, whether finite or infinite, neither will 95. 

Cor. The character of а series as regards convergency is not 
affected by adding, removing or altering a finite number of terms ab 
the beginning. 

(ID. Ifkisa fixed number, and Ew; converges to a sum 5, then 


Shun is convergent and its sum is kS. Also if Sw, diverges or 


oscillates, 80 does Sus, unless Ё=0. 
For if Sn — S, then iS, > kS. Yt k 7 0 and Sn >+ оо, so does 


Sn. Ш Sn tends 5o no fixed limit, neither does 152. 


вуд. Addition and substraction of convergent series. 

Tt the two series St, and Sv, both converge and their sums are 
s and 9 respectively; then (i) (из +03) +(e оз) (из Боз)", 
converses and its sum isse; (i) (uy =v) t (55 —va)+ (us =v) + 
converges and its sum is 5—9. 

(i) For Lt (и.о) +(e +02) HF (u Fendt 

=Lt (tr Hua t+ Hun) + Lt (vy оа +n) 
ESSE m. 

(ii) The proof is similar to the preceding. 

Note. In the proof, the series in the brackets are all finite. 

Cor. 1. If Sn and Хо», are both convergent with sums s and 7 
respectively, (аш :Е bun) is convergent, with as + фс as sums, 
а, being constants. 

Cor. 2. It Хш, is convergent then Lt un is necessarily equal to 


gero. 
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21'5 Positive series, 


A series in which all the terms are not negative isa series of 


positive terms or simply a positive series. This includes series in 


which all the terms are positive beginning with a particular term. 
We shall now consider such series, 
216. Theorem. 


3 А 3 а E 
À positive series cannot oscillate; it converges if a number k 
exists such that S5 


< for all values of n and its sum is less &һап 
or equal to & ; if no such number 7 exists, it diverges to + ес, 
The sum-sequence {Sn} is a monotone increasing sequence ; if a 
number % exists such that Sn < k, the Sequence is bounded above 
and so ©» tends to a limit <k; the corresponding infinite series then 
converges to a sum less than or equal tok. If no such 7; exists, the 


Sequence is not bounded and so S, tends to infinity ; the correspond- 
ing infinite series then diverges to +оо, 


217. Theorem. The convergency or divergency 
Series is not affected by the introduction or remoyal of 
order of the terms remaining unaltered, 

Let Xv, be the series obtained 
brackets of the terms of Уи, and let 
Sums of Xo, and Хи}. 


of а positive 
brackets, the 


Tn and S, be the n-th partial 
If wy be the last term in Um C. 


? increases with ^. and both tend to 
Therefore Lt 95,—Lt бу. 


n=Sy, also 


infinity simultaneously. 
It Lt Sy=S, then Lt „=S and 


Conversely. If $,-5. co, во does с 


» and coversely, 
218. Dirichlet's theorem on changing the order of terms. 
If the terms of а conver, 


Series remains convergent an 
Let Xu, 


manner, 


gent positive series be rearranged, the 
d its sum is unaltered, 
be Convergent, and let the terms be re-arran 


Denote the Dew series by Dv, 
every vis a u, 


Бей in any 
So that every uisa y and 


Un. Then the sum of any 


: is not greater than S. But 


Фе, 
It can be shown in exactly the same way that S < о, Thus c — S, 


by the grouping together in 


—— ÀÀ —- 
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The argument fails for such a derangement as 
thy Fus + us +... Hua Hts ttot.. 
where Xu, is broken up into two (or any rae number of) infinite 


series, The theorem was first explicitly stated by Dirichlet in 1837, 
but was no doubt known to earlier writers and in particular to 


Cauchy. 


21:9. An important series. 


The series 


Stitt КЕЕ 
1 


P gP 
is convergent if p > 1 and divergent if p < 1. 
Jue qn an 
Since Se їз a positive series, its convergency or divergency is 
not affected by grouping the terms in brackets. 


First let P > 1. On grouping the terms as follows 


eee orte e s m 


: i 
where the first terms 1n the brackets are br gi am =, eto, and the 


brackets contain 2, 92. 99,... terms respectively, we find that each 
term in (1) after the first is less than the corresponding term in 


i (Les) ett tz) 


which is the same аз 


4 1 
Iri yr or, 1+ P= зру" (9) 


1 
Now (2) is а geometric series whose common ratio ——; 90-1 4s less 


than unity азр > 1, Hence (2) is convergent and therefore (1), 


ON is convergent. 


Next let р=1. The series now is 


ТОО НЕГ 
АИ b 
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This is sometimes called the harmonic series. 
thus : 


1+1 + +1 Hue = (3) 


where the last terms in the brackets are i. ae ae ete., and the 


brackets contain 2, ‚ 9?,--- terms respectively. Each term of (3) 
is greater than qus с term of 


eer ыы e ITE e JE 4 
1+ +++ › ог, +++ (4) 
Now (4) is obviously divergent and so > im divergent. 

n 


Lastly if p < 1, each term of КУ ы р after the first is greater than 


the corresponding term «51 ux in this case is divergent, 
n 


2110. D’ Alembert's Ratio Test, 


A positive series X 


Un is coavergent if Mati < p < 1, where % 
Uy 


is a fixed number and n may have any УАДЕ, The series is divergent 


КА 
if —* > 1 for all values of т. 
sp u 
For if СЫ <k <1 for every n, then 
n 
Bo Sine шаа Un и? < ES 
Шы Un-1 Шз шь Uy 


Thus un < 119-1 and  Xu,k"-i is 


convergent as k <1; 
therefore Iun is convergent, 
"7 

Again, if T > lfor all values of т, then wn > us. > tg 
* > ші ; therefore Ua tte ee + Un > nw, and ^i tends to 
iti with n. Hence Nus is "E NUM 

In particular, if = tends to a limit p, then Xu, ig convergent 
when p < 1 and See when р > 1, 


Group the terms 


! 
| 
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For since Lt %+1 = р, corresponding to any arbitrary positive є, 
Un 


sve can find a positive integer m such that 


p-e Bas < pte when n > m. 
n 
Now ifp < 1, we can choose € sufficiently small to make p +€ 
= < 1, and by what has been proved above, t¢m+i+tm+e 
-Hums + is convergent. It follows that Sw, is convergent. 


Again it p > 1, we can choose € to make p—€=k > 1 forn > m. 


SS Umtittmse times... is divergent and consequently Bun 
is divergent. 

Note. It is sufficient that the conditions hold for all values of n greater than 
some fixed value. Again nothing is said about the case in which Lt ты =1.1а 
this caso, the series may converge or diverge and we say that the test fails. 


2111. Cauchy's Root Test. 
1 
A positive series St is convergent if Un < А <1 where / is a 
fixed number and т has any value. The series is divergent if 


i 
% — 1 for infinitely many values of n. 


Un 
1 
<i <1, then us < E^ and since k < 1, the series Sk” is 


Г] 
If Un d 
convergent and consequently Xu is convergent. 
3. 


Ш ш" > 1 for infinitely many values of п, we have шь > 1 for 
is then obviously divergent. 
such values of т. 247 18 
In particular, if ro tends to а limit p, then Sun is convergent 


ир <1 and divergent ifp > 1. The proof is similar to that of the 


last theorem. 
Tt is sufficient that the conditions hold for n > m, where m is 
fixed number. Also nothing is said about the case in which 
a 
1 
Grek ® =]; if however, the limit is approached from above, Sw, is 
n Чч ^ 


divergent. 


E 
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1 


3h 3 b 
Note. In Art. 4°14 we have seen that if unes y, then also un => p; bu 


1 E 
TCI amit, Un end 
the converso is not true, that is, if un” tends toa limit, = may not t 


: 1 US 

to any limit.It follows that Cauchy’s test can be applied whenever D'Alembor 
А H Па 

test is applicable and sometimes whore the latter fails. Thusif0 <a <b < 


d di NN : 
the serios a--5--a? 53 сз Ъз 4... is convergent. Here un™=a or, b? according 


ies i nt. 

as nis odd or even and as both а and b are less than 1, the series is converge! 

Now 2an -(y 
a 


апаа д (E Thus Lt: 
Uan- 


does not exist and 
Чат b и» 


D'Alembert's test fails, but 
Cauchy’s test may be said to be moro general than D'Alembert's test ; bu 


the latter test is more useful because in most series 


71 is a simpler function 
un 
of n than ил. 


21`12. Cauchy's Condensation Test, 
It f(n) 


integer gre 


isa positive decreasing function of n and a is а positive 
ater than 1, then the two series ZXf(n) and Жа” f(a") are 
both convergent or both divergent. 

Group the terms of Zf(n) as follows : 


UG) f() +4 a d-fla-4-1)4-f(a--2)4-...--f(a*) 
"FU" -1) -f (a* 4-2)4------ f(a) 4- if (a*71 4-1) 
"Ef(a^* 4-9)4- rt f(a") bee, 


where if va denotes the sum of the terms of the n-th group, 


95 — fla"? 4-1) 4-f(ai-1 -F2)4- ----f(a^), 


The number of terms in v, is a^—a?-* ang sinee f(n) is а 
decreasing function. 


(a? а=) ат) < Us < (а®—а"-®) f(a"-?) 


or, 1 (a — 1) f(an) «x v, 


D 


< (a1) a*-* f(qn-1) 


gd da-1) No" fla”) < 2v, — Xf (n), 


== 


(1) 
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and Хо, or Sf(n) < (a—-1l)/(1)2-Sa"f(a?) + бро (2) 

From (1) it follows that it 3f(n) is convergent, so also is Sa"/(a”) 
and if Ха" f(a”) is divergent, Xf(n)is also divergent. Again from 
(2), we find that if Sf(m) is divergent, so is Xa^f (a") and if Saf (a^) 
is convergent, so is f(z). 

[The theorem has been proved to be true for values, not 
necessarily integral, of a greater than 1. ] 


2113. An important Series. 
: 1 B q 
The series 5 a log n)? is convergent if p — 1 and divergent if 


р < 1. 

If a is any positive integer other than unity, the series is 
convergent or divergent according as the series Xv, is convergent or 
divergent where 


n 


= a cu Du { о 
Un Пов а?) (ов a? п? (Art. 21°12) 


Since (log а)? is a constant, the given series is conve rgent, or 
? lg 

divergent according as = is convergent or divergent, that is, 
according ав р > 10гр «€ Il. 


2114. А comparison test. 


1. If Eun and Xv, be two positive series, of which Xv, is 


convergent, then Duy is convergent if either 


(i) Un < cv» for all values of n greater than a fixed integer m ; 
u 


or, (8) Li- "=p 
Un 


where c and p are positive constants. 


Proof : (i) Ifo be the sum to infinity of Xv4, we have 
о: Боз Боз te" Tn <= 


», 
11 values of 7». Therefore 
for a "uma 0 (от отка tes Ею), « oo 


Um+1 j 
nm. Butm is fixed, therefore Dun is 


for all values of n greater tha 


convergent. 
M. E. A—23 
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(ii) Since Lt =p, for any positive €, we can find such 
n 
that 
ша ріє for n > m. 
Un 


Hence it follows from (2) that Su, is convergent. 
Note. p may be 0 in (ii). 
2. If Sun and Xv, be two positive series of which Xv, is 
divergent then X, is divergent if either ә 
(i) un > cv, for all values of n greater than a fixed integer m ; 


or, (ii) Lt “=p, 
Un 


where c and p are positive constants. 
Proof : 
Ev, takes values as large as we please for alls 


values of л. But Um+ı mia Mum 
€ 2 0; therefore “тъ ъа 


please for sufficiently large val 


ufficiently large 
€ (отат Fmt ол) and 
+ +4, takes values ag large as we 
ues of n ; and hence Zu; is divergent, 
(2i) Since Lt Un p), 


corresponding to any positive €, we can 
n 


find m such that 


p-e < Un < pte 
Un 


for n > т, 


Also € may be chosen sufficiently small to make p—e 
=e>0; 


DID U (p—9)v, > cv, ; 
and so by (i), Dun is divergent. 


Note. In (0), p may be co. 


2115. A second comparison test, 
Let Xu, and Sv, 


be two positive series ; then 
(2). Sty is co 


mvergent when X», is convergent 


t u 
he SO LE forn > m; 
Unita Uni 


(ii) Sun is divergent when X, is divergent 


(i) Since Xv, is divergent and m is fixed, oii ou. 
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Proof: (i) Rejecting the first m—1 terms for which the 
condition does not hold and writing the series from the mth term 
88 Uy Fus из t's, and 94 Боз оз 1-7, we have, since 


uss 21 Ue ~ Ve Us sy Vs 
tbe P Us Vs. bs V4 


Now urtia tus += =u [rete 
Ui a 


By eee, 


=u (ене ta pes) 
1 by 


йаз Ча” 


Us 224.4) 
7; 


< Af чыи 
Vi Va 


< {кюз des i 
V1 


Hence if the series Sv, is convergent, so is Btn. 


T) i E lg q Usthey ,,, 
(ii) Again т. иь Биз таан) 
ы, Us Us... ) 
V1 Ve 9; 


> io; evi) 


It follows that if Sun is divergent, so is Eu. 
This test may be stated in the form : 


4 
ne ATi S Eher Э, 18 
Tni Фд+1 


If Xv, be convergent and 16 


and if Xv, be divergent and Lt — < 14 
ie, mm 


convergent ; 
then Stn is divergent. 
2116. Raabe's Test (or, Duhamel's test). 


a positive series, is convergent or divergent according as 


tfal Un ap dore ecu 


nea 


Suns 


if the limit is equal to 1, the test fails. 


dal 
i i ral term is =° 
Теб us compare Eun with the series whose gene m 
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When p > 1, the series r is convergent and in this case 
т 
Eun is convergent if 


> (EHI Lus (1+4); 
n "i 


Tni 


or, “a > pP рро 1) 
n 2% 


n1 
Unti 


бус) ta tit gez } Spi, 


"i 


af л Un 4 > p+2P +... 


The other case can be similarly proved. 


2117. The logarithmic form of Raabe's test 
A positive series Xu; is convergent or divergent according as 


Lt (nog Un ) >10: <1; 
Unti 
the test fails if the limit is equal to 1. 


As above, if р > 1, uy, is convergent if 
> (1+1), 
Ror 
s 1 
$e» if log - 172 p log Hz 


or, if lo EIS Hare : 
т % ТҮ 


ies ИТА (n log та. Un >] 2>2p>1. 
The second part can be cent established 


2118. Bertrand’s or De Morgan's test. 


A positive series Dun is convergent or divergent according as 


а) e] 1 or <1, 


the test fails if the limit is 1, 
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а B 1 Р 
Compare the . series with £v, where Un— л сур Zo, is 
n(log n) 
convergent if p > 1 and divergent if p < 1(Art. 2118). 
Hence if p > 1, Sun is convergent if 
(n-+1){log (at, 


Wu n(log т)? 


күрше 


log n--log (1 +4) 


( p 
> (i) Еа 
п) log n 
ital » 
1 i= — p'e 
CUP p eat or 
1 ey 


> (144) 1+ —— € 


т TA n Qn” logn 


X Edda 
n n Т5 n 
oH d Un -1)-1 > —P terms containing т and log » in 
ПЯ log » 
the denominator, 
eit zs n te —1)—1} log n|>p>1. 
Я in —] - 1} log n |=2, 
'үо if Lt [i (2 +1 g | 


Din is convergent if 2 > 1. 
The case where р < 1 can be 
2119. Kummer test (as modified by Dini). 


similarly dealt with. 


Leb Хш» and > а be two positive series and suppose >») = 


gent ; further suppose that 
Lg, 
w P dins 


a fixed number i: can be found so that for n > M, Un >k 
is convergent ; 


jg diver 
—dn+1 i 


then (i) if 
> 0, the geries Zn 
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(8) Ito, <Oforn > т, Уш» is divergent. 


Proof : (i) Putting m, m--1, ..., n—1 for n in the given condition 
Un > k, we have 


dmm = Oger Um+ı > k Tm 1s 
[TTE — dms Umse > k m 25... 


whence 


1 
i Fumo t Hun < i (doti, — diu.) m љи, 


Thus if S, be the sum of the first 7 terms of Eun, we have 
Sn < Snt аит, a fixed number 4 


therefore Eun is convergent. 


» м 1 
(i?) Неге since dn " ки кары с О s ^ 2 m, we have 
$ nti 


апи < dmy: Umi << dt; ; 


d H 
therefore u, > ps Now dmum is a fixed number and » i is 
n n 


divergent ; hence Zu, is divergent, 


Note. If vn -> 0, we cannot find`% 80 that v; > k > 0 for % > т, and the 


test fails. In part (i) of the test, dg need not diverge ; in fact dn may be 
any positive function of n. 


21:20. Deductions from Kummer's test, 


(7) If we take da=], we get D'Alembert's test, 
(ii) If we take dn=n, we get Raabe's test. 
liii) d,—m log n gives Bertrand’s test. 


21'21. Gauss's test. 


If Su, be a positive series апасы can be expressed in the 
ni 
u a,b 
form mln 
Unti n т 


where p > 1 and lon] <a fixed number Ё, or in particular, bn 
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tends бо а finite limit азт-> оо, then Su, is convergent ifa > 1 
and divergent if a < 1. 
Suppose in the first place a # 1; then 


nf Un -1)=a+-5", > a as n > co, 
Qni 7 
for | 5,1 < k and p > 1. Therefore by Raabe's test Xu, converges 
if a 1 and diverges ifa <1. 

If а=1, Raabe's test fails and we apply Bertrand’s. In this case 


bn bn log n 
oan 
я їз т? 


| < kand 1022-0 as р > 1, we have 


zd n (= = 1) = T log n|= 0. 


Unter 


and as |. on 


Hence the series is divergent. 


[7 a b 1 2 
qe im =1+S+—+--, the series being convergent for 
Qni m 
y large values of т, then Xu; is convergent if à > 1 and 
For in this case bn is the sum of the convergent 


Cor. 


sufticientl 
divergent if @ «1, 
geries. 
2122. Cauchy-Maclaurin Integral test. 
Let Eün be a р 
їпсгеавев and let /( 
giors? 1 such that f( 


ositive series such that Un steadily decreases as т 
a) be a positive monotone decreasing function of 
n)=Un for all positive integral values of m, 


then the series Su, and the improper integral f f(x) dw both соп- 
Е 2 


oth diverge. 


yerge oF b 
(w) is monotone decreasing, f(n 


—1) > f(x > f(n) where 


Since f 
"n < g&n, for all positive integers n > 2. 
n zp n 
nof fene Јо ax > f An) ax, 
n-1 n-1 


n-i 
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n 
or, fn-1 > | fa)dz > fu). 
n—1 
тъ 
DN Jac. > f fla) de > tin. ze NGL) 
n—1 
If n be given Successively the values 9, 3,4,...,» and the 


inequalities be added together, we get 


uM з ыкы ыз, 
гБ 
n 
б Su < f f(a) de < Spun, 
1 
n 
or, Un S Sn— f Aa) dz < uy. 
1 


n 
Putting $(n) for S,— f л) dz, we find 
ї 


n-i 


$6)-9-1)-8,- | дә) do- 8... | fic) 


Sun- ffe de <0, [їтош(1)], 
n-1 
4. (n) is monotone d 


ecreasing and bounded; hence the 
sequence {4(n)} ig convergent 


n 
Жз Г (n icf Ха) dx } exists and=2 say; 


n 
Lt f L 
hence л—>со J Ла) da= n> 8-42, 
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Therefore if Sn tends to a finite limit, so does f f(x) dw and if 
nd i 
1 
со р, со 
Spee, во does f f(z) ах. Co i f 
) nversely if ) f(x) йш has а finite 


со 
tends to a finite value and if J ла) dæ —> co, so does S. 
A ро 


1 


value, Sn 


со 
Thus Fun and f f(x) dz converge or diverge together 
; р 


Further fi ps {© dz =, then since from (2), 
1 
n 
ta —Sn 7 = јлә da, 
1 


Or, Sn € "i «f f(a) da. 
1 


On making n > ?, we get 
S € uitP. 


1:23; General Principle of Convergence. 

converges if the sequence of partial sums {Sn} 

Now а necessary and sufficient condition for the 

{Sp} is that corresponding to an arbitrary positive ©. 
tad Й 

itive integer m such that for every positive 


A series Eun 


converges. 
convergency of 
there should exist а ров 


integer P 
| Sno Snl «e, 
when n>m апар > 0, (Art. 410). 
| мазі tune tienen |= | Brawl вау; 


Now | Snip Sn = 
therefore & necessary and sufficient condition for the convergency 
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of Zu, is that for an arbitrary positive є 


; 8 positive integer m can 
be found such that 


[| = | Unyi FU 

for, n> mand p > 0), 
Note, | Bn, 
allowed to tend 


nackt р | < є 


D| < eis ‘necessary but 


not a sufficient condition unless pis 
to infinty in any manner. 


2124. Series of positive and Negative terms. 
Introduction and removal of brackets. 


arranged in groups without altering their order. Denote the sum of 
the terms in the nth group by va ; then 


(i) rt Sw, is convergent, so also is Iv 
the same sum. For let 


Let the terms of Eun be 


» and the two series have 


Sn=uUituet+ COD аыл. 
©»=®у Fvat «+ ty, 
Then for any value of n, we can find m so that 


m Or, $,— 90,5, -... Fun) 


3 
Жир, вау, and Ё 
= [=з 0. 

(ii) Tt Xv, is 
that Уо, ів conver, 
values of p, 


increases with mandn. ,°, | Sn =, | 
Hence Ур, converges to the same Sum as Eup. 


Convergent, Xu, is not necessarily so. For given 
Sent, we cannot conclude Њаё | Raw | > 0 for all 


21°25, Leibnitz's test for alternating series, 
An alternating Series 


is one in which the terms are alternately 
positive and negative, 


7 U4 +- which ig alternating ig convergent 
if the terms steadily decre 


ase in absolute value and tend to the limit 
wero. j 


E E al ы ку PAO АШ) 
Again P secti) (up mq ул rr e (д) 
| Now astu, > шь > As >.. 


э (us =a), lua из), (шь —14),...are 
all positive, 


mts mua. ира dem 


„лучы qe 
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From (1), we find Sen i iti 
Й en is positive and i i 
from (2), we see that Sen < t1. np dS E 
à sic 0c San < Uy. 
Again Santa = (ta = ta) +(us = ta) +e + lten- —% ) 
2 2n. 
Huani: ag | 
and Sans =Ua — (us — ts) — (Ua — s) — t — (ton tant) ie 
mtis. DM 


From (3) we see that S554, > 0 and from (4) we noti 
1 is monotone decreasing but less than 4. онсе has 
S 0< Senti < t. 
Both {Sen} and (825441) being bounded т. 
SCR THEN tend to limits. Further 
JS Senta —San= angi > 0. 
So Lt Senta =Lt San and S, tends to a unique limit < ш, 


Sant 


2126. (a) Absolutely convergent series. 


A series Stn is said to be absolutely convergent when > | us | 
n 


converges. 
Theorem I. An absolutely convergent series is convergent 
When 3 | tn | is given to be convergent, it does not ate) that 
We proceed to prove that it is so. 
ly convergent, then by definition 5 | un | is 


| =2un or 0 according as us > 0, or 


Жил is convergent. 
Let Sun be absolute 


convergent. Now unt | Un 


иһ < 0. 

Therefore every term of 
corresponding term of the 
of 23 | un l- Hence 
+3 | tn lis convergent; 

Or, we may apply the general 


this. 
Since I | Un | is convergent; f 
hat 

| oF | Un t2 | ++ | Ung J<e 


S(un+ 141) is > 0 and less than the 
convergent series 3( | un | +n | ), i.e 
Ж(ш„-+ | ün | is convergent, or un 

Tt follows that Xu is convergent. 
prineiple of convergence to prove 


or any positive €, we can find а 


positive integer m so t 
| Un +2 


>m. A fortiori 


when ns 7 ?i 
atun pot TP Ung 


| Unit [<= 
Xun is convergent. 

If the terms of an absolutel 
nvergent and its sum is unaltered. 


and therefore 
Theorem II. 


rearranged, the series remains co 


y convergent series be 
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NO 
Denote the rearranged series by Xv; so that every v is 3a ш and 
vice versa, 


Let | un | =s and X(u,-- [unl )=s', then Zu,—s'—s; and 
since 2 |u,| and X(u,4- | un |) are positive series, their sums are 
unaltered by rearrangement of terms (Dirichlet’s theorem, Art. 91'8) ; 
swo [ss and (sa [os | )95^- - Tt -follows к 


ZEv,—s'—s—Xu,. This in an extended form of Dirichlet’s theorem. 
Theorem III. 


An absolutely convergent series Su, can be 
expressed as the difference of two convergent positive series. 
Let Un — n, if Un> 0, 
=0, if un <0; 
Wn=0, ifun > 0, 
=—% if tn < 0. 

Then v, and ?; ате both positive and so Evn and Уш are 
Positive series, Now as Un=Un—Wy and || =| vnl + \wn | 
=n t Wn we have 

Zun = 30,— Уш, and X | tn | = Хо, ЬУ. 

Since Хш, and X 
addition and subtracti 
Hence Eun = Evn 
series, 


lun |are both convergent, it follows by 
On that Sv, and Zw, are both convergent. 
— Jw; is the difference of two convergent positive 


(b) Conditionally convergent or semi-convergent series, 
It Zu, is convergent but X | tn 
conditionally convergent or a semi-c 


Theorem IV, A semi-convergent series is the difference of two 
divergent positive Series, 


| is divergent, Хо, is called а 
onvergent series, 


For, as above, Ж = 30,— Swn and X | wy | = 00,450, where 
vn and Zw, are two positive series, 


If Xv, and Ewn be 


both convergent, 
which is contrary to hypo 


Z | un | is convergent, 
thesis. 


Tf one of v, and wn be convergent and the other divergent, 
Уил diverges to оо or to —со, which is again contrary to 
hypothesis. 


Hence both Хо, and Iwn must be divergent positive series, 
We state without proof the following theorem due Riemann, 
Theorem V, By a prope 


r derangement of terms, a веші- 
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convergent series can be made to diverge, oscillate or even converge 
to any sum whatever. 
(This will be illustrated by examples later.) 


2127. Tests of convergence. 
A series Sw, containing positive as well as negative terms is 


absolutely convergent if for n > m, 


1 
> 
ni шь? 


Un 


= Сог <k, 


where / is a fixed number less than unity. 


Note. There are no comparison tests for convergence of conditionally 
convergent series. 


2128. Product series. 


Let Dun = Ur Hua tust" and Eun =V; Va +vs +" be two 
infinite series. If the product of every term of the first series with 
every term of the second series be formed and the sum taken, the 
series thus obtained is called the product series. Let 

057—474 13473 0108 
+ 1504 из? иез" 
Fusti Fusta Fust t (P) 
Аер 


be this series. It would appear from the above that it is the sum 
of an infinite number of infinite series. But it can be exhibited 
as a simple infinite series in various ways. The following are two 
such ways. 
1653 (0:02 Fuata Бозо) (0.03 Fuats извоз 
Fusta Hust) +", (А) 
UVa (0:0 ша) + (Uvs Ризо изо) (в) 


2129. Theorem І. If the two series з= Ew, and t=Sv, be 
absolutely convergent, the series Хю, = Хира, formed by taking 
the sum of the products of a term of the first series with a term 
of the second series in any order whatever, is absolutely convergent 
and has the sum st. (Cauchy). 

We first prove that the product series is absolutely convergent, 
Let ХхВа be the series obtained from Iua by replacing Un by 
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its modulus X, and v, by its modulus n. 1n the sum of the first 
n terms of 34pBq, let Р be the greatest among the suffixes of < and f 
which appear in these т terms.. We shall have 


n [1 ГА 
ы-ы. 
1 1 1 


as the right side contains all the terms which occur on the left 
side together with some more positive terms. 


Now the factors on the right side remain finite whatever № may 
be, so that the sum on the left side is bounded and as it increases 
with m, it converges. Hence the series шуй is absolutely 
convergent. 

Now Xu, and Sv, being absolutely convergent, the terms may be 
written in any order without affecting the sum. If then the product 
series be formed as in scheme (P) above and arranged in the form (A) 
and Sn the sum of the first n terms of (A), 

S,=the sum of the first n terms of (A), 


=the sum of the first n terms of the first n rows of (P) 
— $5 tn. 
JS Lt S,=Let (sutn)=Lt sy. Lt ty, — st. 
Hence шуба converges to the sum st. 


Theorem II. [f s—Xu, and = Ур be positive series, the 


Series Supvg, taken in any order, is absolutely convergent and 
has the sum st. 


This follows as a corollary to Theorem I by taking wp, vq for 
Xp, Ва. As a matter of fact, the series Xupva is now a positive series. 

We give below.&wo more theorems without proof on the multi- 
plication of two series. 

Theorem III. If s=Su, and t= Xv, be two convergent series, 
of which one at least is absolutely convergent, then uy), is conver- 
gent and has the sum st (Mertens). 

Theorem IV. If з= Хи, and #= Хо, be convergent and the 

*produe& series юл is also convergent, then it has the sum st. 


(Abel). 


Note, The convergence of power series is discussed in Chapter 14. 


{NFINITE SERIES & INFINITE PRODUOTS 367 


21°30. Infinite Products. Definitions. 


If аз, Ge, ..., Gay... is а sequence of numbers, the product 


@1@в...@ will be denoted by Р, or by Д а. Thus we write 


n 


Paella = азу. а. 
т=з. 

If JP, tends to а finite limit P, different from Zero, as т —> co, 
except when a factor of Pn is zero, we say that the infinite product 
%10203... is convergent and that its value is P, or that it conyerges 
to P, and we write i 


Р=аа03: to со= H an, от simply Па. 
ne 


If P&— or —оо, orif Р, 0 when no factor of Pn is zero, 
‘the infinite product is said to diverge or to be divergent. 


If Pn oscillates, the infinite product is said to oscillate, 


If a1, з, ag, .-. are real and positive and P,-—4à405 ... аһ, then 
log Pn=log 4, +log a;------log an and Р,» а finite limit, 
to zero or oscillates according as log P, 
to —99 or oscillates. 


to co, 
tends to a finite limit, to eo. 
Thus P, and X log an both converge, both 
diverge or both oscillate. Now when Р, 0, 5 log an diverges to 


— оо, We say then that the infinite product diverges to zero. 
If Р, а finite limit, then Py-1> the same limit, and if thig 
limit is not zero, an=P,/P,—,—> 1. 


Thus if Man is convergent, 
then an> 1. 


It is generally convenient to write an infinite 
Р=(1-Ешх) (1+ua) -- (12-2, --- , 


А necessary but not sufficient condition 
tn 0 and во after a certain stage 


product in the form 


for convergency is that 
lun | «1. S 
The character of P as regards convergeney will not be affected by 
removing any finite number of factors from the beginning of thé 
product ; consequently there will be no loss of generality in suppos- 
* ing that |n| < 1 for every n. 


The simplest and most important case is when all the factors 
have the same sign, 7 
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2131. Theorem. If wi, wo... 
unity, each of the infinite products 

(12-u4) (12-u5) (12-u5):--. 

(1—0) (1-0) (1-u5):-- 


is convergent or divergent according as the series Su, is convergent 
or divergent. 


. are positive and each less than 


Suppose that Sw, is convergent and that its sum is s. Then 7? 
can be found во that 


Umtı Uma Ао co — 1. 
For since 424--4us-4-:*t0 œ= s, 


Um+ı Fuma += bo 69 —$— Sm. 


Now Lt(s—-sm)=s—s=0. 2, |s—sn| <€ forn 2 m. 


2.6, Шиља Umat too < є < 1. 
Also the omission of the first m factors of an infinite product does: 


not affect iss convergency. Hence there is no loss of generality in 


supposing з < 1 and consequently sn < s < 1, for every m. 


Now 
we have 


F — $85 1—5' 
@һ=(1—ш,) (lua) (1795) > 1—з„ > 1—з. 


P4 (1-2-u4) (1--u5) e (14-24) < ce < 1 


Also Pn increases and Qn decreases as n increases and both are 
bounded, one above and the other below. So P, and Q, tend to 


positive limits as n> co, and both products I7 (12-2,) and П (1—u&) 
are convergent. 


Next suppose that Sw, is divergent. Then 
Р„=(1+) (1++ш») ++ (1-Fu5) > 1-Ьз„—>со, 
Qn=(1— u1) (L=ta) ** (1-0) < 


> 0. 
$n 
Moreover Qn > 0. Therefore Р, со and Qu— 0; so that 
П (1--w,) diverges to co and П (1 —tn) diverges to 0. 


Note, We have used the inequalities of Weierstrass in the above: 
discussion. 


21:32. A necessary and sufficient condition for conver- 
gency. 


A necessary and sufficient condition for the convergency of an 
infinite product P=aidea5... is: 
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Corresponding to any arbitrary positive €, there is an integer m 
such that for every positive integer p 


| Gm+14m+2+--Om+p— 1 | «e 


Psp _ 7 


or, Р 
m 


«e si n 


Let P be convergent. Then P, tends to a limit different from 
жето, and so a positive number 2 exists such that 
[Pn 12 2 
for every n. 
Now by the general principle of convergence applied to the 
sequence {Pn}, we can find m such that 
(Pns Pn | < je 
for every positive integer p. 
О Pm+ 2E € 
ete 222-1 | « 22. «Es 
so that the condition (1) holds. 
Conversely if the condition (1) holds then 


КНР M "i 
j-e< ae < pe. 23 (ty) 

Taking € <1, we have | Pmip| — (1—9)| Pml, 
| Pn | > а fixed positive number when » > m. 
tend to лето. 


so that 
So Р, cannot 


Also by (2), Pm+p and Pm, are of the same sign and therefore 

| Pnso- P | =| Pmin| — | Ps | с е |. 
Hence | Pmłp—Pm | < &' where є" is positive and arbitrarily 
small. Hence P; tends to a limit different from zero and the 
product P is convergent. 


2133. Absolute convergence. 


The infinite product P—(1--w,(1--us)(1-4-us)-* is said to be 
absolutely convergent when P’=(1+ |ui | 1+ lus II+ | ws | ) 
а 51 Joa 
js convergent. Hence M (1-Fu,) is absolutely convergent if, and 


only if, the series Xun is absolutel 
i у convergent. It may ha 
that ЇЇ (1-0) is convergent whilst the series Dun же 


in this case П (1+0) is said to be conditi y convergent or semi- 
: nditionall t 1 
convergent. 


E. M. A.—24 


is divergent; 


370 ELEMENTS О MATHEMATIOAL ANALYSIS 


2134. Theorem. An absolutely convergent infinite product is 
convergent, 
Let P and P' be defined as above and suppose that P' is conver- 
gent. Hence we can find m (Art. 2131) so that 
(12 lum | (1+ Dumas |) | тър |)-1| <€ 
for every positive integer p. 
Now | (19-255 3 (L7 m 4.2). . (12-545) — 1 | 
€ [(1+ | маж: | Х | шм | G4 | Umen| )-1l - 
This follows on expanding each and remembering that for any 
numbers а, b, ¢,... 
latdtet+| <lal]+ io] 416 || dog; 
SE oma Ema a). (14-045) 1 | < є for every positive 
integer p. Hence by Art. 21°32, P is convergent. 


2135. Sin x as an infinite product, 
We have 


2 


віп 2— 9 sin g 008 2=9 gin? sin ZET 


5 5 осе се (1) 

Apply the formula (1) to each sine o 
express it as the product of two sines 
process. We get successively 


n the right-hand side and 

; continue repeating the 
H 0504€ To. d 

sin 2—9? sin gs sin Uu SD LET sin 2132 
x 


=97 .: som X. 
2° sin 28:8 22 sin TERT.. sin ZETI 


We get finally С 
sin 2—92?-* gin Ў віп ES Bin CST sin a+(p= Dr 


р 


(8) 
where p — 9", 
Leaving the first factor as it is, 


combine the second factor with 
the last, the third with the last but o 


" ne, апа во on. 
.2cTTX Б — 
Аз вїп sin 200 т)л зш M ast 


D —— gi in 
=sin* sin? 2. 
we get 
sin 2.—27-* sin 2 sin? pin? 2 \ { sin? 27 —sin*® Bears) 
р p p p p 
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The last factor which is not paired is 


s+ 


sin 


лух 
=sin С +) = сов 


тзн 


Hence finally 


sin а=9?-® віц € fein? T sin? a} {sin® ое з а... 
D D D D 


Е 40) 
Divide both sides of (4) by вір = 5 2 and make z tend to zero. 


2 
sin 2 _ sing р 
раб Р т | 7 2 аза —> 0, we get from (4) 
вір = sin — 

' р D 


Since 


pe 
p=2?-* sin? T sin? 271237... 19 ijs 
D D D 


р 
Dividing (4) by (5), we have 
22 EE z 
@ sin | Sin? = sin? = 
sinz—p sin = 4 y-——2 буны p qon 
D 227 - зол 3 ES 
BInu s Sine =< sin? 2% 
р р p 
sin? 2 
LM cos — .. 6 
an Gane (6) 
Now make p indefinitely great. Since 
ae 
{ Кук sin = 
p sin 2h ze — х when p > оо, 
р 5 Ў 
sin? 2 віц? = ыы 
sin? (ald = = - : arm 5 z а а-а 
p l pF sihi ТЕ т?л 


р 
We finally haye 


sin x=x( 1-*,) ( 1-3 | ( = 37 = vad inf. 
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This result may be written in the form 


2136. cos xas an infinite product, 


As in Art. 21°35, we first establish 
TES gin tT прат (у 
р р р 


H El „ШУ 
sin z—9? * sin 5 sin 


Putting’ gte for z in the above relation, we get 


cos z — 97-1 gin E i si n ЭЕ. ‘sin (Gea яе 
D 


We now combine the factors in pairs, the first with the last, the 
Second with the last but one and $0 оп. 


The rth сп from the beginning is sin к=, and the 


rth factor from the end is sin Opa rt DF on ; and 


D 
nen nata ‚ sin (22 2r +1)r +9% 
SS SS 
2p 
ш at ae -sia { z- (ro 1)s— an) 
2p 
n oneta sin == 
р 
QUL- am ~sin? 22 
2p 9p' 
= 9?- inse Roe Qr 29x 9. 
b cos y — 92-1 RW. AR PLN 2n. : m 
we ge эр 9p sin? 9p Sin 2p (2) 
On making 2 tend to 0, we have 
=9P * sin? = gin28% spa М: 5; 
1 gy Sin 9p gin 9р" (8) 
Divide (2) by (8) (5 make р indefinitely great, Now as’ 
‚з 20 5 (9r -1)x 
віп о * чл Seana: dx 2 аз? f 
FEDES 22 sin (2r—1)x- (Grape > (9r —1)*%® 
2, 
re З 3 í 29 asp > оо; 


we finally get 
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cos х={ ==) 1-25) {1- 2E - ad inf. 


л 


сс Az? 
EH LE (2r—1)* a) 


Ipae x ion for cos v as an infinite product 
i оз t= —— —, the expression 
Note 1. Since c 2 si 


may be obtained from the corresponding expressions for sin 2z and sin 2. 


Note2. The methods used in Arts 21:35 and 21:36 are not strictly rigorous, 
21:37. Convergency of the infinite products for sin x and 
COS X. 


2 
(i) sinz-zc u(-3—) is absolutely convergent since 


== Еа 
ss | cie esas 
g? ; 
or c3 ; is convergent. 
2 
(ii) соз а о ай) is also absolutely conyergent since 


Бог is convergent, 
л jp t 


If however sin 2 and cos 2 be written as 
in g= e END Mos E 
sin aa 1+2) Ik 2) i= )( 1 
=(1422)( 1-28 f 1422)\( 422] ... 
and sos a-[ bas )( 1 = \( lta \\ 22) ? 


the products are semi-convergent because the series px and ` 
1l Н 
р ay are divergent, 


T 
2138. We close this chapter with the statements only of two 
tests for convergence, one due to Abel and the other to Dirichlet. 
Abel's test: If the series Xu, be convergent and fan} bea 


bounded monotonic sequence of ‘positive numbers, then the series 
Z annis also covergent. з 


Dirichlet's test: If X un is aseries which either converges or 
oscillates finitely and if {an} is 


a monotone decreasing sequence of 
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Positive numbers w 
Z али, ig Convergent 
Examples ; 


[In what follows, 


hich tends to the limit Zero, 


then the series 


gence the follo 


wing series : 
G) 12° 22.42, 93 42 бз 
32 


"65 
3°57? ge grat un (0. H. 1966, '65) 
e stem pi кп (C. Н. 1964, '61) 
vU таа еч pur (O.H. 1962) 
2óy Gli ER ЕЕ 

S) Bugs imei. (C. H. 1961) 


2-3" 5-2)" -2" 
(sci WE a) "7g 
[ G), G)-D i lii), (iv), (v)- c. In (v) apply Cauchy's root-test.] 
со 
2. Discuss the Convergence of the Series D ia where| z| —1 
2 a n 
1 
ands <1, (С. Н. 1966) 
[@=1:D;"=~1 ang S=1:C;2=-1ends 2 ШО] 


3. Test for Convergence the Series for which 


(2) шат (C. H. 1960) 
(ii) un = ni EIS. - (C. Н. 1958) 
(i) un „ты (C. H. 1958) 
j 1 J 
(v) ш (а оов na) (C. Н. 1955) 
a(1+4)(94<) ... ( +4) f . 1965) 
(v) u аав) (pg 6 — = 1). (О. P. 19 


Го, (о) ро (Чо) 


С, sum 
Zl w бив-х> L Ditp—« <1. ] 
6 
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4. Test for convergence the series : 


да, 3% 
(i) great gem erani (C. H. 1963) 
Ag Oi Sie A po QU... 
(2) ЕЗЕТ ТСТ = е; (C:H. 1953) 
(Gia) lods gat bens (0.9. 1957) 


(iv) ааа), polad ака, b>0); (C.H. 1956) 


ate (ate) афза. ; 


(0) = 31 

(vi) «(log 2) --z*(log 3)"--z*(log 4} + ; 

< 3° 3 4359 5* 4 

(vii) Tor eese P el) (C. H. 1961) 
ET 925? , 330° , 445, 5525 

C pu erbe ide (C. H. 1965) 


, 1 251 103 ше 158.5107 
(ia) EAR E XT E wt (C. H. 1955, 1963) 


LG) Cita>1, Ditz 1; (8) Citz«l Ditad!; (ii) c 
5 б e | 
ize D ite >e; (о) (ш < 1)0, (x > 1), (x21, b—a-1)C 


=, b—a<1)D. (v) compare with xm. 1 
(a pare wi xm («<1 Jo, (е 
р; (vi) (2<1)0, (z71)D, for allp; (vii 1 ( 1 

ii) (<1Jo, > D: 


(viii) Same as (vi); (im) (= < 1)0, (=> 1) D.] 
5, Find whether the series for which 
—274*.6*.-(2n—9)* an 
3.4.5....(2n—1)(2n) ^ 
is convergent or divergent. C. H. 
[ Q it-1«z«l ; D otherwise. ] ШУ” 


Un 


k с. 5 
rp dens Блат t HBn"? Оп... 
Uns пат“ 608-2 сп 4... 
where k is a positive integer, show that Su, i i 
A—a > 1, and divergent if А-а < 1. ANA C at ire 


6. 


7. Test for convergence the hypergeometric series 


1-5, +I B+) s | +I) 
NU ут) (0+1) F FO аг 
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[@ «1,0; (221), D; for 2=1, («+8-7-5+1 < 0), C ; 
(<+6-7-5+1 > 0), D.] 


8. It Xu, isa convergent positive series, prove that Dun” 1 
also convergent. Give ап example. to show that the converse is 
not true, 

[tn <1forn>mas tm 0. .. Us? < Un forn > m] 

9. If Sunisa convergent positive series, show that X^ is also 
convergent. 


n 
(0. H. 1965) 
Un 1 3 ДД 
[For 2 «us tus ] 


10. If un > Oana Хи, is convergent, show that X— "^. 
1+ 
convergent, 
ll. If (ulis а decreasin 
to the limit zero, prove that 


fa Fus Etu) and t mta ensi) 
n 2n—1 
are also decreasing sequences of positive terms tending to the limit 
zero. Hence show that 


is 


Б Sequence of positive terms tending 


() ta QE а p, e) (C. Н. 1964) 
(i) а. (аа) (ш, e, e)... 
are convergent. 

In particular, the Series 

age) dede (1+1) 1+1) 

1 14-12 +3 acs ok E ns 505 
2 2) au ^s jt +++ 

are convergent, 

[ Apply Leibnitz's test f 


12. It fun} 
Lt v= 


gent, 


or alternating series, 1 
is a decreas 


ing sequence of positive terms and 
0, prove that (u: 


7 tha) + (us —u,)-F (us — tug) +++ is conver- 
13. It ш> Ша ma 


``* converges or oscillates accor 


> «> 0, then Uy — Us из — U4 
+ 


ding as Lt 4,—( or = 0. 
14. Given that 1 att to 95 —log 2, show that 
E jb CHa ut S 
(i) ldg-gtgtz-l - (two positive terms followed by @ 
negative term)= 4 log 2. 


(C. H. 1963 '65) 
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(iz) 1 = =; +: (one positive term followed by two 


negative terms)= 108 
I gab до 

[ We have log 2— Шел iti- e 178^ 

log 2= 0+5 +0-2+0+5 140-24" 


ТЕЕ 
Adding we get 2 log 3= 1+5- ate +797 


(ii) Let Sn= 1 н-т to » terms ; 
С 6 ЄК”, to n terms, 


ikea ПОТУ ЕТ 
+66 1) т terms 


Ts J«(5- ie to n terms, 


Ду GAT 1 
=; ПЕ to Qn terms)=4 Sane 


2. Lt Can=h Lt бз» = р log 2. 
Also Lt sns = Lb Santa = Lt Tsn. 1 
15. ‘Test for convergence the series 


1+1-1+ 141- tHHE-S Ip (C. H. 1963) 


| Let сһ= 1+5- кее zum to n terms, then obviously 


Banoo 6 
2l. 


me Je Tz i-e to n terms, 


Now > - is divergent, therefore Lt 75, and consequently 95544 
and 95549 all tend to co. Hence the given series is divergent. ] 


LER, Tii 


16. Prove &һа& a Fa titg Tre is convergent or 


divergent according as @ < Тот + E 
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17. Apply the general 


Principle of convergence to discuss the 
convergence of 


(i) zm, (ii) x 


1 
il ho 1, 
0. H. 1960), (iii) x 

n(n+1) ( n 


[ @) Let ae to n terms. Then 


or | 
Snn x EN em 
be, MDC 1 MA 
It p be odd, К Iz nta” nF3 ыст 
"Ince 
ч БЕ n+3 ЖЕЕ n+p 
Ser 
If p be even 
Sn — Sn > 


ы ары 
к; ^-F29 n+3 n+p 


27 male) c gud Fu. 
Fre nta п+3 -e ®}+р-1/ n+p 
жып 
Thus in both caseg 


Snip —8 


' = |= 

wT н» C i) 

Hence we can find m such that forn >m 
| Snip — -8,| «ec 


. (aa, 
0o GE is Convergent, 


and p > 0, 


51 1 
Let S,=+ m 
(ii) Le D nts stay ДУ to n terms, 
Ke: n 


gj lessen REM Mano) 
ES 1 


- Es AT 
IN CNET ent ^em т 


кет RS m 
itn» (1-1). Hence as in (;), Pe SU 


t. 
ЖЕЕП is convergen: 
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tiny m ЕЕ S n dy 
(iii) Let 5һ=1+2++ ше; Suppose that 22 = is conver- 
gent. Then we find m such that for n > m and p > 0, 


18545— S, | xz Gh 
Tats ot 


s eS hel | 
Howe | Snap Sn | | БЕШ ae оле aS 
Also taking n— and р = т, we obtain 
Cau ene nob > msl 
m+1l m+2 Im” 9m 9 


Thus | Smam — Sm 


> i and cannot be less than €. 


This contradietion shows that > i is not convergent and as it 
is a positive series, it must diverge to co. ] 
КЕ pi peer 
180 Т) е ИЕ үлгүлүү). 


Д(#)х fe!) faz). (C. H. 1962) 
[ We have А 2,2 n.n 
yas) e I EXEC Spe ER qued 


2,12 n 
Даг!)=1+а4'-+®^ spt CS 
n! 


As the series on the right side are absolutely convergent, 


fas) fae!) (1402+ tp EE po) 
n! 
2,19 nm 
(Баз 939 a a2 з, 
елу cer eren) 


The co-efficient of a” in the product 


g gg! g4-1 m 
жа А ёлы 88 1-11 Up Cz TER TM I а 8 
(== Ёл =й 


1 4 
EY (2^ +c” 1g! fer on-122 73 pne, um) 


кык (z4-2!)^. 
n! 
Непез (az) x f(az') х 202 
pata!) +e ete) po тее. 
= а(24+2')}. 


On putting a=1, we get 
f(x f!) f 2^] 
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19. To discuss the Convergence of the Binomial series 


LET tnn) Doi... pnm - 1) ааа) hype 


2.6., the expansion of (1+2). (C. Н. 1959) 
viz., the hypergeometric 


+ AGH INAH 2)6( 84110849) 5 
HFIP #9)5(5-+1)(0-+3) 


B>1and divergent if y-+5—« 


[In the discussion, we shall use Ex, 7, 
5 «В «(«-Е1)8(8-Е1) 
Series 1+ ESTESI 
is Convergent if »--5—« 


(1++ж)”=1, 


When m is not a positive integer, “nti = 
Un т 
Lt | unas | =Lt | m—n-+1 NS | = || 5 
us | [үг Si 
G) it 
and (iż) if 
Thus whatey 
Sent serieg only 


lel Sab the series jg convergent, 


lel > 1, the Series is divergent, 
erm may be, (Lt) can be expanded in a conver- 
when ( z| — 1. 


(iii) When ? —1, the serieg is 


1+2 m(m—1) т(т —1)(т— ) Ко 

"^ 21 Чч 31 t 
Here again we need consider only positive fractional values and 
Negative values of m, 


Case T. m is a positive fraction. . 
Let m-; be the 


first negative factor ; we can then write the 
Series ag 


LT es 4. mlm = 1). (m 44) 
1 T 
mar, (тт) 1) E 
с=т 


т+1)(7-Е2) 
Let us now consider the series | 


mr (ттт 1) m 
E m MN CE т 195 (2) 


Л 
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in which the terms are alternately positive and negative. From 
this we derive the series 
rom; (r—m)\(r—m+1) 
Ше: (r+1)(r+2) B 
in which the terms are all positive. If(3) be convergent, then (2) 
and therefore (1) will be absolutely convergent. Now (3) is a 
hypergeometric series in which <=r—m, B=?, ó—r4-1. 
For convergency 
?+6-—“4-B>1, te, т+1-т+т > 1, ог т> 0 


which is во, since m is a positive fraction. Thus ір this case, the 


en <. (8). 


Binomial series is absolutely convergent. 


Case II. When m is a negative number= — say where P > () 
m , m(m-—1) mm-—1(m—2) 
Then NN ар mm T4 


p d -BU ET 2) 


due meat Species He Pet ay 
From this we derive the positive series 
fee ARIA г aoe? 


This is a hypergeometric series in which <=, B=y, 6 =], 

SQ #+6—«—В8=1— < las > 0. So (5) is divergent and 
‘therefore (4) cannot be absolutely convergent. 

The series (4) may be (/)) semi-convergent, or (ii) divergent 
(including oscillatory). 

Writing the series Cado ра Жы кыл; 


Quotes (WEED oe [times | _ +». 
Un 1+n ol Gyles dE 


ИО >1, |ча+:| > 19.15 the terms increase numerical] 
ав n increases and the series cannot be convergent. If Б < 19 Su 
terms decrease numerically аз n increases and will be convergent 
if Lt Un=0. 


Now 


паза | [Чава tn Wa al and 
. '. а = 
to TU D naa partys uo | Biol, 


à жже v B = 
log | + | = log | ts | = log m ETS bee 10-1), 
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log (i) 1 
Sine , Lt 1 --L log (1+1): =; =, 
р т 
‘it follows that E 
ml 
tie log (1+5=1 S 
n -> со h—1 АРУ 
n+l 
; =i l 
i —— —— ; the 
Now consider the two series X log (+ =) апа SER 
ratio of their corresponding terms is 1, Also yet is a divergent 
Series and therefore E 


mg cree И eL 


Bos He ае 
5 log (+81). сз yh 


te, Lt log [аһ | — —ee it P <1, or Lt 
'® < 1. Hence it 


follows from Leibnitz’s test 
or 0 m >-~1, the Series ig Semi-convergent, 
If |^ —1, the serie 


8 is 1-1+1-1+.. which 
Ith >1orm < — 1, 


numerically beyond limit an 
signs, the series oscillates b 


lines | =0 if 
that ifm <1 


oscillates finitely, 
we have seen that the terms inoreage 
d as the terms are alternately of opposite 
etween infinite limits. ] 

ce the exapnsions of G) e”, (ii) log (1+2). 


(0. Н. 1959) 
LG) отог alla; (ii) о when | x 


| <1, for 2= 1, the series ig 
'Semi-conyergent ; for v= — 1, the series diverges. ] 


21. Show that the limit when n — ос ofl 


Past, 3-92 5 ат Qn+1 
RLY WER rp Tec 9n ` On 


20. Test for convergen 


is finite, 


[ P, consists of 95 factors ; taking Consecutive factors in pairs, 


=77 |(Qn)2=1 ao (-2 d 
Pol (Qn)? ]-5 1 i) 
Since | == 


a 
Anail ae ру із convergent, Р ig absolutely 
convergent and therefore finite, ] 


~~ i an 
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22. Show that the limit when n — co of 
22446... In-2 9n—9 An 


T3355 9-3 9n-Y 9n—1 


is finite. 


[ Here 22,=2 al 1 rl ] 
23. Prove that 


(3) ( 1+1)( 1+1)( 1+4) AN 


[ Here Р„= at 1+1) ge) е, | 


т "n 


[ 


| Here Р„= Hi] 23. 2 (7 ett) 1) 


24. The product 
$ 234 n n+l 


To 320° WE 


n 
is not convergent although Uy = +1 = ано 1 95 
n 


n 
[ Неге Рь„= Ilu,—n41- оо ags n > es. | 


25. For what values of 2 Һав the infinite product 
(L+a)(1+ae)(1-+ax?)\(1-+an) iw 


a finite value ? 


[lal< 
‚+26. Show that P. 
Bin ig 2 cos 
: g? 008 оз "£o co (Euler's product) 
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27. Prove that 


oye 
WoD 
“UD 


ай inf. (Wallis’s theorem) 
T 1 2.4.6. ... (9n) 
Nie [БЫ Wm 1.8.5....(дъ—1)' 


[m the expression for sin z in factors (Art. 21°35), put 2-7. ] 
28. Show that 
a? a? g? 
(i) sinh z= 1+7 y 1+; y Ll) onn 


ол? 32x? 
=g П ( 1+ ) 
(ii) cosh a=( Тера 28 y DEL \\ LEE.) 


П 42? 

E c 

ыз { Lis } 

[ Pat iz for win the expressions of sin z and cos æ in factors. 1 
29. Prove that 


SS el Am a л? 
(i) p'mstatv- 
qo Uae ral 
(ii i6 3a gt "e" c 
ME: DRIN ИГ! NIS ы ( ую? ) 
| sin 22 31 51 | 1 zy: =) 1 gs Jo 
Take logarithms, equate the coefficients of z? and z* 


‚ after expansion. 
For (i), see also Ex. 1. Art. 15'8. ] 
30. Prove that 


my db om 1 Aog 
(i) ЖОЛОТО e 
а Т 1 Ti 
(ii): ЖОЛ pe TL x 
50, 1 1 1 2 
Sine iis: aan, 


[For (?) and (i), use the expressions of соз 2 in series and in 
factors and apply the method of Hx. 29. For (i), see also Exs. 2, 5% 
Art, 1578. ] 


———————— tt аа 
ГРЕЕ a 


Appendix 
APPROXIMATE EVALUATION OF 
A DEFINITE INTEGRAL 


1. Trapezoidal Rule. 
b 
The definite integral fro dz geo- 


metrically repesents the area included 
between the агс PQ of the curve y=f(a), 
the ordinates AP and BQat z—a and 
= respectively ‘and the a-axis. This 
is approximately equal to the area of the 
trapezium APQB which is 


Fig. 27 


b 
: (b-a)ifia) - ЛӘ). Thus an approximate value ot f f(a) dx ‘is 
a 


4o—alffla) +f) It AP=y1, BQ— y; and b—a=h, this is 


y (уз tya). 
Tt f(a) has two derivatives and ё lies in (a, b), the exact value of 


f(z) dx is given by 


°—. 


b Ё 
zT 
j Да) ds d (- aU (a). 70) — Lo a f^t). 


T i is, =с- = ў à 
UR ER this, let a=c—h and b=c+h and consider the 


g=- (P) vao 


ct | 
where v(t)= f f(a) dz —t(f(c-- t) -f(e— t): 
e-t 
It F(a) be the primitive of f(a), so that F(x)=f(2), 
ott 3 t 
- J fle) as то) 6-0. 
Я 8-6 7 i ; f i 


E. M. A.—25 
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oci 


= f fo) аде) o - (D) vo 
c-t 
Plet) -Fle —!)—{Де+й+Дв =i} (2) va) 
and ¢/(t) —F'(c--0-- F'(c— t) -(f(o4-2)--f(o— 1) 
(о) (0—0) — aqq) 
==! (е+й-— flo- 0p - S5), 
By the mean value theorem. 
{ү озај әт 3 
P= -afe 390) | 
where £ lies in (c—t, c+), 


Now Ф(0)=Ф(һ)=0, and therefore by Rolle's theorem $'(t,)=0 
where 0 < t, < h. 


Hence— ats [t2 gis) }= 0, 


B " Up 
which gives Wh)= = (8), 


Cth 
io, fito) du UG) f(o- A pg 
o-h 


b 
on f fed ase Pct trou] - L6 aspe, 


F()— F(a)--X5— aY0'(a)-- (5) — 


wherea < <, (See example 16, 
The approximate formula 


TOE 
Chapter ҮЙ}, 


b 
J f а= адау) 


is exact when f(x) is linear, for in this саве /''(z)—0. 
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In practice, we divide AB into any number т of equal parts and 
apply the formula to the  trapezia thus obtained. Ifthe ordinates 
at A and the successive 
points of section be Yas 
Soils «à Уа+1 We get an 
approximate value of 


b 
f f(a) dw in the form 
а 


Ty (уна) grat 12) 
rel (yn-- n1) 


We have thus the following rule. х | 
To obtain an approximate value of the integral f f(x) dx divide 
a 


\ 1(a, b) into any number 7 of equal parts. Let yi, EDS 
the dE ordinates at a and the successive points of division. Take 
ТОЕ р of the first and the last ordinates and add to it the sum 

DS other ordinates ; multiply the result by the distance between 
tes consecutive ordinates. This gives an approximate value of the 
integral. à 

2. Simpson's Rule. 

Let PQ be an arc of the curve у= )(ш), 
AP, BQ the ordinates at c=a, т=Ь. 
Bisect AB at O and let OR be the 
ordinate through O. Let a parabola 
with its axis parallel to the y-axis be 
drawn through P, E, Q. Then the area 
included between the 


oP 


parabola, the 
я z b x“ ordinates AP, BQ, and the a-axis is taken 
tobe an approximate value of the area 


b 
represented by f f (a) da. 


The equation of the parabola is of the form y=l+me+ne?, 


388 ELEMENTS OF MATHEMATIOAL ANALYSIS 


Take OR as the y-axis and let A0=0B=n=9— 


2—. The coordinates 
of P, E, Q are then (=h, ул), (о, у»), (h, Уз) where the ordinates АР, 
OR, and B 


Q are respectively Ул, Уз. Us. As P, Р, О, are on the 
parabola, : 
Yı=l-mh+nh?, y, =1, Us —l-- mh --nh?. 


"e Ya-Ya —21--2nh? —9y,--9nh?, whence 2nh? =Yitys— Wa- 
Now the a 


rea between the parabola PRQ, the ordinates AP, BQ 
and the z-axis is 


h h 
f (1+ mz--nz2) dz — lei ma? па? 
ЕА 


-һ 
CHA wh = (9142 nk? Jan [2753-3 (v. уз — 2y4)] 
=} (va +ys+4ya). 


b 
Hence an approximate value of f ro) dz is 
a 


Eo [otros (r5) i this is known ав Simpson's rule. 


If f(a) has four derivative 


8 and € lies between q and b, the exact 
value of the integral is given b 


y 


f ш -af аа) 


1 
7 2880 0—4" 769 (6), 
To prove this, 


: We write а=в—}, b=c+h and consider the 
function 
Б 
Ho=w)— (0) Wh), 
ctt 


Fac? w= f fle) da—* t {Де-ы)--у(во—4)-+4Л(с%ї. 
ont , ‘ 


Differentiating thrice in Succession, we get 
о оа) 
-H {/'(в-Н1)—/'(в—}}—5#° y (A), 


t 
h^ 
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e" ()- Nut 0- 7o - 0) 
- lo ("G4 (6-0— o (д), 


st) - gU" (eH (0) -ÊE v (y. 


By the mean value theorem 


д -2. eum Bt ie? Oh 


where £ lies in (с, ett). 

Now Ф (0)=¢ (h)=0, and so by Rolle’s theorem 9! (t,)=0 where 
0<1, <h Аво Ф (0)=#' (£5) 0 and therefore $! (2) =0 where 
01. < 1. <h. And lastly Ф" (0)=$" (ta)=0 and so 9" (ts)=0 
where 0 < із < te <h. 


eneo "(o -2i (799 0+0) =O. 


5 
whence т) = 7°” (E) where & lies in (c—ts,e+ts;) and 


therefore in (c — h c+h), i.e, in (a, b) Thus 


cth 


1 5 
fa) dex Ant (ст) fle Һ)++4/(с) is Е е je» (8), 


740 


or, f re aet oca terere (52) 


1 r 
= 088007 9° f^^ (9). 


The approximate formula 
b 
NT 
J о ае оао (8) 


js exact for polynomials of i 
the t s 
then equal to 0, е third or lower degree as f" (д) - 


For a practical applicati 
pplication of the a: А 
Pproximate formula j 
; we divide 
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(a, b) into an even number of equal parts, say 9n. If Y1, 02, Yare eniz 


and 
» applying the approximate formula to each of the triads 


b—a 
2n 
(уз, Уз, Уз), (уз, 425)... ( 


3h (y Ey, -4y,)4-3 Муз 
+4 Җузь- 


Vi Janis T 9(ys +ys+ ee FYan-1)+ 4(ys уа +HYan) 


Узп-1, Yam Yonta)s we get 
tyst4ys)+... 


1E Uan41- Jos) 
=tn{ 


b 
28 an approximate value of the integral f f(x) da. 
, а 


Hence the following тше: 


To the sum of the first and last ordinates, add twice the sum of 
the remaining odd ordinates and four times the sum of all the even 


Ordinates ; multiply the result by one-third of the distance between 
two consecutive ordinates. 


This is Simpson’s one-third Rule. 
Examples : 


1. Dividing the in 


terval (0, 1) into two equal parts and applying 
Simpson’s rule to the 


integral 


1 . 
J 


C. Н. 1962) 
show that an approximate value of л is 318. ( 
Obtain a better value using h=0'25. [31416] 
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2, Find an approximate value of log 2 by applying Simpson’s rule to 
з 
fa 
J = 


using 11 ordinates, being given that 


Ya=f(1'1)="90909, уз = f(12)—:83333, 
уа =Л(178)=`16928, 05=1(1`4) = '71499, 
ув = f(15)— 66667, ут f(16)— 62500, 
ys f(17)— 58824, yo — 7078) = 55556, 


V1o 7 (19) 52632, Yar =f(2) =`50000 
where f(x) i. 
c 


[ log 2= :69315 ; the actual value is "693147. ] 
3. Given log 1=0, log 9=0'6931, log 3—1'0986, log 4=1'3863, 


5 
log 5=1'6094, evaluate f log ж dz by direct integration and also by 
1 
Simpson's rule using five ordinates. Find the error. 
Б 
4. Show &һз&8'9 < f (4+) dx < 9. 
n 


5: Apply Simpson's rule with five ordinates to calculate 


flee 


4o two decimal places. ` 1 
6. Use Simpson's rule to prove that [0`84] 
(i) the volume of a sphere of radius т is; zr? ; 
(ii) the volume of a right circular cone of height h and 
: an 


radius of base 7 is i zr?h. 


7. It y—/f(z)— a bz ez? =й 
ys=J(p+2h), prove that Vi fps 
p-2h 


f(a) de=3 Му: уз +з). 


Yo=f(p+h) and 


р. 
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Hence obtain an approximate value of 


2 


f (1 = ») dz. 


[ Take f(e)=(1-909)b= 1-2 gre 


=atbetex®. Ans. 01932] 
8. А curve is drawn through the points given by the following 
table : Ў 
2 1251505 Р} 12503 085 4 
y 2 94 9798 3 96 91 
Estimate the area bounded by the curve, the z-axis, and the lines 
2=1, 2=4. [778] 
9. Prove that the area batween the axis of z and the curve 
y=at+bz+cn* -- da? 
from z—0 to z —3h is 


s W(yo 3s --8ys d- ys). 
where 7» is the value of y when z—rh. 


Hence find an approximation to the value of the integral 
7 ; 
f (L+6 sin ey 20. [082] 
о 


10, If the interval (а, Б) be divided into 2n equal parts and 
Yrs Yar Yonts be the ordinates to f(a) at a andthe successive 


b 
points of section, prove that the value ot f f(x) dx lies between 
a 


2h(ys +y4 aos I) 4) 


1 , Җи, узъ) 2з Hys F: узаса), $ 
h being the distance between consecutive ordinates. 


and 


= ae a: _. 


E 


